SOLUTIONS: Week 3 Practice Worksheet

Graphs of Trig Functions, Inverse Trig Functions, and Solving Trig Equations

1. The graph of y = sin(¢) is given below with six key points emphasized. As we know, the graph

of y= sin(t — 277[) is a transformation of y =sin(t). Use what we know about graph

transformations to “transform” the six key points on y = sin(¢) and then connect these points

in order to construct a graph of y = sin(t - 27”)

Compared with y =sin(?), y:sin(t—zT”) is shifted right 27” units.  Notice that

y = sin(t - ZT”) appears to be a sine wave that “starts” at 1 = 27”

The graphs of y =sin(¢) and y = sin(t - 2—”)

2. The graph of y = cos(?) is given below with five key points emphasized. As we know, the
graph of y = cos(t + 5?”) is a transformation of y = cos(t). Use what we know about graph
transformations to “transform” the five key points on y = cos(#) and then connect these points
in order to construct a graph of y = cos(t + 5?”)

Compared with y =cos(f), y= cos(t + 5?”) is shifted left 5?” units.  Notice that

y = cos(t + 5?”) appears to be a cosine wave that “starts” at 1 = _3

The graphs of y = cos(¢) and y = cos(t + 5?”)



3. The graph of y =sin(¢) is given below with five key points emphasized. As we know, the
graph of y =sin(¢) — 1 is a transformation of y =sin(t) . Use what we know about graph
transformations to “transform” the five key points on y = sin(¢#) and then connect these points
in order to construct a graph of y =sin(¢) — 1.

Compared with y =sin(¢), y = sin(z) — 1 is shifted down 1 unit.

Notice that the graph of y =sin(¢#) — 1 has midline y = -1 (so the vertical shift produces
the midline).

The graphs of y =sin(¢) and y =sin(z) — 1.

4. The graph of y = cos(?) is given below with five key points emphasized. As we know, the
graph of y = 2cos(¢) is a transformation of y = cos(¢). Use what we know about graph
transformations to “transform” the five key points on y = cos(¢) and then connect these points
in order to construct a graph of y = 2cos().

Compared with y = cos(t), y = 2cos(¢) is stretched vertically by a factor of 2.

Notice that the graph of y = 2cos(¢) has amplitude 2 units (so the vertical stretch produces
the amplitude).

The graphs of y = cos(¢) and y = 2cos(?).
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5. Scale the axes on the given coordinate plane an appropriately for a graph of y = sin(2¢) + 3
and then draw a graph of y =sin(2¢) + 3 by first plotting the points where the graph will

intersect the midline and the points where the graph will reach maximum and minimum values,
and then connect these points with an appropriately curved sinusoidal wave.

Compared with y =sin(¢), y =sin(2¢) + 3 is compressed horizontally by a factor of %

and shifted up 3 units.

The horizontal compression means that the function has a period of

27[% = 77 units.

The vertical shift means that the function has a midline of y = 3.

Since the algebraic rule for the function doesn’t involve a vertical stretch, its amplitude is 1
unit.

Since the algebraic rule for the function doesn’t involve a horizontal shift, its graph will
appear like a sine wave “starts” at t = 0, i.e., its y -intercept will occur on the midline and

the graph will be increasing there.

A graph of y =sin(2¢) + 3.
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6. Scale the axes on the given coordinate plane an appropriately for a graph of y = 3cos(z¢) and
then draw a graph of y = 3cos(x¢) by first plotting the points where the graph will intersect the

midline and the points where the graph will reach maximum and minimum values, and then
connect these points with an appropriately curved sinusoidal wave.

Compared with y = cos(¢), y = 3cos(rt) is compressed horizontally by a factor of % and

stretched vertically by a factor of 3.

The horizontal compression means that the function has a period of
27-L =2 units.
T

The vertical stretch means that the function’s amplitude is 3 units.

Since the algebraic rule for the function doesn’t involve a vertical shift, it must have a
midline of y =0.

Since the algebraic rule for the function doesn’t involve a horizontal shift, its graph will
appear like a cosine wave that “starts”at t = 0 ; i.e., its y -intercept will occur ata maximum

value for the function.

A graph of y =3cos(rt).
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7. Find two different algebraic rules for the sinusoidal function y = p(x) graphed below. One of
your rules should involve sine and the other should involve cosine.

The graph of y = p(x).
First let’s write a rule involving sine, so our rule will have the form p(x) = Asin(a)(x - h)) + k
and we need to determine the valuesof 4, w, /h,and k.

