C 055 Ph:!&x*

We've studied how to add and subtract vectors and how to multiply vectors by scalars. Now
we'll study how to multiply one vector by another. This type of multiplication is called the dot
product. Since we are focusing on two-dimensional vectors in this class, we will define the

dot product in terms of two-dimensional vectors:
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DEFINITION: If 'i?: <u‘, u;> and ?: <U], Vn>’ then the dot product of # and v,

denoted u+v , is defined as follows:

Thus, to compute the dot product of two vectors, we simply multiply the
horizontal components of the two vectors and the vertical components
of the two vectors and thez==xi » results. It is important to note that
the dot product produces {

Properties of the Dot Product

If 7, v,and w are vectors then the following properties hold true:

1. u*v=v-u (commutative property)

[ i-v =|ii]|V|cos(8) fwhere & is the angle between i and v .




al= (s (| (2@
= (27

I

:; (D
@@
Ry
8,
N
Bl
d"
P

EXAMPLE 3: If the angle between u gm v is @ =90° (i.e, if u and v are perpendicular),
find u-v. E
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EXAMPLE 4: If ## and v are non-zero vectors and i -V > 0, what

angle G-between-veetors —hetif T < 07
el [ 0= [[B[LIV] cos(®)
Mo [[R1>0 & V>0
i £ ws(6)

you say about the
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Now we'll prepare to derive[i-v = |ii|-|¥|cos(8).) We'll need to use the difference of two < “
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vectors so first let’s explore that: ? - <V, )U?> &- =

Ve T—0= <u,-u,,v;mb
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EXAMPLE 5: Let ¥ = (4, 3) and
G - ;’ = <t",3> - ]
= <l1 _1) 3 -—C"é) >
= <Q) 9 >

We _can_also subtract vectors by using arrows on the coordinate plane. Notice that
z Vs § =]\7 +(=§)Bso in Figure 1 we can subtract 5 from v by adding —s to v:
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Figure 1 Figure 2

énterestingly,(ﬁ — 5 is the yector that we need to add to 5 in order to create v J we can

see this symbolically and then use it obtain another way to draw v — § in Figure 2.
—

S+(Vv -2)=v



We'll also need to use the identit\7-\7 = ||\7||2 so let’s prove it by computing v-v for a
generic vectoz Vv =(v, ) Zand showing that the result is equal to ||\7||2 (this proof will have
the same structureas proofs of trig identities). -“"' Jnjf .P,,,A,,;i\-

r2e\ Wowdsas sl et

Now we’re ready to deri

Vv cWere @ is the angle between u and v :

First let's draw two vectors # and v so that @ is the angle between the vectors:

¥ > e T
u=lV-h
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Figure 3

Now let's construct the vector Recall that we can obtain the vector v — u by

drawing an arrow that starts at the tip of # and ends at the tip of v .
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If we think of the arrows as being line segments instead of arrows, we have a triangle with
side lengths ||ii|, [|¥||. and ||| and angle & opposite the side ||

Figure 4

Now we can use thel Law of Cosines lo obtain an equation that relates the magnitudes of
the vectors and the angle 6.

(@l =717+ 3=t Hes)

We can use this equation to obtain the statement given in fourth property in the table

above. First, let’s find ||Vv||2 Recall that So...
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W_m 2l = /u;ﬁ JRf ~2liHEase)

A% = SAliHHes(p)




