MTH 261 = Mr. Simonds’ class

Eigenvalues and Eigenvectors (of square matrices)

A non-zero vector v is called an eigenvector of the square matrix.4 if there exists a scalar, A,
with the property that 4v = AV, If such a vector and scalar exist, the scalar 4 is called an

eigenvalue of .
The eigenvalues of 4 are the solutions to the equation det(.4 — A )= 0; this equation is called

the characteristic equation of .
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Let's find the eigenvalues and eigenvectors of the matrix .4 where A =[ J and in the process

demonstrate the logic behind the characteristic equation.
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Eigenspaces (of square matrices)

The set of all eigenvectors associated with the specific eigenvalue A is called the

Aceigenspace of A. The dimension of the A -eigenspace is called the geometric multiplicity of £ .
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Let’s find bases for the eigenspaces of B where B = {

CI'Ia.rlu:f'-—-":I"\.t. éfy— ‘e mt,

{-% -l ©

[ 4(6-2T) =0 =) ) -3 G
3N -1 T=A

= ©

- - 1™ &
= (‘f—l)(ﬂlt/;)t; -r-J(-l)J/__,! Yf}/ () I{_} L/—w
=2 (‘“A?((r—ntf—-%l w) —a[~Ce- =] #21 (e -] = o
= (4 =N(27-ra+1y) ~a(x-1Y+a(fr-111 =0
= (F‘*"'f\J()-j)D—z-) - 2(>-1) +(x-2) =o
=N ( (=x"*up -28) —2 ] (A-) =

=y (- arama ) (a-y =2
- = Q}"-—u} + 1)y (a-1) =0

=>
L e Biges v arc

] -

_ (a-n0(-9)(x-0 =0
a &wJ-q "



MTH 261 = Mr. Simonds’ class

J e e...j..-\ ‘P;LC..

(B-—ZI:)';( By gy

2 - e X| o
2 -1 C’J Y - ®
1 - 6 ¥y

Cl\._‘__\] PR il 'f'C}‘J =0

So % =t ~3N

ﬁ _F '). —_— g~ c Y
b'J':_j " -f"'L'_ \’ cf" . <
G'f .‘\‘-i - C ﬂv{‘h‘, r._:?

BREBIEEE

ot >o (U -
~v l'h‘r!.‘dfy o A=L .,;: o- |
< “""\-/' (- F 04

-
e \

[-’I’-L._ 'JJ‘.Lrs.:c.
t:su-'.l e T clharac o’ NL ._?,_m.ﬂ'..‘
+o (?\—‘2.)1'(3\ -49) =o. H:J olueys 7=

Cprp e OQlge b rede vl
C +1——‘,'l' &g..—.;?‘ric L ¥ "ui"? = J )
&4

_ ¥ - elfanrpore

C'w- 's)
- = 6 o ¥ ad -
[ i -g C} g} ?‘l J
2 LA Sa o~ LLJ:J

[| o —| Lo Flo T-cuspese
2 o{__l
U o ﬂ]



MTH 261 = Mr. Simonds’ class

/,k G:J-.\ val 2w “rw 3 ( AnmM. il ") ~nd

(A i00)

.?"' C-;J-'t Jf..t.e._

= Clerdy v =-1x, -3
(A-3) % =0 J £ =73

L2 ay-n e LU

QAN G ¥y

q"to:,l.-\Jfl-'-t _g.‘ X 3 / 5 o= £
i - i -yl & _2“
(A-TIT)%x =0 A | el X
4 23 X, . O o o
[—I . -3]( x,_]; K_:j Ratif; [__'1]
L Y| X 2
A P 'FD Pf' (’)LL'B
n:'R"- [ 'f_{““" b

UJ:'_‘j op®



R T ?3 0 © 2 3
.-;.[... F o\ e e [E[1 13
e =& | o o 34 e Rae. fat
& - R W L B ¢ 4 3
2 o|=e® & o (7 3}
2.7 o rd -2~ !
) 73.,#-3’ 9-§7-2.37 2-v7-2.3°
— -¢* +-33 --1.??{-‘7-33 -2-7° +2 3?
3 ?3_.?.33 Y- "3 _l_f._.,.l G 73 __3'1
| -YHrs -85 s 4SS
70 /940 oY
_ [ | L (949 29
— -497 — (67 -
a4)
(Y 2T f,otl ]



MTH 261 = Mr. Simonds' class

A Definition and a Theorem
The square matrices .4 and B are gsimilar matrices if and only if there exists a matrix 7 with the
property that A = PBP™ (or, similarly, P AP = B ). Similar matrices have the same

characteristic equation.
e o They ke P
NOTE: Not all matrices that share a characteristic equation are similar! .
Tose Biyuw vals w

Diagonalization of an i x m matrix A

If 4 has # linearly independent eigenvectors, then .4 is similar to a diagonal matrix, [,
Furthermore, D = P~ 4P where the columns of P are composed of » linearly independent
eigenvectors of 4 and the main diagonal entry in the i™ column of 2 is the eigenvalue that
corresponds to the eigenvector in the i™ column of P . The product P P~ is called a
diagonalization of A .

Example
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Find two distinct diagonalizations of 4 where A4 =| —1
)

3
—3 |; then use one of the diagonalizations
9

-

to determine .4°.
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Example

Diagonalize B where 5 = {
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]; use the result to simplify B° where nis a natural number.
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Example

o 1 0
What happens when we try to diagonalize \{ where Af =0 0 1]|?
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Example

0 1
Diagonalize T where T ={ ! {J.
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