Haberman MTH 112

SOLUTIONS: Week 4 Practice Worksheet

Inverse Trig Functions and Solving Trig Equations

1. Find the exact value of each of the following expressions; do not use a calculator. Be sure to
use proper notation to directly communicate what the given expressions equal.

)
Z
—

&
S —

b. cos™ (72)

cos” (%) = % (since g = cos(%) and 0 < % < 7)
c. sin’’ (—%)

sin’l(—%) =-Z  (since —% = sin(—%) and ~Z <-Z<Z)
d. cos™ (0)

cos™! (0)= % (since 0 = cos(%) and 0 < % < 7)

tanfl(—\/g):—% (since —/3 :tan(—%) and —%<—%<%)

tan~! (-1) = —% (since -1 = tan(—%) and —% < —% < %)
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2. Find the exact value of each of the following expressions; do not use a calculator. Be sure to
use proper notation to directly communicate what the given expressions equal.

a. sin(sin j
o (4] n(5) s () e 55 <5
= % (since sin(%) = %)

N

S~—~—

b. cos (cos1 (_T)

005(0051 (_%)) (Tﬁ) (since —g = 005(37”) and 0 < 37” < 7)
= —£ (since 005(37”) = —g)

c. cos” (cos(ST”))

cos ! (cos(%”)) = cos! (%) (since cos(—”) = %)

and OS%SE)

3
_z i z)_1
=3 (since cos(3 5

S—

d. sin”' (sin(“Tﬂ))

(o (4x)) ot (LB ' '(4_7r)___3
sin (sm( 3 )) = sin ( 5 ) (since sin ) == )
- _z i in(—Z)=_¥3 T < T <X
3 (since s1n( 3) 5 and S5<-3< 2)

e. sin (cos_] (—g))
sin(cos1 (—

ol

6

)) = sin(S”) (since —g = cos (?”) and 0 < Z < 7)

27 ) —
SII’ICG sm( 6 )

N —



Haberman MTH 112 SOLUTIONS: Week 4 Practice Worksheet Page 3 of 15

3. Find the exact value of each of the following expressions; do not use a calculator. Be sure to
use proper notation to directly communicate what the given expressions equal.

a. sin’' (cos(—%))

sin”! (cos(—%)) =sin™! (%) (since cos(—%) = %)
= % (since s1n( ) 23 and — %s%gg)
b. tan™' (tan(zT”))
tan ! (tan(%)) = tan! (—\/5) (since tan(zT”) = —\/g)
= —% (since tan(—%):—\/?and —%<—§<%)
c. cos’ (tan(%[))
cos (tan(%)) =cos”'(-1)  (since tan(T”) =-1)
=7 (since cos(7z)=—land 0 < 7 < 7)
d. tan’' (sin(%))
tan ™! (sin(%)) =tan”' (1)  (since sin(%) =1)
= % (since tan(%):land —%s%sg)

e. sin(tan_l (%))

sin(tam1 (%)) = sin(%) (since % = tan(%) and ~Z <Z <Z)

= (since sin(%) = %)

1
2
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4. Find the exact value of each of the following expressions; do not use a calculator. Be sure to
use proper notation to directly communicate what the given expressions equal.

a. sin’' (sin(%))

7?” isn’t a “friendly angle” so we aren’t familiar with its sine so

we need to rely on our conceptual understanding of the sine
function along with the symmetry of a circle:

sin”! (sin(%’)) = sin”"! (sin(%)) (using the symmetry of a circle) & J x
<

= )

- i T < T
3 (since 7 =3

NN

b. cos”! (cos(%”))

As in part (a) above, 77” isn’t a “friendly angle” so we need to

rely on our conceptual understanding of the cosine function

along with the symmetry of a circle: //ﬁﬁ

cos”! (cos(%)) = cos”! (cos(%)) (using the symmetry of a circle) Q\K J '

_3z ' <3z <
. (since 0 < s <7)

c. sin”' (sin(gT”))

As in parts (a) and (b) above, 97” isn’t a “friendly angle” so we

need to rely on our conceptual understanding of the sine >

function along with the symmetry of a circle: ?%

.
sin”! (sin (97”)) = sin”! (sin (—27”)) (using the symmetry of a circle) 1
__2z ine ~Z<_27 <z
=-9 (since > <3 32)
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5. Find the exact value of each of the following expressions; do not use a calculator. Be sure to
use proper notation to directly communicate what the given expressions equal.