» The midline is the line midway between the function’s maximum and minimum output
values. The function’s maximum output value is 0 and its minimum output value is —12
. Since —6 is the average of these values, the midlineis y = -6 so k = —6.

» The amplitude is the distance between the function’s maximum output value, 0, and its
midline y = —6, which is 6 units. Therefore, |A| =6.

» The function completes one period between x = 27 and x = 2x. Thus, the period of

3
the function is 27 — 27” = 47”. To find w we need to solve 47” = Zﬂ'ii
Ar _ L
3 2 w
A1
= w=2r7 —47[/3

= w=2r--
4

=3
= w=7

* Near the y-axis, the graph of y = sin(x) is increasing and passes through its midline, so
we need to look for a spot in the graph of y = p(x) where it shows this behavior, and

one such spotis at x = 2z (this point has been highlighted in red in the graph above) so

3
we can so consider this graph a sine wave shifted right ZT” units and use h = 27”
Therefore, an algebraic rule for the graphed function is p(x) = 6sin(%(x - 27”)) -6.

Now we’ll write a rule involving cosine.
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Since we want to use cosine to construct our rule, it will have the form
p(x) = Acos(w(x — h)) + k. Since the amplitude, period, and midline aren’t dependent on
whether we use sine or cosine in our algebraic rule, we can use the same values for 4, w,
and k that we used above. So we only need to determine an appropriate horizontal shift, /4,
that works for cosine. Near the y-axis, the graph of y = cos(¢) is reaches its maximum value,
so we need to look for a spot in the graph of y = p(x) where it shows this behavior, and one
such spotis at x = 7 (this point has been highlighted in green in the graph above) so we can
consider this graph a cosine wave shifted right 7 units and use 7 = 7.

3

Therefore, an algebraic rule for the graphed function is p(x) = 6cos (7(x —~ 72')) -6.

8. Find two different algebraic rules for the sinusoidal function y = ¢(¢) graphed below. One of
your rules should involve sine and the other should involve cosine.

1
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The graph of y = q(¢).

First let’s write a rule involving sine, so our rule will have the form ¢(7) = Asin(a)(t - h)) + k
and we need to determine the values of 4, w, 4, and k.

* The midline is the line midway between the function’s maximum and minimum output
values. The function’s maximum output value is 12 and its minimum output value is —4.
Since 4 is the average of these values, the midlineis y =4 so k = 4.

» The amplitude is the distance between the function’s maximum output value, 12, and its
midline y = 4, which is 8 units. Therefore, |4| =8.

» The function completes one period between t = 6 and ¢t = 22. Thus, the period of the

functionis 22 — 6 =16. To find w we need to solve 16 = 27[-%:

16 =271
w
—or.l_z
= w=27 6= 8

* Near the y-axis, the graph of y = sin(¢) is increasing and passes through its midline, so
we need to look for a spot in the graph of y = ¢(¢#) where it shows this behavior, and one
such spot is at ¢ = 6 (this point has been highlighted in red in the graph above) so we
can consider this graph a sine wave shifted right 6 units anduse 42 =6.
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« Therefore, an algebraic rule for the graphed function is ¢(¢) = 8sin (%(z - 6)) +4.

Now we’ll write a rule involving cosine, so our rule wil have the form
q(t) = Acos(w(t — h)) + k. Since the amplitude, period, and midline aren’t dependent on

whether we use sine or cosine in our algebraic rule, we can use the same values for 4, w,
and k that we used above. So we only need to determine an appropriate horizontal shift, / ,
that works for cosine. Near the y-axis, the graph of y = cos(¢) is reaches its maximum value,

so we need to look for a spot in the graph of y = ¢(¢) where it shows this behavior, and one
such spotis at # =10 (this point has been highlighted in green in the graph above) so we can
consider this graph a cosine wave shifted right 10 units and use 4 =10. Therefore, an

algebraic rule for the graphed function is g(¢) = 8cos(%(t - 10)) +4.

9. Find two different algebraic rules for the sinusoidal function y = m(x) graphed below. One of
your rules should involve sine and the other should involve cosine.

The graph of y = m(x).

First let’s write a rule involving sine, so our rule will have the form m(x) = Asin(a)(x - h)) + k
and we need to determine the values of 4, w, h,and k.

* The midline is the line midway between the function’s maximum and minimum output
values. The function’s maximum output value is 2 and its minimum output value is —6.
Since -2 is the average of these values, the midlineis y = -2 so k = -2.

