,.?[ j——>[_x| :‘T‘:;_-& (}'h,
e S - 2
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e 7 :)'[_| ‘{_?J[ A = E[ jﬂ

Eigenvalues and Eigenvectors (of sq matricgs) ja Voo - Y
‘I’Lq_ :ar.rl w +o (4-XL) }( =~

\ A non-zero vector v is called an eigenvectorst the square matrix.4 if there exists a scalar, A,

ith the property that dv=Av. If a vector and scalar exist, the scalar A is called an
eigenvalue ©
The eigenvalues of 4 are the solutions to the equation det(.4 — AT )= 0; this equation is called

the characteristic equation of .

Example

21
Let's find the eigenvalues and eigenvectors of the matrix .4 where 4= [ J and in the process

demonstrate the logic behind the characteristic equation. L f J irfe~ ¢ '.j e

(s =-»&)
< [N
[’zl :1'][*:_1: _')‘n—_z
(20 =L 7)Y
4 %= I \x = Ax=2%T%x
=\ Ax -\LTx =0
=y (~- 2I)x =0

- = 2
X :# O :‘> (A - )I) X -:-6 et asatrovdd Tl
st bl

= A- ANL S ao?™ lave

= et QA—)--I-)—

2-X

R

da(a-20) =0 =N (a-2) (¢->») +I =0
=) '}L -¢>+9 =0
= (?~ 3) =0

divg 0o J4 (A -\I)
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Eigenspaces (of square matrices)
The set of all eigenvectors associated with the specific eigenvalue A is called the

Aceigenspace of A. The dimension of the A -eigenspace is called the geometric multiplicity of £ .

Example

4 6
Let’s find bases for the eigenspaces of B where B = {? 1 b‘ .
2 3

Clpmectorsitie g e (8 = H3E) =0

q-> =k G
p (=X L \: O

o R P
o [ s wla ¢ wd [ 2 1)
(LI’})(-')' {-) 5(") ) (1 §-x () [-L -1 |7

EN( -3 419) (39 44) + C(2>-4) =0
(f'})(} “N(A-2) ) (n-2) #nlA-n) = 0
(A-2) [(Lf—’%)(x —2) +(t) 4] =0

()w-L) {—-)«LJ—H % -(3) =0

(3-2) =X —d> #17) =0
S (x-) (2N x-2) =0
/I/Ll. E:Ju valved orx 2 and ?

Z|_-1-_:,-_1-:lu.._'-,_-. and Diagonalization Sections 5.1-5.3
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I:'.l -l QX [=] o

2~ ¢ LKz b
= Lx,-3¥%

O!H':IIJ lj Dfl PYL '|“YJ =0 So Kl j— 2
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ot ta 4 hit e-'-ljr.:t Sprce v Facmd
Vet

e T - ¥3
{ 3 'KL.. ] - rxl-[ :’} l

Cheed

g i) ) fs AEE
l" -|8' - 0
i
:_Q[{
)
0
Z

_ﬁ,ﬂ_ﬂff— ' [“;.'i ['f] ‘]

a-¢ T

K =X

I o -l 10
-S- :‘, :;: ~ O ( -1 }0-] C(\{r',J‘IJ’\‘l‘: g XL -_-k-}
. ' 0 o olo xj‘ tdfree

L -1~ 10

1‘€B<\u¢;hrs: 7(_?[ i] S pdes’ g[ {t’]g
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A Definition and a Theorem

The square matrices .4 and 5 are similar matrices if and only if there exists a matrix 7 with the
property that .4 = PBP™ (or, similarly, P AP = B ). Similar matrices have the same
characteristic equation.

NOTE: Not all matrices that share a characteristic equation are similar!

Diagonalization of an 7 x i matrix A

If A has s linearly independent eigenvectors, then .4 is similar to a diagonal matrix, [,
Furthermore, D = P~ 4 P where the columns of P are composed of » linearly independent
eigenvectors of 4 and the main diagonal entry in the i™ column of 2 is the eigenvalue that
corresponds to the eigenvector in the i™ column of P . The product P D P~ is called a
diagonalization of A .

Example
4

Find two distinct diagonalizations of A where .4 =| —1
)

3
—3 |; then use one of the diagonalizations
9

+(a-2T)=0

-

to determine 4°.

C'\Mu.f‘:-:.i e ..?_l,,,ﬁ‘.... : _C‘e-

f-x - 32
~t -2 -3 = 0
2 ¥ 9-)X

(ANIQ ‘ {{A{-i RSN I RCTe I

(F=x)(ar ~roa +29 -2 (3 -3) +3 (2 -¢)

(4-2) (2-3)(2-2) -2(A-3) +G(X-3) =0
(A-3) [ N-7) -2 4 ¢)

“(A 3) (>~ -1 F24) =0

4|Eige
"(>\ 3) (X - 9 -3 =
El‘, L\U,,(ut—,[, 3 thcl-?