a. sin(t) =L

sin(r) = -2

= t=sin”(~Z) s 2 o 1=z -sin(~E)+ 2m, keZ

= t=-Z+2%n o t=7x—(-%)+2kn, kel

= t=-Z +2%kn or 1257”+2k7z,keZ

(In the step indicated by a red arrow (=) we’ve used the identity sin(¢) = sin(z —¢) in
order to generate the second family of solutions Instead of using the inverse trig function
in this step, you might choose to obtain the step indicated by a pink arrow (=) by utilizing

your awareness of these two facts: sin(—%) = —% and sin(ST”) = —% although

using “awareness” might inspire you to use 77” instead of “—% ” for the first family of

solutions, which will to lead you to ¢ = % + 2kx” instead of ¢ = —% + 2k for the

second family of solutions)
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b. 2cos(x) — J3=0

2cos(x) —/3 =0
= 2cos(x) =3
= cos(x) = %

= x=cos| (ﬁ) +2kzr of x=-cos | (ﬁ) +2kr, kel

2 2
= x=%+2k7r or x=—%+2k7r, keZ
= X=%+2kﬂ or x:—%+2k7z,keZ

(In the step indicated by a red arrow (=) we’ve used the identity cos(x) = —cos(x) in

order to generate the second family of solutions. Instead of using the inverse trig function
in this step, you might choose to obtain the step indicated by a pink arrow (=>) by utilizing

_ B

your awareness of these two facts: cos(%) == and cos(—%) = % although using

“awareness” might inspire you to use “T” instead of —% for the second family of

solutions, which will to lead you to x = HT” + 2kr instead of x = —% + 2kr )
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6. Find the solutions on the interval [O, 27z) for the equations below; provide exact solutions.

a. cos(t) =—

N |—

cos(t) = —

N |—

= = cos_l(—%) +2kzr of x=-cos | (—%) + 2kr, keZ

= t=2T”+2k7r or x=—zT”+2k7r, kel

Now we need to substitute particular values of & in order to determine which solutions
fall on the interval [0, 27):

k=-1: x=2+2(-z or x=-2+2-x
_ 21 _6x _ 21 _6x
3 3 3 3
— _4Arx - _8z
3 3

Since both of these values are negative, they aren’t in the interval [O, 27:)

. There’s no reason to try smaller values of k& since they’ll produce yet
smaller solutions which will certainly be outside the interval.

k=0: x=22+20)7 o x=-24+20)x
— 2z =2z
3 3
Only 2% is in the given interval.
k=1: x=2+20x or x=-2+2(rx
_2 __2 6
=5+ 27 =-S+F>27

> 27 = 4z

Only 27” is in the given interval. There’s no reason to try larger values of

k since they’ll produce yet greater solutions which will certainly be outside
the given interval.

Therefore, the solution set for cos(z) = —% on the interval [0, 277) is {ZT”, 47”}
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b, sin(x) ﬁ _0
2 4
sin(x) £ _0
2 4
) sin(x) £
2
sin(x) = g

= t:sin_l(§)+2kﬁ or t:ﬂ—sin_l(§)+2k7z, kel

or t:ﬂ—(%)+2k7z, keZ

t=Z +2kn or t=2L+2%kn, kel

Now we need to substitute particular values of £ in order to determine which solutions
fall on the interval [0, 27):

k=-1: x=%+2(-Dz or —T” -
—_z _ 6w — 2z _ 61
3 3 3 3
:—5—” = 4r
3

Since both of these values are negative, they aren’t in the interval [O 27:)
. There’s no reason to try smaller values of k£ since they’ll produce yet
smaller solutions which will certainly be outside the interval

_x:

k=0: x=%+20)7 or + 2(0)z
5

w|'§’ Wl.:.

