Haberman

MTH 112

SOLUTIONS: Week ___ Practice Worksheet

Polar Coordinates

1. Find a polar ordered pair (r, €) that’s plotted at the same location as the given rectangular
ordered pair (x, ) . Answers should be ordered pairs involving exact values, with & in radians.

a.

(xv y) = (_49 _4)
We can use the Pythagorean Theorem to find r:
= (-4)" +(-4)
= =16 +16
= r= \/3_2 = 4\/5
We can use tangent to find 6: tan(f) = :—j =1. We’re familiar with the fact tan(%) =1

so we know that the angle should be a multiple of %. Since the given point is in the third

sz

quadrant, we can conclude that € = 1

Therefore, the rectangular coordinates (-4, —4) are plotted in the same location as the
polar coordinates (4\/5, 57”)

(xa J’) = (69 _6'\/5)
We can use the Pythagorean Theorem to find r:
P2 =(6) + (—6\/5)2
= r* =36+ 363

= r=+144 =12

We can use tangent to find 8: tan(f) = % =3

We’re familiar with the fact tan(%) = \/§ so we know that the angle is a multiple of %

Since the given point is in the fourth quadrant, we can conclude that 6 = 57” (Note that

we could also use 0 = —% )

So the rectangular coordinates (—6, —6«/5) are plotted in the same location as the polar

coordinates (12, 57”)
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2. Find a polar ordered pair (r, 8) that’s plotted at the same location as the given rectangular
ordered pair (x, ) . Answers should be ordered pairs involving exact values, with @ in radians.

a. (x, ) =(10,-2)

We can use the Pythagorean Theorem to find r:
2 = (10)* + (<2’
= r=4/104 =226

We can use tangent to find €: tan(@) = I—(z). To solve this equation for 8 we’ll use

arctangent. Since the given point is in the fourth quadrant and since the range of
arctangent is (—% %) we know that the output of arctangent will be in the correct
quadrant so we won’t need to adjust it:

0= tan—l(—l%) ~—0.197

So the rectangular coordinates (10, —2) are plotted in approximately the same location as
the polar coordinates (2\/2 , —0.197) .

b. (xa y) = (_39 7)

We can use the Pythagorean Theorem to find r:

= (=3) + (7)
= r=+/58
We can use tangent to find €: tan(@) = _13 To solve this equation for & we’ll use
arctangent. Since the given point is in the second quadrant but the range of arctangent is

(—%, %) , we know we’ll have to add 7 to the output of arctangent in order to put the angle

into the correct quadrant:

0 = tan™! (—%) + 7 ~1.98

Therefore, the rectangular coordinates (-3, 7) are plotted in approximately the same
location as the polar coordinates (\/58, 1.98).
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3. Find a rectangular ordered pair (x, y) that’s plotted at the same location as the given polar
ordered pair (r, #). Answers should be ordered pairs involving exact values.

a. (r,0)= (5, 27”)

x = r-cos(0) y = r-sin(f)
— 5.cos(2Z = 5.sin(2Z
_5005(3) ; 5Sll’l(3)

an
_5.(-1 _s. (B
=9 ( 2) - 5'(7)
=_2 5\3
z -
So the rectangular coordinates (—%, %) are plotted in the same location as the polar

coordinates (5, 27”) .

b. (r,0) = (16, 210°)

X = r-cos(0) y = r-sin(0)

=16~cos(2100) =16-sin(210°)
5 and

- _N3 —16.(-1

_16.( 2) 16(-1)

2

Therefore, the rectangular coordinates (—8«/5, —8) are plotted in the same location as the

polar coordinates (16, 210°) :
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4. Find a rectangular ordered pair (x, y) that’s plotted at the same location as the given polar
ordered pair (7, #). Answers should be ordered pairs involving approximate values.

a. (r,0)= (3, 80°)

Note that here we need to use a calculator to compute an approximation of the sine and

cosine values since 80° isn’t “friendly.”

x = r-cos(f) y = r-sin(d)
_ 3-cos(80°) and _ 3-sin(8o°)
~ (0.52 ~ 2.95

Therefore, the rectangular coordinates (0.52, 2.95) are plotted in approximately the same

location as the polar coordinates (3, 80°) :

b. (r,0)= (7, —%)

Note that here we need to use a calculator to compute an approximation of the sine and

cosine values since —% isn’t “friendly.”
x = r-cos(0) y = r-sin(f)
= 7-cos(—%) and = 7~sin(—%)
~ 6.66 ~ -2.16

So the rectangular coordinates (6.66, —2.16) are plotted in approximately the same

location as the polar coordinates (7, —%).
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5. The polar ordered pair (5, %) can be plotted as a “dot” on the polar coordinate plane. List four

other (different) polar ordered pairs that are plotted on the same “dot.” Use “—5” for “r” in at
least one of your ordered pairs.

