Introduction to Vectors

Vectors are mathematical objects used to represent quantities like velocity, force,

and displacement. Unlike ordinary numbers (or scalars), vectors have both magnitude and

direction. So, for example, we can use a vector to describe the velocity of an object (i.e., the
peed and direction).

DEFINITION: A vector is a mathematical object that has both a
(i.e., size) and

In order to distinguish between/vectors 'rom@alars (i.e., numb@) we need to use a different
notation to denote vectors. In this class, we will use a small arrow above the vector name to
denote a vector, so that epresent vectors while v and s represent scalars.
= =

In this class we will focus on two-dimensional vectors. A two-dimensional vector can be
represented by an arrow on the coordinate plane. The length of the arrow represents the
magnitude of the vector and the direction of the arrow represents the direction of the vector.
(We traditionally use the angle between the positive x-axis and the arrow to describe the
direction of the vector.)

EXAMPLE 1: The vector v is depicted as an arrow on the coordinate plane in Figure 1.
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Figure 1: Arrow representing vector v .

(The tip of the vectoj is where the arrow ends nd‘the tail of the vectorlis where the arrow
{( ’

egins. us, the tip of v is at the point| (4, 3) and the tail of the vector is at the origin,
(0, 0).

As mentioned above, the length of the arrow represents the magnitude of the vector.
We denote the magnitude of vector v by ||i5|| To find the magnitude of v, we need to

find the length of the arrow; we can do this by thinking of the arrow as being the
hypotenuse of a’right-triangle with side lengths 4 and 3 and then use the Pythagorean
I

Theorem to find({ \7|. ;




We can find the angle between the positive x-axis and the arrow to describe the direction
of the vector. We've denoted this angle by € in Figure 2.
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Figure 2

We can uset i i e studied earlier this quarter to find 6 :

Although the magnitude and directian_of the vector describe it completely, it is often useful
to describe a vector by using its (horizontal and vertical components] The horizontal

component of v in Figure 2 is 4 units and a vertical component of zECior ' irer
Thus, we say that the component form of vector v i

It's important to recognize that we could translate this vector anywhere in the coordinate
plane and it would still be the same vector. For example, all of the arrows in Figure 3
represent v since all of these vectors have a horizontal component of 4 units and a
vertical component of 3 units.

Figure 3: Three copies of v.



Vector Operations

We can[multlply any vector by a sca@(l e., a number) and we can add or subtract any

two vectors. [
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When we(multiply a vector by a scalar,)

vector by the scalar. Thus, fm
P\ :

EXAMPLE 2: Let v = (4, 3) (from Example 1). Find and draw vectorslgz = 2\7(and(ﬁ = -ig
o tva | 7=-27
;-<‘f,3> =2 L4,3)
da4,23) =~24, -2 3
<%26> :G 8, _G>

e simply multiply the respective components of the
and k eR, then ka = (ka,, ke, ).

Figure 4: Vector v .

If @ =(a,, a,) is a vector and/k R fhen ka = (ka,, ka,) has magnitude |k|-|a|.

If £>0 then k-a points in the same direction as a; if k<0 then k-a points in
the opposite direction as a .

EXAMPLE 3: Suppose that the vector m1 makes an angle of 37°
with respect to the positive x-axis and || = 20.

epresent |n component form.
m

. S @sm 205 () >
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Figure 5: Vector m

In general, if vector v makes an angle & with the positive x-axis then, in

cmoeton 3 =" hes(o) [7llse(6))
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When we add, we simply add the respective components of the vectors. Thus, if a = |@@

p L A——"
EXAMPLE 4: Let v = (4, 3) (from Example 1) an Find v+ 5.
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Figure 6: Vector v. Figure 7: Vector s .
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Let's find v + §:

743= <43) + L2,76) i
CTER TG Ny

= ((6/‘39} i _=1_1_

=3
We can also add vectors by using arrows 3
on a coordinate plane: Ve Figure 8: Adding vectors graphically.
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Properties of Vector Addition and Scalar Multiplication

If %, v, and w are vectors and a and b are scalars (i.e., a, b € R) then the
following properties hold true:

am——

( 1. Commutativity of Vector Addition: u + v =V + u ?
_+_

2. Associativity of Vector Addition: (ii + V) + w =1 + (Vv + W)
=¥ o)
o g A
F. Associativity of Scalar Multiplication: a([b7)) = (ab)v
yaay-.\

¢ —— X - =
4. Distributivity: (a + b) =av + bv and 'g(u + v) =au + av

5. Identities: @ and Lv=v

)<=
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In order to facilitate the communication and manipulation of vectors, it is useful to consider
unit vectors.

DEFINITION: Aénit vector)is a vector whose magnitude is 1 unit. So if a is a unit vector
then ||al| =1.

The standard unit vectors are the unit vectors that point in the horizontal and vertical
directions. - . \! (ﬂ.-n_
k 5 uSdn..)
4[‘[,\‘.1'k
DEFINITION: I@Maﬁ
The vector‘ i iis the unit vector that points_in_the iti 4+ UW‘& -)
"3 I TOD kﬂ'y

The vector@is the unit vector that points~a-the positive - x
vertical direction. Since its horizontal CC iS5~ '

Figure 9: Unit vectors
i and ;.

] to describe all other two-dimensional vectors. For example,

from Example 1) using vectors i and ] along with scalar

= L{-<1;O> t 2 <O,l>

=4 @Q)+323

Figure 10: Vector v .
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In general, if @ = (4, @g) is a vector, then __ Gt t RAa )