Both % and ZT” are in the given interval.

k=1: x=%+20x or

:%+27r>27r

x=27”+2(1)71'
:ZT”+27Z>272

Both of these solutions are outside the given interval. There’s no reason

to try larger values of k since they’ll produce yet greater solutions which
will certainly be outside the given interval

Therefore, the solution set for M — £

;= 0 onthe interval [0, 27) is {%, ZT”}
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7. Find all of the solutions to the equations below; provide exact solutions.

a. sin(6t) = _B

=

=

2

sin(6z)=—§

6z=sin-1(—§)+2k7z or 6r=7z—sin-1(—§)+2/m, kel
6t =—L + 2k or 6t:72'—(—% + 2k, kel
6 —3 2k 6 ok

3 T 3 /4
or__3 2k p O _ 3 | 2km 7
6 6 6 o =6 T K€
t:—%+k7” or t:ZT”+kT”, kel

b. 5+ 4cos(20) =1

=

5+ 4cos(20) =1
4cos(20) = -4
cos(26) = -1

20 = cos™! (—1) + 2k, kel

20 =17+ 2kr, keZ
20 & | 2krm
7—2‘}‘—2 ,kEZ

9:%+k7z, keZ

(there's only one "family" of solutions
since the cosine function achieves the
output —1 only once in each period)
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16cos(4x) +11 =

= 4x =cos

= 4x= 23”
Lo %
4 4

2
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3

16cos(4x) +11=3
16 cos(4x) = -8

cos(4x) = 1‘—? = —%

—1(_%)+2k7r or 4x:—cos_1(—%)+2kﬂ, kel

2Z 4 dkr or 4x=—2T”+2k7r, keZ
2k 4y~
+ 4_” or sz 43 +—47T, kelZ
+ 2z o x=-2+4 kez
k _ k
=h o x=-%+5F kel

16 — 24sin(8¢) = 4

16

=

=

— 24sin(8¢) = 4
—24sin(8¢) = —12

sin(8/) = =13 = &

= 8t=sin" (L) + 2%z or 8=z —sin” (L) + 2%z, keZ

2

= 8t=%+2k7r or 81=7Z'—%+2k7r, keZ
Srx
8t © 2krm 8t ¢ 2krn
g 8 '8 g 8 8 <
_ k _ 5 k
= t—%+7” or t_4—’8f+T”, keZ
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8. Find the solutions on the interval [O, 27:) to following equations.

a. 5+4cos(20) =1

5+ 4cos(20) =1

= 4cos(20) = -4

= cos(26) = -1

(there's only one "family" of solutions
20 =cos ' (-1) + 2kz, keZ  since the cosine function achieves the
output —1 only once in each period)

20 =1+ 2kr, keZ

_ 7 2krz
= +—2 , kel

20
2

Now we need to substitute particular values of £ in order to determine which solutions
fall on the interval [0, 27):

k=-1:
k=0:
k=1
k=2:

0=Z+(-1)r=-Z<0s0-Z¢0,27).

We could try smaller values of & but it should be clear that since k£ = —1

produced a value of @ that’s too small, smaller values of & will produces
even smaller values of € so they won’t produce solutions in the given
interval so there’s no need in trying smaller values of & .

0=Z%Z+0-7=2¢[0,2r),s0 Z is asolution in the given interval.

%

Z+lz= 37” e[0,27), so 37” is a solution in the given interval.

O=Z+2-1=22>2rs022L¢|0,2r).

We could try larger values of & but it should be clear that since &k =2
produced a value @ that’s too large, larger values of k& will produces
even larger values of @, so they won’t produce solutions in the given
interval so there’s no need in trying larger values of & .

Therefore, the solution set to 5 + 4cos(26) =1 on the interval [0, 27) is {%, 37}
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b. 4-6sin(2x) =7

4 — 6sin(2x) =7
= —6sin(2x) = 3
= sin(2x) = 3- = -1

= 2x=sin"'(=%)+ 27 or 2x =7 —sin”' (~L)+ 2kx, keZ

:>2x=—%+2k7r or 2x:7r—(—%)+2k7r, kel
r
2x _% 2k 2x ¢ . 2km
== = + = onr —=—"2+=—"" keZ
-2 "2 2 2 T2 T2 0 fE
= x=—%+k7r or x=%+kﬂ, kelZ

Now we need to substitute particular values of & into these equations to determine which
solutions fall on the interval [0, 27):

—_1- _ _ 7
k=-1: x=-5+(-Dx or x=+F+(D7x

_x _ 12z _ Iz _ 127
12 12 12 12

_ 137z — _5m
=-3 <0 = 12<O

Since both of these values are negative, they aren’t in the interval [O, 27z).