» The amplitude is the distance between the function’s maximum output value, 2, and its
midline y = -2, which is 4 units. Therefore, |A| =4.

» The function completes one period between x = 7 and x = 97 . Thus, the period of the

functionis 97 — 7 =87 . Tofind w we need to solve 87 = 27[-%:

1

8T =2m-—
w
= w=2r-L
87
= w=d

4
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* Near the y-axis, the graph of y = sin(x) is increasing and passes through its midline, so
we need to look for a spot in the graph of y = m(x) where it shows this behavior, and
one such spot is at x = — 7z (this point has been highlighted in red in the graph above)
SO we can so consider this graph a sine wave shifted left 7 unitsand use 7 = —r.

1

Therefore, an algebraic rule for the graphed function is m(x) = 4sin (T(x - (—72'))) — 2 which

simplifies as m(x) = 4sin(%(x + 72')) -2.

Now we’ll write a rule involving cosine, so our rule wil have the form
m(x) = Acos(w(x — h)) + k. Since the amplitude, period, and midline aren’t dependent on
whether we use sine or cosine in our algebraic rule, we can use the same values for 4, w,
and k that we used above. So we only need to determine an appropriate horizontal shift, 7,
that works for cosine. Near the y-axis, the graph of y = cos(¢) is reaches its maximum value,
so we need to look for a spot in the graph of y = m(x) where it shows this behavior, and one
such spotis at x = 7 (this point has been highlighted in green in the graph above) so we can
consider this graph a cosine wave shifted right 7 units and use 7 = = .

Therefore, an algebraic rule for the graphed function is m(x) = 4cos(%(x - 7[)) -2.

10. Find two different algebraic rules for the sinusoidal function y = n(¢) graphed below. One of
your rules should involve sine and the other should involve cosine.

1 1
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The graph of y = n(?).

First let’s write a rule involving sine, so our rule will have the form n(¢) = Asin(a)(t - h)) + k
and we need to determine the values of 4, w, h,and k.
* The midline is the line midway between the function’s maximum and minimum output

values. The function’s maximum output value is 15 and its minimum output value is 5.
Since 10 is the average of these values, the midlineis y =10 so k£ =10.

» The amplitude is the distance between the function’s maximum output value, 15, and its
midline y =10, whichis 5 units. Therefore, 4| =5.
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» The function completes one period between ¢ =2 and ¢t = 8. Thus, the period of the

functionis 8 =2 =6. Tofind w we need to solve 6 = 2%-%:

6=2rL
w
— d_z
= a)—27z6 3

* Near the y-axis, the graph of y = sin(¢) is increasing and passes through its midline, so
we need to look for a spot in the graph of y = n(¢) where it shows this behavior, and one

such spotis at ¢ = % (this point has been highlighted in red in the graph above) so we

can consider this graph a sine wave shifted right % of a unitand use & = %

» Therefore, an algebraic rule for the graphed function is n(z) = SSin(%(t — %)) +10.

Now we’ll write a rule involving cosine, so our rule wil have the form
n(t) = Acos(w(t — h)) + k. Since the amplitude, period, and midline aren’t dependent on

whether we use sine or cosine in our algebraic rule, we can use the same values for 4, w,
and k that we used above. So we only need to determine an appropriate horizontal shift, 7 ,
that works for cosine. Near the y-axis, the graph of y = cos(¢) is reaches its maximum value,

so we need to look for a spot in the graph of y = n(¢#) where it shows this behavior, and one
such spotis at ¢t = 2 (this point has been highlighted in green in the graph above) so we can
consider this graph a cosine wave shifted right 2 units and use 4 = 2. Therefore, an algebraic

rule for the graphed function is n(t) = SCOS(%(t - 2)) +10.



11. Draw a graph of at least two periods of the functions in a—f below by first plotting the points
where the graph will intersect the midline and plotting the points where the graph will reach
maximum and minimum values, and then connect these points with an appropriately curved
sinusoidal wave. List the period, midline, and amplitude of each function. (Be sure to label the
scale on the axes of your graph.)

a. f(tH)y=-5 cos(4t)

° |A| = |—5| =5 so the amplitude is 5 units. Since 4 < 0, we’'ll need to draw a “reflected
cosine wave”.

