Haberman MTH 112

SOLUTIONS: Practice Worksheet

Some Additional Practice for the Final Exam

1. Find the missing side(s) and missing angle(s) for the triangle given below. (The triangles may
not be drawn to scale.)

20°

We can find A4 using the fact that the sum of the angles in a triangle is 180" :

A+ 20" +90° =180°
= A=180" — 20" — 90°
— A=70°

We can find b using sine:
sin(20°) = £
5
= b = 5sin(20°)

~1.71

And we can use cosine to find «a:
cos(20°) = %
= a = 5c0s(20°)

~ 4.698
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We can find B using the fact that the sum of the angles in a triangle is180°:

21" + B + 53" =180°
= B =180" — 21" — 53°
= B =106

Now we can use the Law of Sines to find 4 :

8 _ b
sin(53°)  sin(106")
- p— 8sind06) g0
sin(53°)
And we can use the Law of Sines again to find a:
8 _ a
sin(53°)  sin(21%)
= a= 8sin21) ~ 3.59

sin(53°)
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First let's use the Law of Cosines to find 4 :

b*=4> + 6% —2-4-6¢0s(73°)

= b = /16 + 36 — 48cos(73")

= b = /52 — 48cos(73")
= b~6.16

Now we can use the Law of Sines to find 4. (We choose to find A firstinstead of C since
A must be smaller than C since A is across a shorter side than C.)

sin(4) _ sin(73°)

4 b
= sin(4) = 4sin(73')
b
N 4= Sin_1[4sm(73 )j
b
. _1| 4sin(73°)
A= =7
= sin [ 616 J
~ 38.39°

Finally, we can find C using the fact that the sum of the angles in a triangle is 180°:

A+73 +C=180°
= C=180"-73"-4
C ~180° — 73" —38.39°
= C ~ 68.61°

U
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2. Suppose that sin(a) = % and cos(f) = % and where 0 < a < Z and 37” < p<2r.

a. Find the exact value of sin(a + f) .

To find sin(a + ) we’ll need to use the sine-of-a-sum identity:

sin(a + f) = sin(a) cos(f) + sin(f) cos(x)

We’'ll need cos(ar) and sin(f) to use this formula. Let’s use the Pythagorean identity, and
start by finding cos(«):

sin®(a) + cos’(a) = 1

U

(%)2 + cos’(a) =1

= % +cos’(a) =1
= cos’(a) =1 — %
= cos’(a) = %
= cos(a) = % We take the positive square root of % since
O<a< % i.e., a is in the quadrant 1.
Now let’s use the Pythagorean identity to find sin(f):
sin?(f) + cos*(fB) =1
= sin?(f) + (%)2 =1
= sin?(f) + 215 =1
= sin(f) =1 - 2%
= sin’(f) = 32
= sin(f) = —% We take the negative square root of % since

37” < B <2z, ie., B isinthe quadrant 4.

Therefore,
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sin(a + f) = sin(a)cos(f) + sin(f) cos(«)

5.3 ,(_4).12
BRE 5+( 5)13
15

b. Find the exact value of cos(a — f).
To find cos(a — f) we’ll need to use the cosine-of-a-difference identity:

cos(a — f) = sin(a)sin(f) + cos(a)cos(f)

We can use the values we found in part (a):

cos(a — f) = sin(a)sin(f) + cos(a)cos(f)

J=4)+12.3
( 5)+13 5

c. Find the exact value of sin(24).

We can use the double-angle identity:
sin(2f) = 2sin(f)cos(f) .

(Note that we can use the value of cos(f) that we found in part (a).)
sin(2f) = 2sin(f)cos(f)

:2.(_%)%

—_24
25

d. Find the exact value of cos(2/) .
We can use the double-angle identity cos(23) =1 — 2sin?(f):

cos(2f) =1 - 2sin*(p)

-aof

—1-32
=1-35
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e. Find the exact value of sin(g) .