.? - e‘i,d—'\ JP~tC (ﬂ;‘)dt)
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EEiE 0 . _

['I - 'J] [K:.] ’,[:} j QJ O!lual'*"j"‘ ¥y Tlv, T“?k)"o
2 Y L%z

.ZYL-".?;:J --T -
- +X o
E:j"'l veors  Leve 'F""“'- [ X1 ]" ’(L[ 0 3 1
5 a3 i3 ;g
s £ (7] (33 et
- n ) l

? - E:JI--Jf X3

s

T {0
- a 3 e 0 -"f_-z 3|‘0 N[OI
(F43)(4)-[ (Rgaied-l

$A ae Pot N uhere!

Ophe 1. Jiphint
-3 ap "%
_1"’3 I - 0 ——'—{ !
= I 0 - P" 0
I
°© | 2
2 o O
© o o)
D= % 37 = [g g s
o 0%
Cl\'-‘-t_ e J__I ?_:i
P =g
a3
i A = Tt ? oo s B )
'PBQ ' - [ ( o-|][ o2 0 {—1"{"1
°© 2z ool | 3
s _'_}.I'_'.I:'- —?-l.-x_-1.|-_-‘l__17.r3t ..L Izro {ol ‘( |5
— 5— e | -8 MY 1= < - § -
O 3 5.3 0 20 ¢
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Example
3 -1 -2

Diagonalize Bwhere B =2 (0 =2|; usethe result to simplify 5° where nis a natural number.
2 -1 -1

Cl\uqd‘v ahe r-F-'-ﬁ" !

3->» -\ -
2 - -

3 e =[-X%

= ¢ Jeaw ha] Cewmls],

0" E‘j--—mu.t

G“f-nl-f-J ¥ 3 ‘ruf'\'t-l

- X =R

- = f "ll’ ] P |

;: ) —:: : s 5 |na? [ XL -
2 -1 |0 o O #le Xy idfre

; T =5 & =0
]: P B OJ G-f.:? J--;-u.r) JF, XL “lra

L
= - ‘1-:" }C’; 2."1'“"3

I
l " [ o]
- X
Vechr 4PN Fpace heve Foen  Xa L ] 3 "

3

e 4, (1)

- PRPTRIDRT = PDT(PTP) DR

= e de-! \ :?D7P
- po*r’’ :

(2000 = (58] - (5805 2)

6|_-1-_;‘-_l-:l..._'-,_-. and Diagon:







e (1-3)
c.p. (2-¢) (A g B

C = E':]..""“ bais J
. bow. 5 or |
i 1 "".‘t.""" dines rien il 2 MTH 261 - Mr. Simonds' class
S
"H 3. i J
Example ) -l i 2vechr
-r i ¢ ( =
Ehialey 1 veel® I
What happens when We try to diagonalize Af where Af =|0 0 1|?
2 -5 4

Chirncteristc Caypfian: det(m-2L)=0

-A 1 o
} o - | Sl ) ; A::{|{- ):L (I.J-.{c.u,r..f"ar‘)
2 =85 7'3 Mot 0 &g

C H -‘-‘r ‘r'nr-f-
frin ovr cul gilahae s BFY T ')L(} ’L)
J;J'(f’l - AT &= ()\ . —
Lo F os= of T C.t",..-.;pu.u J
y I;h \od-‘s) (+s A=1. =

(e

o Cf—s cerel Sal,

(rm-1Tk =0 sy Besiss ([0
T f e

Example
Find the eigenvalues for each matrix.

30 00 19 144 -84 348
46 0 16 —27 32 -16
o112 30 B=l'15 80 47 _182
4 4 20 L6 -1.6 32 -27

S:"l (e r-&:,&‘ffﬁ‘Q :.l' ’—J) 6'}A 2 ""'(_:J(‘J’&.‘-c- s
. ' o ,

/— :J/ (JQ& C51a o'!' come vy A _’i) f/'_‘! < 7

:'\J"'Pf-tli--f— &:Jl--run.r.-f‘nf-‘ 4'0 u‘-"*" . | cwnan o

J-:aja« &l toLfc_

ll'_:.'.|.:]._., es and Diagonlization Qections & . |',."
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Example
. , {0 l}
Diagonalize T where T = il
-1 0
Cher uhrir ¢ ..7,,,5‘-1 :
= \I:O =y 24 =V
- =X + ¢

C - €igerspace

R
Tx = ik :_-'>

(2] - (L) meim
o 10020 Rl

=i ]

-t - CigenJphee

PR

- A liaj-ad:-(:o-l\'h "F T if Pb.-'UL""-rP: [ [ :] b [ ‘

3|.-1-_:,-_1-:l|.._'-,_-. and Diagonalization Sections 5.1 J\_ —C l
- -1 .
PP \ (_? ID-I P < ‘L-[; | =<

= T
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