° so the midline is

e ® =4 so the period is 27[% = % units.

e There is no horizontal shift so we'll “start” a reflected cosine wave on the y-axis and
make sure it has the appropriate midline, amplitude, and period; we’ve highlighted the
“first” period in pink. (Since this is a “reflected cosine wave”, it needs to start at a

minimum output value rather than at its maximum output value like y = cos(t) J)

o8 w4 3B w2 5n/8. 3ndd Tus/8N . m fOn/8

A graph of f(r) = —5sin(4t) + 3.
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b. g(x)= 4sin(7r(x - %)) -2

e |4 =4 =4 sothe amplitude is 4 units.
e /= -2 sothe midlineis y = 2.
e w = 7 sothe period is 27r-% = 2 units.

o h= % so the horizontal shift is % units to the right, so we'll “start” a sine wave at

x =L and make sure it has the appropriate midline, amplitude, and period; we've

4
highlighted the “first” period in pink.

A graph of g(x) = 4sin(7r<x - %)) -2.
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AN

c. G(x)= 3cos(2x+2)+

e |4 =13 =3 so the amplitude is 3 units.
e /=4 sothe midlineis y = 4.

e ® =2 so the period is 27-L = 7 units.

2
o h= —% so the horizontal shift is % units to the left, so we'll “start” a cosine wave at
X = —% and make sure it has the appropriate midline, amplitude, and period; we’ve

highlighted the “first” period in pink.

A graph of G(x) = 3cos(2x + %) + 4.
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d. F(1)= —2sin(§t + 72') ~1

= —2sin(Z(¢ - (-3))) - |

|| =|-2| =2 so the amplitude is 2 units. Since 4 <0, we'll need to draw a
“reflected sine wave”.

e /= -1 sothe midlineis y = 1.

e =% sothe period is 27— =6 units.

3 /3
e /s = -3 so the horizontal shiftis 3 units to the left, so we'll “start” a reflected sine wave

at t+ = —3 and make sure it has the appropriate midline, amplitude, and period; we've

highlighted the “first” period in pink. (Since this is a “reflected sine wave”, it needs to
travel down from its starting point at its midline.)
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A graph of F(t) = —2sin(%t + 7r) -1.
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e. p(x)= IOCos(x +42”j -5

= IOCOS(%(X — (—27[))) -5

e |4 =]10] =10 so the amplitude is 10 units.
e /= -5 sothe midlineis y = 5.

e w=2L1sothe period is 27[-1L = 87 units.

4 Y

e /= —-25 so the horizontal shiftis 27 units to the left, so we'll “start” a cosine wave at
x = =27 and make sure it has the appropriate midline, amplitude, and period; we’ve
highlighted the “first” period in pink.
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f. q(t) = —4sin(£1 - %) -2
= —4sin(%(t — l)) ~2

|4| =|-4| =4 so the amplitude is 4 units. Since 4 <0, we'll need to draw a

“reflected sine wave”.

e /= -2 sothe midlineis y = 2.
.y 4 iod i S -
* W=7 80 the period is 27 24 8 units.

e /1 =1 so the horizontal shift is 1 units to the left, so we'll “start” a reflected sine wave
at t =1 and make sure it has the appropriate midline, amplitude, and period; we've

highlighted the “first” period in pink. (Since this is a “reflected sine wave”, it needs to
travel down from its starting point at its midline.)
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12. Determine the domain of y = tan(z).

Since tan(¢) = %((?) y = tan(¢) is undefined where cos(¢) = 0. Recall that cos(z) =0
when ¢ = % and ¢ = 37” and all angles coterminal with these two angles. One way to

express these values is like this:
{t] =%+ 2kr for all ke ZfUlt| 1 = 32 + 2r for all ke Z]
This set can be simplified and expressed as:
{t]1 =2+ kn for all ke Z).

(To verify that this simplification is correct, choose a value represented in the unsimplified
set and check if it's represented in the simplified set.)

The domain of y = tan(¢) is all real numbers except the values listed above where
cos(t) = 0. Thus, the domain of y = tan(¢) is:

{t|teR andt¢%+k7r forallkeZ}.

13. Determine the domain of y = sec(¢).

1
cos(t)’

that these values can be represented by the following set:

Since sec(?) = y = sec(?) is undefined where cos(f) =0. In #12, we observed

{t]1 =2+ kn for all ke Z).