Recall that 37” < f <2x. Thus,
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Since %” < g < 7, we know that g is in quadrant 2 so sin(

to choose the positive square root in the half-angle identity:

sin(%) =+, /—1 — C;S(’B)
1 -
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) > 0; therefore, we need
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f. Find the exact value of cos(é).

In (e) we discovered that g is in quadrant 2 so cos(é) < 0; therefore, we need to

choose the negative square root in the half-angle identity:

cos(g) _ fl + c;)s(,B)
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3. Prove the following identities.

a. tan(x) + cot(x) = sec(x)csc(x)

SOLUTIONS: Practice Worksheet for Final Exam

sin(x)  cos(x)
cos(x)  sin(x)

tan(x) + cot(x) =

_ sin(x) sin(x) = cos(x) cos(x)

~ cos(x) sin(x)  sin(x) cos(x)

B sin?(x) cos” (x)
~ cos(x)sin(x)  sin(x)cos(x)

_ sin?(x) + cos”(x)

cos(x)sin(x)
_ 1
~ cos(x)sin(x)
_ 11
~ cos(x) sin(x)
= sec(x)csc(x)

b. tan’(x) — sin’(x) = tan’(x)sin’(x)
.2 2
-5 S 22

_ sin’(x) — sin’ (x) cos” (x)

cos? (x)

) sinz(x)-(l - cosz(x))

cos? (x)

_ sin’(x)-sin® (x)

cos” (x)

_sin?(x)

2

. Q1 2
" cos (x) sinc ()

= tan” (x)sin*(x)

Page 7 of 14
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c. cos(2x) = cos*(x) — sin*(x)

cos* (x) — sin’(x) = (cosz(x) - sinz(x))(cosz(x) + sinz(x))
= (cosz(x) — sinz(x))-l

= cos?(x) — sin’(x)

= cos(2x)

4. Convert the following polar ordered pairs into Cartesian (i.e., rectangular) coordinates.

a. (3, g)

The polar coordinates (r, 9) correspond to the Cartesian coordinates
(x, ¥) = (rcos(8), rsin()). So

X = 3cos(%)

= 3sin(l)
and Y 2
=0 =3

Therefore, the polar ordered pair (3, %) corresponds to the Cartesian ordered pair (O, 3)

The polar coordinates (r, 0) correspond to the Cartesian coords.
(x, ¥) = (rcos(9), rsin()). So

— —anl5
X = ﬂcos(%”) y= ”Sln(Tﬂ)
— gl — .3
=7 and =7m—=-3
_z __x\f3
2 )

Therefore, the polar ordered pair (7[, 5—”) corresponds to the Cartesian ordered pair

3
(5.-=8).
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c. (10,-10%)
The polar coordinates (r, 6?) correspond to the Cartesian coords.

(x, y) = (rcos(8), rsin(d)). So

x =10cos(-10") and y =10sin(-10")
~ 9.85 ~ —1.74

Therefore, the polar ordered pair (10, —10") corresponds to the Cartesian ordered pair

(10cos(10°), 10sin(10°)) ~ (9.85, —1.74) .

5. Convert the following Cartesian (i.e., rectangular) ordered pairs into polar coordinates.
a. (10, —10)

We need to convert Cartesian coordinates (x, y) into polar coordinates (r, ). The

distance from the origin to the point, , is given by 7 = x> + y* :

r = J10° + (-10)?
=10\2

To find € (which should be in the 4™ quadrant since that’s where the given point sits), we

can use the formula @ = tan™ (%) :

— -1(_10
6 = tan (_—10)
= tan"' (-1)
- _ ' )=
== (since tan( 1 ) =-1)

Therefore, the Cartesian ordered pair (10, —10) corresponds to the polar ordered pair

(10\/_,—%).

b. (-3,0)

We need to convert Cartesian coordinates (x, y) into polar coordinates (r, #). Clearly
r =3 and @ = x (since the point lies on the negative x-axis). Therefore, the Cartesian

ordered pair (-3, 0) corresponds to the polar ordered pair (3, 7).
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c. (—8, 83 )

