MTH 261 = Mr. Simonds’ class

Vector Spaces that emerge from matrices (and affiliated vocabulary)

Suppose that A isand » - m matrix and that 7 is the reduced echelon equivalent of 4. Then:

The rank of 4 is the number of non-zero rows in 5.

The column space of A is the set of all linear combinations of the columns of 4. The column space of

A is asubspace of " and its dimension is equal to rank(.4). The pivot columns of A form a basis

forcol( ).
The row space of 4 is the set of all linear combinations of the rows of 4. The row space of 4 is a
subspace of ™ and its dimension is equal to rank (.4 ). The non-zero rows of B for a basis for

row(.d)

The null space of 4 is the set of all solutions to the equation A ¥ = (. The null space of 4 is a
subspace of [E™ and its dimension is equal to #7 — rank (.4 ). One way to find a basis for nul( A) is

to create vectors from the general solution to A.X =0 where one vector is created for each free-

variable by letting that free variable have a non-zero value whilst all the other free-variables are set
to zero.

Example

Consider A =

. State the correct number in each of the blanks below.
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The rank of A{ is 3

The column space of AM{ is a

The row space of M is a -dimensional subspace of [
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-dimensional subspace of FE——.
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The null space of M is a L‘ -dimensional subspace of K——.
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Example
1o 2000 5] ( et
: 01 -1000 3 : .
Consider 1f = . . Answer each of the following questions about A/,
0O 0 1 0 5 -2
00 0 000 0

State a basis for row(A{ ).
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True or false? The stated basis for row (A ) is also a basis for the row space of any matrix that is row

equivalent to /. Justify your answer!
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State a basis for col{ 1/ ).
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Basa( colla)) = [ } [ [ EFj

True or false? The stated basis for col(1/ ) is also a basis the column space for any matrix that is row

equivalent to A/, Justify your answer!
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Example
1 0 2 000 5
: 01 -1000 3 _ .
Consider 1f = . . Answer each of the following questions about A/,
00 0 105 -2
00 0 000 0

State a basis for nul{1/ ).
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True or false? The stated basis for nul(A{ ) is also a basis for the null space of any matrix that is row

equivalent to Af. Justify your answer!
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Example

(2 4 -3 17 5
Find bases for row (4}, col{4), and nul{4) where 4= -1 2 3 ;
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Example

Consider f; , the set of all polynomials of degree three or less. Determine whether or not each of the

following sets forms a basis for F,‘ . Justify each answer.

a. 3-61+r3t+78 —F A+ 2048} b [3-6t+F 3+ 78 -7 1+ 2t -1+ 7}

3-61+0 30+ 78 -0 1+ 20+ Pt}
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Example

Consider P,, the set of all polynomials of degree two or less. Let I” be the set of all polynomials in P,

that satisfy the equation p(5)=0. Itis easily shown that I"forms a subspace of F,. Answer each of
the following questions about 1",

a. Find abasis for I” and state the dimension of 1",
b. Showthat g(x)=3x" —34x+95<]",

c. Express g asa linear combination of the basis stated in part (a). 4 TR 'S
= 5 + sl

Tl st =t Py 75 9 (b.:
I/ 35 ~e+ ol o F Py (-ﬂ:}rm-q ¢ \/)

f,‘,./ of’lg. a:q‘.,_.d',..‘ b‘f— V:J Oas~ Or ‘!‘uu

b|(x] = )(-S- € 4

L (X) :)"'—(dk-i-l.r eV
- Vawer
Ll (“‘ “é L‘_(K, [ R4S olv’.-.:JI? { 7

SA deptn dot
- = 0
+C, (X <)

C (xl—(lx +15)
) A

=0

. . - V/-
él,.(gl,!.;m} A b~sY !

b 3(5) = 366 -3y(s) F15 S0 Ak

| o 1=
. -§ A 9% o 1 ! 2
’ l 'fot’--?]'f o DOI O
|
o | |

7K = A L) +34, (%)

F’-f’ oﬁ‘n"rlll n/Matrix Subspaces: Sections 4. 5-4
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Example
2a - 3b+ ¢ |

The set of vectorsof form | @ + 3b + Sc | is easily shown to be a subspace of ’. Determine the
—3a + 2b - 4c¢

dimension of this space.
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