The domain of y =sec(?) is all real numbers except the values listed above where
cos(t) = 0. Thus, the domain of y = sec(z) is:

{t|teR andt¢%+k7z forallkeZ}.
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14. Determine the domain of y = cot(?) .

cos(?)
sin(7) ’
when =0 and ¢ =z and all angles coterminal with these two angles. One way to
express these values is like this:

Since cot(?) =

y = cot(¢) is undefined where sin(¢) = 0. Recall that sin(z) = 0

{t|t=2kx for all ke Z} U{t| t = = + 2k for all k e Z}

This set can be simplified and expressed as:

{t|t=knx forall ke Z}.

(To verify that this simplification is correct, choose a value represented in the unsimplified
set and check if it's represented in the simplified set.)

The domain of y = cot(¢) is all real numbers except the values listed above where
sin(¢) = 0. Thus, the domain of y = cot(¢) is:

{t|teR and ¢ # kr for all k € Z}.

15. Determine the domain of y = csc(¢).

1
sin(¢)

these values can be represented by the following set:

Since csc(t) = , ¥ = csc(?) is undefined where sin(¢) = 0. In#14, we observed that

{t|t=k7z forallkeZ}.

The domain of y = csc(¢) is all real numbers except the values listed above where
sin(t) = 0. Thus, the domain of y = csc(?) is:

{t|teR and t # kr for all k € Z}.
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16. Find the exact value of each of the following expressions; do not use a calculator. Be sure to
use proper notation to directly communicate what the given expressions equal.

2.
=
L
—_—
N|$‘
N —
[l
[N
.
=
o
o)
|5
[l
w2
@,
=
—_—
[N
N —
)
=
o
|
NN
IA
Wy
IA
NN

-1(2 _ T i V2 _ T T
cos (7) = (since 5= cos(z) and 0 < TS )

s R i _1_n(_z A< _ <X
sm( ) (since > s1n( )and 5 < 6_2)

cos™ (0) = % (since 0 = cos (%) and 0 <7< 7)

tan ™! (_\/3) =-Z (since —V/3 = tan(—%) and —% < _% < %)

tan”' (-1) = —% (since -1 = tan(—%) and —% < _% < %)
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17. Find the exact value of each of the following expressions; do not use a calculator. Be sure to
use proper notation to directly communicate what the given expressions equal.

a. sin(sin_l (%))

sin(sin_1 (%)j = sin(%) (since % = sin (%) and —% < % < %)
= g (since sin(%) = g)
b. cos(cos_1 (—72))
cos(cos_1 (—g)) = COos (37”) (since —% = cos(%) and 0 < 37” < 7)
= —72 (since 005(37”) = —%)
c. cos’ (cos(ST”))
cos™' (cos (ST”)) =cos (%) (since cos(%) = %)
=Z (since cos(%) = % and 0 < Z < 7)

d. sin” (sin(“Tﬂ))

sin”! (sin(4”)) =sin! (—g) (since sin(4”) = —g

3 3

~

=-Z (since sin(—l) = —g and —% <-Z<

3 3

W[y
N

2

e. sin(cos_1 (—ﬁ)

sin(cos_1 (—g)j = sin(%’) (since —g = cos (%”) and 0 < 5?” < 7)

. . (571 =l
(since sin 6) 2)

1
2
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18. Find the exact value of each of the following expressions; do not use a calculator. Be sure to
use proper notation to directly communicate what the given expressions equal.

o sin![cos(-)

sin”! (cos(—l)) =sin”! (%) (since cos(—i) = 73)

6

W[y
)
S
o
(9]
4.
=
—_—
W[y

SN— @)
Il
|5
QO
>
o
|

[N
IA

W[y
IA

N

b. tan”' (tan(zT”))

tan ™! (tan ( 27 )) =tan" (—\/g) (since tan (ZT”) = —\/g)

3
- _z i _T\—_ I _T X
: (since tan( 3) J3 and T<-%<%)

c. cos”' (tan(%[))

cos™! (tan (37”)) =cos '(-1)  (since tan (37”) =-1)

= (since cos(z)=—land 0 < 7 < 7)

d. tan™' (sin (%))

tan”! (sin(%)) = tan" (1) (since sin( ) =1)

A

2
=z i )= L X
1 (since tan(4) 1 and R 2)

e. sin(tan_l (%))

sin(tan_1 (%)j = sin(%) (since % = tan (%) and —% < % < %)

. () _ 1
(since sm(6) =5

~

1
2
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19. Find the exact value of each of the following expressions; do not use a calculator. Be sure to
use proper notation to directly communicate what the given expressions equal.

a. sin”' (sin(%’))