We could try smaller values of k& but it should be clear that since & = -1
resulted in a values of ¢ that are too small, smaller values of & will
produces even smaller values of o so they won’t produce solutions in the
given interval so there’s no need in trying smaller values of & .

—0- _ _7

k=0: x=-5+ (0 or x=45+ 07
_ _7
=-1;<0 =17

Only ZZ is in the given interval.

k=1: x=-5+Or or x:%+(1)72'
—_rx 4 127 — Iz | 127
=~ Y

_ lz — 97

12 12

Both LZ and LZ are in the given interval.
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k=2 x=-5+Q)7 or x:%+(2)7r
_ _ 247 _ Iz 247
R VIRENT) I
_ 237 _ 3z
=12 = >0

12

Only 23Z is in the given interval.

k=3: x=-&£+ Q) or x=%+(3)ﬁ

_ 36z _ Iz 36z
12 + 12 12 + 12
= —3152” >2r =8Bz 5 ox

12

Since both of these values are greater than 27, they aren’t in the interval
[0, 27). We could try larger values of k but it should be clear that since

k =3 resulted in a values of x that are too larger, larger values of £ will

produces even larger values of x so they won’t produce solutions in the
given interval so there’s no need in trying larger values of & .

Thus, the soluton set to 4 - 6sin(2x)=7

{7_7r 11z 19z 237r}
12° 127 12 12

on the interval [0,27) is
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c. 6+2cosBar) +10=4

6/2 cos(3a) + 10 = 4

= 6~/2 cos(3ar) = -6
_ =6 ___1
= cos(3a)—6\/5 7
= 3a:cos_1(—f)+2k7r or 3a=—cos_l(—f)+2k7z, kel
= 3a=3T +2kx or 3a=-3F+2%kn, kel
RV kY4
3 "4 2krx 3a T4 2krx
24 _ 4 AR or =% = + 222 keZ
73 T3 T3 33 3 0 K€
= a=3%+4z or  a=-2%+2HL el
= a=Z+34z o a=-L+2L (el

Now we need to substitute particular values of & into these equations to determine which
solutions fall on the interval [0, 27):

k=_]: g=z42ChT 2-Dr

- _x
4 3 or a=—4+=
_ 3z _ 8 — _ 3z _ 8
12 12 12 12

_ _Sr _ _ 1z

12 12

Since both of these values are negative, they aren’t in the interval [O, 27:).

We could try smaller values of £ but it should be clear that since k£ = —1
resulted in a values of ¢ that are too small, smaller values of & will produces
even smaller values of o so they won’t produce solutions in the given interval
so there’s no need in trying smaller values of k.

—_0N- _ 2:0-r __r 2:0-7
k=0: a=74+=% or a T3
-z - _Z
4 4
Only % is in the given interval.
_1- _ I 1z _ _ 21z
k=1: a=74+=% or a T3
_ 3z | 8z — 3z 8z
R VIREEY) 212
11z Sz
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k=3
k=4
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V4 221 __r 221

T 55T or a Tt 55
_ 3z , léx _ _ 3z léx
=12 T 2 T2
— 9z — 3z

1 12
Both 1Z and 13Z are in the given interval.
_ T 237 — _ 237
=55 or a R
—_r 4 87 __rm 4 8w
=4ty 4T
— 9z — Iz
=5 > 2 =
Only %” is in the given interval.
_ T 24 —_ 24
=5 T3 or a Tt 5T
_ 3z 4 32z _ _ 37, 32nx
2 th 2 T2
=37 5 o7 =27 5 ox

—
[\

12
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Since both of these values are greater than 2z, they aren’t in the interval
[0, 27). We could try larger values of & but it should be clear that since

k =4 resulted in a values of « that are too larger, larger values of £ will
produces even larger values of o so they won’t produce solutions in the

given interval so there’s no need in trying larger values of k.

Thus, the solution set to 6+2cos(3a)+10=4 on the interval [O, 27z) is

{

T 5

11z

137

40127

12 7

12 72

197 7n}
2° 4§