We need to convert Cartesian coordinates (x, y) into polar coordinates (r, ). The

distance from the origin to the point, 7, is given by r = \/xz +

r=(=8)° + (-83)
= /256
=16
To find @ (which should be in the 3™ quadrant since that’s where the given point sits), we

can use the formula @ = tan™ (%) — but we’ll need to add 7 to the result since the range

of arctangent is (—% %) i.e., arctangent can only give us angles in quadrants 1 or 4 but

our point is in quadrant 3, so we need to add a half-revolution to rotate the angle into the
correct quadrant:

0 = tan”! (i*g/g) + 7

= tan_l(\/g) + 7
+ 7 (since tan(%) = \/5)

w|§ Wy

So the Cartesian ordered pair (8, —8«/?) corresponds to the polar ordered pair (16, 47”)
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6. Translate the complex number z = -3 + 3\/§'i into its polar form z = re'? .

The number z has form z =a + bi where a = -3 and b = 3\/§. So

r=.Ja’ +b°
- \/(—3)2 - (3\5)2

=49+ 27

i

If we plot z in the Cartesian plane, we see that it lies in the second quadrant, so the angle 4
is in the second quadrant, so we’ll need to add 7z to the arctangent value:

6 = tan™ (A) + 7
a

= tan"! (ﬁ) + 7

-3
= tan 1(—\/§) +
_ 2z
3
i
3
Therefore, z = 6e
Y4

7. Translate the polar form of the complex number z = 4¢"76 intoits rectangularform z = a + bi

iz
6
z =4de

= 4(005(%’) + isin(s?”))
- 4(-@ + %l)

=23 +2i
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8. Determine the magnitude and direction (with respect to the positive x-axis) of the vector

v =(-3,-7).
Magnitude:
[7]= V37 + -7)?
= \/m
_ %
Direction:
0 = tan”' (:—g)

~ 66.8° + 180° (we add 180" since the vector
points towards the 3rd quadrant)

~ 246.8°

Therefore the vector v = <—3, —7) has magnitude /58 and direction approximately 246.8
with respect to the positive x -axis.

9. a. Find the horizontal and vertical components of the vector v that starts at the point
P =(5,6) and ends at the point Q = (2, 2).

Since the vector v starts at x -coordinate 5 and ends at x -coordinate 2, we see that the
horizontal component of the vectoris 2 — 5 =-3.

Since the vector v starts at y -coordinate 6 and ends at x -coordinate 2, we see that the
vertical component of the vectoris 2 — 6 = —4.

Therefore the vector is v = (-3, —4).
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b. Find the magnitude, ||V, and the direction (with respect to the positive x -axis) of the vector

v that you found in part a?

Magnitude:
[¥] = J(=3)° + (-4)°
=5
Direction:
a1 (—4
0 = tan (73)

~53.13° 4+ 180° (weadd 180 since the vector
points towards the 3rd quadrant)

~ 233.13°

Therefore the vector v = <—3, —4) has magnitude 5 and direction approximately 233.13"

with respect to the positive x -axis.

10. Suppose v =(—4,1) and u = (3, -6).

a. Find w=v - 2u.

W=V - 2i
={-4.1)-2:(3.-6)
=(-4,1) - (6, -12)
=(-4-6,1-(-12))
=(-10, 13)
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b. Use the dot product to find the angle between v = (-4, 1) and u = (3, —6)?

We can use the fact that Vi = ||V |-||i||cos(8) , where @ is the angle between vectors ¥

and « . First, let's find|v |, @], and V-

[ = V=47 + 1) ] =G + (-6)?
T and =973

and
veu =(—4)-3 +1-(-6)
=-12-6
= —18.
Thus,

i =[] il cox(0)

= -18= \/ﬁ\/g cos(0)

= cos(f) = =18

75
— -1 —18 ~ o
= 0=cos(z) 1306

So the angle between vectors v and u is about 130.6°.



