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Chapter 6:  Inverse Trig Functions







As we studied in MTH 111, the inverse of a function reverses the roles of the inputs and the outputs.  (For more information on inverse functions, check out these MTH 111 lecture notes.)  For example, if  and  are inverses of one another and if , then .  Inverse functions are extremely valuable since they “undo” one another and allow us to solve equations.  For example, we can solve the equation  by using the inverse of the cubing function, namely the cube-root function, to “undo” the cubing involved in the equation: 






As we studied in MTH 111, the cubing function has an inverse function because each output value corresponds to exactly one input value (e.g., the only number whose cube is  is ).  This means that the cubing function is one-to-one, and it’s only one-to-one functions whose inverses are also functions.






Unfortunately, the trig functions aren’t one-to-one so, in their natural form, they don’t have inverse functions.  For example, consider the output  for the sine function: this output corresponds to the inputs , , , , etc.; see Figure 1.


[image: ]



Figure 1:	The graph of  with red dots on the line  that represent some of the locations where the sine function reaches the output .  In order to be a one-to-one function that has an inverse, the graph can only reach each output value once.


Since inverse functions can be so valuable, we really want inverse trig functions, so we need to restrict the domains of the functions to intervals on which they are one-to-one, and then we can construct inverse functions.  Let’s start by constructing the inverse of the sine function.






In order to construct the inverse of the sine function, we need to restrict the domain to an interval on which the function is one-to-one, and we need to choose an interval of the domain that utilizes the entire range of the sine function, .  Following tradition, we well choose the interval .  In Figure 2, this interval of the sine function is highlighted; notice that this on this interval, the function is one-to-one and has the same range as the sine function.


[image: ]


Figure 2:	The interval  of the graph of ; on this interval, the sine function is one-to-one and has the same range as the entire sine function.


Recall that when we construct the inverse of a function we need to reverse the rolls of the inputs and the outputs, so that the inputs for the original function become the outputs for the inverse function, and the outputs for the original become the inputs for the inverse.


	

[image: ED00015_]DEFINITION:	The inverse sine function, denoted , is defined by the following:




If  and , then .





By construction, the range of  is , and the domain is the same as the range of the sine function: .  Note that the inverse sine function is often called the arcsine function and denoted 








Now let’s construct the inverse of the cosine function.  Like the sine function, the cosine function isn’t one-to-one so we’ll need to restrict its domain to construct the inverse cosine function.  As we can see in Figure 3, the cosine function is one-to-one on the interval and, on this interval, the graph utilizes the entire range of the cosine function, .  So we can define the inverse cosine function on this portion of the cosine function.
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Figure 3:	The interval  of the graph of ; on this interval, the cosine function is one-to-one and has the same range as the entire cosine function.


Recall that when we construct the inverse of a function we need to reverse the rolls of the inputs and the outputs, so that the inputs for the original function become the outputs for the inverse function, and the outputs for the original become the inputs for the inverse.


	

[image: ED00015_]DEFINITION:	The inverse cosine function, denoted , is defined by the following:




If  and , then .





By construction, the range of  is , and the domain is the same as the range of the cosine function: .  Note that the inverse cosine function is often called the arccosine function and denoted .






	
[image: BS00768_]	Key Point:




As we’ve discussed in Part 1 of Chapter 3, we can denote powers of trigonometric functions by putting the exponent between the function name and the input variable; for example, .  The definition above implies that inverse function notation looks like the sine function raised to the  power (i.e., the reciprocal of the sine function), but the reciprocal of a function isn’t the same as its inverse!  In order to avoid ambiguous notation, the notation  always refers to the inverse function.  If you want to denote the reciprocal of the sine function, you need to use the notation “”:



   but   !








Now let’s define the inverse tangent function.  Recall that the tangent function is one-to-one on the interval ; since the period of tangent is  units, this interval represents a complete period of tangent.  In order to construct the inverse tangent function, we restrict the tangent function to the interval .


	

[image: ED00015_]DEFINITION:	The inverse tangent function, denoted , is defined by the following:




If  and , then .





By construction, the range of  is , and the domain is the same as the range of the tangent function: .  Note that the inverse tangent function is often called the arctangent function and denoted .







[image: icon_example] EXAMPLE 1:	a.	Evaluate .


b.	Evaluate .


c.	Evaluate .

SOLUTION:






a.	To evaluate , we need to find a value, p, such that  and .  Our experience tells us that .  Thus, .







b.	To evaluate , we need to find a value, p, such that  and .  Our experience tells us that .  Thus, .







c.	To evaluate , we need to find a value, p, such that  and .  Our experience tells us that .  Thus, .






[image: icon_example] EXAMPLE 2:	a.	Evaluate .


b.	Evaluate .


c.	Evaluate .

SOLUTION:








a.	To evaluate , we need to first evaluate find , so we need to find a value, p, such that  and .  Our experience tells us that .  Thus, .  Now we can evaluate :












b.	To evaluate , we need to first evaluate find , so we need to find a value, p, such that  and .  Our experience tells us that .  Thus, .  Now we can evaluate :












c.	To evaluate , we need to first evaluate find , so we need to find a value, p, such that  and .  Our experience tells us that .  Thus, .  Now we can evaluate :







Notice that the answers to all three parts of Example 2 are exactly what we should have expected the answers to be since inverse functions “undo each other.”  But we have to be careful since the inverse sine, cosine, and tangent functions are NOT the inverses of the complete sine, cosine, and tangent functions.  The next example should help explain why we need to be careful with the inverse trigonometric functions.


[image: BD21307_]



[image: icon_example] EXAMPLE 3:	a.	Evaluate .


b.	Evaluate 


c.	Evaluate 

SOLUTION:





a.	Based on what we noticed in the last example and what we know about how inverse functions “undo each other,” we might assume that  is equal to  but this isn’t true.  (It can’t possibly be true since the answer to this question is an output for the inverse sine function and  isn’t in the range of this function, .)









So  is equal to , not , since  isn’t in the range of .






b.	Since inverse functions “undo each other,” we might assume that  is equal to , but this is NOT true.  (Notice that it can’t possibly be true since the answer to this question is an output for the inverse cosine function and  isn’t in the range of this function, .)








So  is equal to 0, not , since  isn’t in the range of .








c.	Since inverse functions “undo each other,” we might assume that  is equal to , but this is NOT true.  (Notice that it can’t possibly be true since the answer to this question is an output for the inverse tangent function and  isn’t in the range of this function, .)









So  is equal to , not , since  isn’t in the range of .
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