77” isn’t a “friendly angle” so we aren’t familiar with its sine so

we need to rely on our conceptual understanding of the sine
function along with the symmetry of a circle:

sin”! (sin (7?”)) =sin” (sin(%)) (using the symmetry of a circle) & j I

A i T« T T
< (since 2_8_2)

o o)

As in part (a) above, 7?” isn’t a “friendly angle” so we need to

rely on our conceptual understanding of the cosine function
along with the symmetry of a circle:

2
NI

\ :
cos”! (cos (7?”)) = cos”! (cos (3?”)) (using the symmetry of a circle)
_ 3z i =
=2 (since 0 < == < 7)

c. sin”' (sin(gT”))

As in parts (a) and (b) above, 97”

isn’t a “friendly angle” so we
need to rely on our conceptual understanding of the sine >

function along with the symmetry of a circle: /;%

.
sin”! (sin (97”)) = sin”! (sin(—zT”)) (using the symmetry of a circle) 1
27 i T ¢ _2m o
= -5 (since 5 < 7§2)
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20. Find the exact value of each of the following expressions; do not use a calculator. Be sure to
use proper notation to directly communicate what the given expressions equal.

a. sin(t) = —%

sin(r) = -5

= {=sin"" (—ﬂ) +2kzx or t=m—sin’ (—ﬁ) + 2k, kel

2 2
= t=-Z +2%n or tzﬂ—(—%)+2k7r, keZ
= t=-Z +2kx or (=22 4+2%kn, kel

(In the step indicated by a red arrow (=) we've used the identity sin(z) = sin(z — ¢) in
order to generate the second family of solutions Instead of using the inverse trig function
in this step, you might choose to obtain the step indicated by a pink arrow (=>) by utilizing

your awareness of these two facts: sin(—%) _ 2 and sin(s—”) _ 2 although

2 4 2
using “awareness” might inspire you to use % instead of “—%” for the first family of
solutions, which will to lead you to ¢ = % + 2kz” instead of ¢ =—J-+ 2kz for the

second family of solutions)
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b. 2cos(x) — J3=0

2cos(x) —+/3 =0
= 2cos(x) =3
= cos(x) = %

= x=cos | (ﬁ) +2kzr of x=-cos " (ﬁ) + 2k, kel

2 2
= x=%+2k7r or x=—%+2k7r, keZ
= x:%+2k7r or x:—%+2k7r, kel

(In the step indicated by a red arrow (=) we’ve used the identity cos(x) = —cos(x) in

order to generate the second family of solutions. Instead of using the inverse trig function
in this step, you might choose to obtain the step indicated by a pink arrow (=>) by utilizing

your awareness of these two facts: cos (%) = % and cos(—%) = % although using
“awareness” might inspire you to use “T” instead of —% for the second family of
solutions, which will to lead you to x = 1Z 4+ 2k 7 instead of x = —Z + 2kr .)

6 6
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21. Find the solutions on the interval [O, 27;) for the equations below; provide exact solutions

a. cos(t)=—+

cos(t) = —%

= t= cos_l(—%) +2kr or x= —cos_l(—%) + 2k, kel

= (=2Z 4 2x or

/ x=-2% 4 2kr, kelZ

3

Now we need to substitute particular values of & in order to determine which solutions
fall on the interval [0, 27):

Since both of these values are negative, they aren’t in the interval [0, 27)

. There’s no reason to try smaller values of & since they’ll produce yet
smaller solutions which will certainly be outside the interval.

k=0: x=2420)7 or  x=-2420)x
=2z =_2z
3 3
Only is in the given interval.
k=1: x=%+20x or x=-2+2()rx
_2 __2 6
=5F+ 27 =-S5+ > 27
_ 4
> 21 -4
Only

is in the given interval. There’s no reason to try larger values of

k since they’ll produce yet greater solutions which will certainly be outside
the given interval.

