MTH 261 = Mr. Simonds’ class

Vector Spaces that emerge from matrices (and affiliated vocabulary)

Suppose that A isand » - m matrix and that 7 is the reduced echelon equivalent of 4. Then:

¢ The rank of A is the number of non-zero rows in 5,

e The column space of A is the set of all linear combinations of the columns of 4. The column space of
A is a subspace of " and its dimension is equal to rank(.4). The pivot columns of A form a basis

forcol( ).

¢ The row space of 4 is the set of all linear combinations of the rows of 4. The row space of 4 is a
subspace of E™ and its dimension is equal to rank (.4 ). The non-zero rows of B for a basis for
row(.d)

® The null space of 4 is the set of all solutions to the equation A X = 0. The null space of 4 is a
subspace of E™ and its dimension is equal to n¢-rank(.4). One way to find a basis for nul{.4) is

to create vectors from the general solution to 4.X =0 where one vector is created for each free-
variable by letting that free variable have a non-zero value whilst all the other free-variables are set

to zero.
Example
10 2@00 5
‘ 01 1000 3 ‘
Consider Af = _ . State the correct number in each of the blanks below.
o0 0o 1 0 5 =2
00 0 000 0
r
The rank of A is +l" Ak
The column space of AM{ is a 3 -dimensional subspace of FE——.
The row space of M is a 2 -dimensional subspace of .———.
The null space of M is a L’ -dimensional subspace of K——.
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Example
102000 5
_ 01 -1@0 0 3 ‘ _
Consider 1f = . . Answer each of the following questions about /.
00 0 1035 -2
00 0 000 0

State a basis for row(A{ ).

EC"- “»3,0,9,9 'rJ/ [ﬂf{(-—l’ ' °f°’!‘7f Eo"r”f ‘r °!'rf"'j-§

True or false? The stated basis for row (A ) is also a basis for the row space of any matrix that is row

equivalent to /. Justify your answer!
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State a basis for col{1/ ).
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True or false? The stated basis for col(1f ) is also a basis the column space for any matrix that is row
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equivalent to A/, Justify your answer!
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Example
1 020 00 5
’ -1@ 0 0 3 . _
Consider 1f = _ . . Answer each of the following questions about /.
00 01035 -2

00 0 000 0

xlf- -IXJ-Y)‘?
I *L = Kz T
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State a basis for nul{1/ ).
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True or false? The stated basis for nul(A{ ) is also a basis for the null space of any matrix that is row

equivalent to A4, Justify your answer!/—
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Example
-4 -3 5
Find bases for row (4}, col{4), and nul{4) where 4= |» -4 |
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Example
Consider f; , the set of all polynomials of degree three or less. Determine whether or not each of the

following sets forms a basis for P,‘ . Justify each answer.
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Example

Consider P,, the set of all polynomials of degree two or less. Let I” be the set of all polynomials in P,
that satisfy the equation p(5)=0. Itis easily shown that I"forms a subspace of F,. Answer each of

the following questions about 1",

a. Find abasis for I” and state the dimension of T,
b. Showthat g(x)=3x" —34x+95<]",

c. Express g asa linear combination of the basis stated in part (a).
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Example
2a —3b+ ¢

The set of vectorsof form | a + 3b + 5S¢ | is easily shown to be a subspace of F’. Determine the
-3a + 2b - 4¢

dimension of this space.
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¢

Suppose that the set [7 = :f:lf;.f:, } forms a basis for " . Then for each vector ¥ in ", there

exists a unique set of constants, ¢, —¢, such that ¥ =g, 51 +6 Ex +--c, Eﬂ . The constants ¢, —¢, are
called the [7 —coordinates off‘ and this relationship is symbolized as:

Example

; [[37[-2]]
Consider the £~ basis ff= I { }{ } | . Answer each of the following questions relative to this

basis.

Determine ¥ if [.{-}gz {__j
s —q(3) +1[F]
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Theorem
Suppose that £ and ¥ are both bases for E” and that 7 :E" — " by the rule T([E]B]:[}]r . Then

T'is a one-to-one, onto linear transformation and, as such, there exists a matrix P with the property

ye g
that [], = P [¥],.
¥ i

Example

Consider the B* bases f=1h. h ! and y=1{¢.¢,} where 3¢, +2¢, and b, =47 +3F,.
| 1252 § *12~1 4 2 2 1 2

Answer each of the following questions relative to these bases.

Determine 2 . p&‘::"’"‘ 7’(;) - [.--?;]J' o‘“f"- (ijfj :[;:.]
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Theorem

Suppose that £ and » are two ordered bases for " , ¥< ", and the components of ¥ relative to [
are known. Then the components of X relative to ¥ can be determined by the equation

[i] P[5 ] where [P is called the change-of-coordinates matrix from [7 to y.

ye— g ¥+ 8

When working in &" we canfind [ using Gaussian elimination. Specifically:

i)

Please note that this implies that if /7 is the standard ordered basis for [£” , then the change-of-basis
matrixto y issimply >~

Example

i _ — 3 _. 6 B
Let ¢ = % , Ey = % , X = ,and y={¢,.¢, |. Find the change=of-basis matrix from the
%0 LK 0 ’

5

standard basisto y and use that matrix to find[¥] .
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‘ 1][1][-1 ‘ [0 [-1][1 s
tet f=4| 1 [,|O] 1| and p=<[1|.| 1 |,|O]|}. Find the transition matrix from £ to y and
‘ =222 l 11]12](]2 ;

3
use that to find [i‘]y where [Y]s - { 2 ] . Verify the result!
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