MTH 261 — Mr. Simonds’ class

Vector Spaces

A vector space is an algebraic structure consisting of a set of objects (V), called vectors, coupled with
two operations called vector addition and scalar multiplication. In order to be considered a vector
space, the set and operations must satisfy the ten defining axioms listed below.

The most commonly encountered vector spaces are the sets of all N x1 column vectors, R", coupled

with traditional vector addition and scalar multiplication; these type vector spaces are called Euclidean
spaces. However, several other sets and operations satisfy the axioms of a vector space, so to avoid
repetitiveness mathematicians keep the definition of a vector space as general as possible so that the
proof of additional properties covers all such structures.

Vector spaces are but one of many algebraic structures studied by mathematicians. Some other
common algebraic structures are groups, rings, and fields. Each of these structures begins with a set of
objects and one or more operation. Each of them requires closure, but the other defining properties
vary from structure to structure.

Definition of a Vector Space

A vector space is a nonempty set of objects (called vectors), V, over which we define two
operations (vector addition and scalar multiplication) that satisfy each of the following properties

1. ThesetV is closed over vector addition;i.e., U+V eV V U,VeV.

2. Vector addition is commutative;ie., U +V =V +U V U,VeV.

3. Vector addition is associative; i.e., (U + \7) +W=u+ (\7 + W) Y a,v,

W
4. There is an additive identity (zero vector) in V; i.e., 3 0eV>0+0=0V GeV.

u
5. Each vectorinV has an additive inverse; i.e., Vi eV,3-0Ge€V 30 + (—U) =0.

6. The set V is closed over scalar multiplication: i.e., cieV V GeVandceR.

7. Scalar multiplication distributes over vector addition; i.e.,
c(i+V)=cl+cV V 0,veVandceR.

8. Scalar multiplication distributes over real number addition; i.e.,
(c+d)i=cli+dd VieVandc,deR.

9. Scalar and real number multiplications associate; i.e.,
(cd)i=c(du)VueV,andc,deR.

10. The number one acts as a scalar multiplicative identity; i.e., 1l =0 V lUeV .
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Let’s prove a couple of elementary properties of vector spaces.

Theorem: The additive identity of a given vector space is unique.

Theorem: ViecV,-1l=-1U

It is proven in higher level linear algebra classes that each finite-dimensional vector space is equivalent

in structure to some R"; i.e., the elements of V can be paired up with the elements of some R" in such
a way that addition and scalar multiplication are preserved. This pairing is represented by a one-to-

one/onto linear transformation T :V — R".

Example

Let V be the set of 2 x 2 matrices with vector addition defined as matrix addition and scalar
multiplication defined in the traditional way. Show that this vector set is structurally equivalent to some

R".
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Example
Let P, be the set of all polynomials of degree two or less with vector addition defined as polynomial
addition and scalar multiplication defined by distribution of the scalar over each term. Show that this

vector set is structurally equivalent to some R".

Definition of a Subspace

A subspace of the vector space V is a nonempty subset of V that is closed over vector addition and
scalar multiplication.

Theorem: The additive identity of V is in every subspace of V.
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Example
Describe, using words, the membership qualification for each of the following sets. Then decide

whether or not the given set constitutes a subspace of R?. In each case, prove your contention. For
each set @ and b can represent any real number.

W=<:|b
3
X=15|b
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7 =

a+5b

a+5
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Theorem

The span of a set of vectors from V is a subspace of V.

Let’s prove the theorem in the box.

Example
a
Find a spanning set for the subspace of R3 consisting of vectors of form b
a+5b
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Example

X

X;

3 -7
Show that solutions to the equation
-6 14

0
} = [0} form a subspace of R? and then find a set

of vectors that span the subspace.

Definition of (and a theorem about) Column Space

The column space of a matrix A is the set of all linear combinations of the columns of A. If Aiis an
M x N matrix, then Col (A) is a subspace of R™.
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Example
3 4 2

Let A=|-1 6 4 |. Determine whether or not CoI(A) is all of R?.
5 14 0

Example

Following up on the last example, determine whether or not [5,5,10] T e CO|(A) .
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Definition of (and a theorem about) Null Space

The null space of a matrix A is the set of all solutions to the equation AX = 0. IfAisan mxn
matrix, then NuI(A) is a subspace of R".

Example
2 -2 3 N
Let A= 4 1 6l Determine whether or not [2 1 O] is an element of either the column

space or the null space of A. Also, find a spanning set for nuI(A)
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