Therefore, the solution set for cos(t) = —% on the interval [0, 27) is {27” 47”}
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b SN V3
) 4
sin(x) V3 _
2 4
5 s _ V3,
2 4
B
s1n(x)—T
=> ¢ =sin

- %)+2k7l‘ or t=7z—sin_l(§)+2kﬂ, kel

= t=%+2k7r or l=ﬂ—(%)+2k7[, kel

= =%+ 2kx or t=2L42kr, kel

Now we need to substitute particular values of & in order to determine which solutions
fall on the interval [0, 27):

k=-1: x=%+2(-Dz or x:27”+2(—1)7r
_x_ 6 _ 2 _6x
3 3 3 3
_ _5n _4r
-3

Since both of these values are negative, they aren’t in the interval [0, 27)

There’s no reason to try smaller values of & since they’ll produce yet
smaller solutions which will certainly be outside the interval.

k=0: x=Z+20)r or  x=2£4+20)7

Wy wlN

Both % and 27” are in the given interval.

x=%+2rx or x=2&

— T

3
—?+27r>27r 2

Both of these solutions are outside the given interval. There’s no reason

to try larger values of & since they’ll produce yet greater solutions which
will certainly be outside the given interval.

Therefore, the solution set for sin(x) /3

5 1 0 on the interval [0, 27) is {%, 27”}
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22. Find all of the solutions to the equations below; provide exact solutions.

= 6t=sin"' (—ﬁ) +2km o 6t=7m —sin’ (—ﬁ) +2kr, kel

= 6t=—% +2%kn or 6t:7r—(
66 ~3 . 2k 6 3
3 T 3
— =4 == o —=——
~ %6 6 6 6 6
- _ . km 27
= t = 13 + 3 or t )
b. 5+ 4co0s(20) =1
5+ 4cos(20) =1
= 4cos(20) = -4
= cos(26) = -1
= 20 =cos” (<1) + 2kz, kel
= 20 =7+ 2kr, keZ
20 n© | 2krm
- T— 5 + > , kelZ
= O=L +kr, kel

2

—l) v 2kr, kel

3

N 2k

(there's only one "family" of solutions
since the cosine function achieves the
output —1 only once in each period)
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l6cos(4x) +11=3

16cos(4x) +11=3
= 16cos(4x) = -8
= cos(4x) = % =-

1
2

= 4x =cos” (—%) +2kzr or 4x=-—cos (—%) + 2krm, keZ

= 4x=-2L 4 2krx or 4x=—-2L+2kn, kel
2z 2r
dx 3 2kx 4  —73 2knm
= —=——4+ = or — = +—, keZ
4 4 4 4 4 4 <
_2 2k —_2 k.
= x—ﬁ+T” or x= 3f1+ 2”, kel
= x=Z 4z or x=—Z +4kz keZ
6 2 6 2

16 — 24sin(8¢) = 4

16 — 24sin(8¢) = 4

= —24sin(8¢) = —12
= sin(8¢) = :—éﬁ = %

= 8 =sin" (%) +2km or 8 =7 —sin”! (%) + 2k, kel

= 8t:%+2k7z or 8t=7z—%+2k7z, kel
& T 2kx 8 & 2kx
— =2+ == oo —=—"2—+—"—"—, kel
~ 378 "3 g 8 g » €
_ k _ 5 k
= t—%+ f or t_4—’§+7”, kel
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23. Find the solutions on the interval [0, 27) to following equations.

a. 5+4cos(20) =1

5+ 4cos(20) =1

= 4cos(20) = -4

cos(260) = -1

(there's only one "family" of solutions
20 =cos ™' (-1) + 2kz, keZ  since the cosine function achieves the
output —1 only once in each period)

20 =1+ 2kr, keZ

20
2

2k

T
=+
2 2

, kel

6’:%+k7z, keZ

Now we need to substitute particular values of & in order to determine which solutions
fall on the interval [0, 27):

k=-1:
k=0:
k=1

=%+ (-1)m=-Z<0s0-Z¢|0,27).
We could try smaller values of k£ but it should be clear that since k = —1
produced a value of @ that’s too small, smaller values of & will produces
even smaller values of @ so they won’t produce solutions in the given
interval so there’s no need in trying smaller values of & .

0=%+0-7=%¢[0,27),s0 % is asolution in the given interval.

0=%+1-7=32€]0,27),so 3£ is a solution in the given interval.

9=%+2-7z=57”>27z SOSTﬂé[O,272').

We could try larger values of k& but it should be clear that since k£ =2
produced a value @ that’s too large, larger values of & will produces
even larger values of @, so they won’t produce solutions in the given
interval so there’s no need in trying larger values of & .