One way that we can create different polar ordered pairs that are plotted on the same “dot” is
to use conterminal angles.

e Since % + 2 = %” is coterminal with % the polar ordered pair (5, %”) is plotted in

the same location as (5, %)

e Since % -2 = —57” is coterminal with % the polar ordered pair (5, —57”) is plotted

in the same location as (5, %)

Another way that we can create different polar ordered pairs that are plotted on the same “dot”
is to use a negative value for r: when r is negative, it's equivalent of adding (or subtracting)
a half-revolution.

e Since % + 7= 47” is a half-revolution greater than Z | the polar ordered pair (—5, 47”)
is plotted in the same location as (5, %)
e Since % -7 = _27” is a half-revolution less than % , the polar ordered pair (— , —27”)

is plotted in the same location as (5, %)

Consider opening Desmos.com and plotting these points to see that they all land in the same
location.


https://www.desmos.com/calculator
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6. Complete the 15t column of the table below with appropriate multiples of %, %, and % ; then
determine the corresponding values of r if » =6cos(26) in order to complete the 2" column
of the table; then plot the points implied by each of the 16 rows of the table on the polar plane
below and connect those points in order to draw a graph of » = 6cos(26) .

(HINT: Graph the function in Desmos so that you can predict its shape before you draw it.)

0 r
0 6
i 3
Quad. 1 T 1
angles 4 0
z
3 -3
A -6
=z -3
Quad. 2 3
angles 4 0 X
V4 6
Tz
Quad. 3 5 ’
uad.
angles ST” 0
Ar
3 -3
3% -6 1
57” 3 A graph of r = 6¢0s(20).
Quad. 4 T
angles 4 0
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7. Express the complex number z = 10¢" ¢ inthe form z = a + bi.

il

z =10e

= IOCOS(%) + 10sin(%)~i

_ 10-(%) +10-(=1)-i
=53 - 5i

o5

.27
8. Express the complex number z = 8¢ 3 intheform z =a + bi .

j2r
z=8e 3

= 8005(27”) + 85in(27”)~i
:8-(—§)+8-(§)-i
=4+ 43

;.5
9. Express the complex number z = —7¢"4 inthe form z =a + bi.

i
z=-T7e 4
= —7cos(%”) + (—7)sin(57”)-z
_ 2 V2
-+ 8)-7(-8)
12 72y

Page 7 of 10
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10. Find a polar form, z = reig, of the complex number z = -3 — 3\/51' .

We can associate the complex number z = -3 — 3\/51' with the rectangular ordered pair
(-3, —3\/§), and then translate this ordered pair into polar coordinates (r, ), and finally

use this polar ordered pair to obtain the polar form z = re'l . First, let’s find 7 :

r=(-3) + (-343)°
_ o793

= 6.

Now, let’s find &:

-3
W (we add 7 since the given point is in quadrant 3
= 0 = tan ( 3) o but the range of arctangent is (—% %))
- — Az
= 0= 3T =

A
Therefore, z = 6e 3 isa polar form of the complex number z = -3 — 3\/51' .

11. Find a polar form, z = rei‘g, of the complex number z =2 — 2i.

We can associate the complex number z =2 — 2i with the rectangular ordered pair
(2, —2), and then translate this ordered pair into polar coordinates (7, &), and finally use

this polar ordered pair to obtain the polar form z = re'?. First, let’s find 7 :

r=yQ2)? + (-2
=/4+4
= 2V2.

Now, let’s find &:
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tan(6) = —72
=  O=tan'(-])

- _Z
= 0= y

_r

Therefore, z = 2\/5el'( 4) is a polar form of the complex number z =2 — 27 .

12. Find a polar form, z = reig, of the complex number z = —4\/5 +121.

We can associate the complex number z = —4\/§ + 127 with the rectangular ordered pair
(—4\/5, 12), and then translate this ordered pair into polar coordinates (7, @) , and finally

use this polar ordered pair to obtain the polar form z = re'? . First, let’s find 7 :

r= \/(—4J§ )+ 12)?
- [163 1144

=4/192
= 83.
Now, let’s find @:
an(@) =2 —_3 __f3
an(0) = -2z =% NG}

(L (we add 7 since the given point is in quadrant 2
= 0 = tan (_ 3) T putthe range of arctangent is (—% %))

i(2z
Therefore, z = 83 ¢ ( 3 ) is a polar form of the complex number z = —4\/5 +121i.
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13. Find three different a polar forms, z = reie, of the complex number z = 4i. (HINT: i=0+4{
can be associated with the point (0, 4) so find three different angles that can be used to
represent the “direction of this point” and use each angle to create a polar form.)

As suggested in the HINT, we can associate the complex number z = 4i = 0 + 4i with the
rectangular ordered pair (0,4). We’re going to translate this ordered pair into polar
coordinates (r, #), so we need and then use this polar ordered pair to obtain the polar

form z = re'?.

First, let's find 7 :

Now, let’s find angles that we can use for € to align with the point (0, 4). This point is on
the “positive y-axis”: so one angle that will work is Z , and we can use two other angles that

are coterminal with Z for two additional polar representations: let's use _3z and R4
> P p

2 2

Based on the discussion above we can conclude that the following are three different polar
forms of the complex number z = 4i:

3z s 5m

, Z= 4ei.(_7), and z=4e 2