Therefore, the solution set to 5 + 4cos(26) =1 on the interval [0, 27) is {% 37}
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b. 4 - 6sin(2x) =7

4 — 6sin(2x) =7
= —6sin(2x) =3

= sin(2x) = 3 = -+

= 2x =sin"(=%)+ 2kz or 2x =7 —sin” (-1) + 2z, keZ

= 2x=-Z + 2kr o 2x=7x—(-L)+2kn, kel
T
2x ¢ 2krm 2x ¢ 2kx
=X L or =X __6 AT L7
- T T 2 Ty T fE
_ _ 7
= x——%+k7z or x—%+k7z, kel

Now we need to substitute particular values of & into these equations to determine which
solutions fall on the interval [0, 27):

k=-1: x=-5+(Drx oo x=2Z+(-rx

12
- _xr _12n _ Iz _ 12z
12 12 12 12
_ 13« _ _im
12 <0 12<0

Since both of these values are negative, they aren't in the interval [0, 27).

We could try smaller values of k& but it should be clear that since k& = -1

resulted in a values of « that are too small, smaller values of & will
produces even smaller values of & so they won’t produce solutions in the
given interval so there’s no need in trying smaller values of & .

—0- — _ 7
k=0: x=-5+(0)7 or x=75+0)7
_ _1
=13 <0 =1

Only % is in the given interval.

k=11 x=-5+ 7z or x:%+(l)ﬂ
_ _ 127 _ Ir 127
- 12+1 12+12

—_ 1z — 19z

12 12

Both LIZ and LZ are in the given interval.
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k=2 x=-5+Qr or x=Z—’2’+(2)7T
_ _ 247 _ Iz 247
- 12+ 12 12+ 12
_ 23« _ 3z
T2 T2 >0

Only 2Z is in the given interval.

k=3: x=-5+0)x or x=71—’2’+(3)7r
_ _ RIY4 _ Ir 36z
12 + 12 12 + 12
_ 357z _ 43x
=55 >2r =5 > 2

Since both of these values are greater than 27, they aren’t in the interval
[0, 277). We could try larger values of & but it should be clear that since

k =3 resulted in a values of x that are too larger, larger values of £ will

produces even larger values of x so they won’t produce solutions in the
given interval so there’s no need in trying larger values of k.

Thus, the solution set to 4 —6sin(2x)=7 on the interval [0,27) s

{7_7r Iz 197 237[}
2’127 127 12 )°
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c. 62 cosBar) +10 =4

6~/2 cos(3a) + 10 = 4

= 6~/2 cos(3a) = —6
—_=6 ___1
= cos(3a) = N
= 3q =cos’ (—%) +2kr or 3a=-cos (—f) + 2kn, kel
= 3a =3+ 2kx or 3a=-3L+2%n, kel
3z RY/5
3aa T4 2knm 3 —T4 . 2km
33 3 33 3 0 0 S
= a=3%+ Az o  a=-2%+ AL kel
= a=Z+24 o a=-%+2%L ez

Now we need to substitute particular values of & into these equations to determine which
solutions fall on the interval [0, 27):

2~z

- 1. —z =z 227
k=-1: « 1 3 or « Tt
=3z _ 8z =3z _ 3
2 12 2 12
=3z — _lz
12 12

Since both of these values are negative, they aren’t in the interval [0, 27).

We could try smaller values of k& but it should be clear that since k = -1
resulted in a values of « that are too small, smaller values of £ will produces
even smaller values of a so they won’t produce solutions in the given interval
so there’s no need in trying smaller values of % .

—0- _ 2:0- - _ 207
k=0: a=74+==% or o T+ 5T
=7 - _T
4 4
Only Z is in the given interval.
_ _ T 21z — _ 21z
k=1 a=74+5% or a T+3"
_ 3z, 8x — 3z 4 8x
=4t 2 T
11z S

—
—_—



Haberman

MTH 112
k=2
k=3
k=4

Solutions: Week 3 Practice Worksheet (Summer Term)

— x4y 227
=y t3
_ 37 , 16z
BRI
— 197z

12

197 137 ;
Both =5 and ;- arein

a =

+ 221

3

167
2 + 12

|(§ ~N

—
o
N =

the given interval.

T 247
4 + 3
_3z 4 32m
12 + 12

297
1> 27
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Since both of these values are greater than 27, they aren’t in the interval
[0, 277). We could try larger values of £ but it should be clear that since

k = 4 resulted in a values of « that are too larger, larger values of £ will
produces even larger values of ¢ so they won’t produce solutions in the

given interval so there’s no need in trying larger values of & .

Thus, the solution set to 6+v2cos(3a)+10=4 on the interval [0,27) is

{L
49

5

127

11z

137

197

12 2

12 °

127

Iz
4

b



