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Determinants (of square matrices)

det([ay]) =] ay|=ay

For a square matrix, 4, with two or more rows we define the cofactor of entry aj, C;,

(—l)f- times the determinant of the matrix that results from eliminating the i
column from A. Then using any row of 4 or any column of 4:

det(A)= Zn:[a,;,- ¢ l= Z'[ﬂ,, Cy]

Please note that in the first formula we are summing along a fixed i row of A whereas in the

. . th
second formula we are summing along a fixed j column of 4.
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Example

Use cofactors along the second row to find det(.4) where A4=| —4 |. Verify the determinant
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value by using cofactors along the first column.
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Example: Evaluate the determinate; the equal sign has been introduced to save space.
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Use a determinant to find & x ¥ where il = [1. 7.- 3] and v = [3. 0.5].
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Elementary Matrices

An elementary matrix is a matrix that can be created from an identity matrix via one
elementary row operation.

3 -1
Example: Let B = .
2 1

For each of the following matrices (each identified as A4), describe the row operation that was affected
upon I, to create 4. Then find det(4) and compare its value to det(/,). Next, find 4B and

describe the difference between it and B. Finally, compare the values of det ('A B] and det(B) . This
example continues on page 5.

Ay

_[o 1} ~ Q‘&SQl'ﬁ(;":’Sﬁ/”ﬁ y
- 1.v (a) = (o€ (01

- -

my (g et o debes)

g CJﬂ'l(E) = (H(Y =N ()

e - (077

o tr o+ ‘E lo(n8) = aY - (h)
_ [ Ty 0 -\ 40 —
- -5
_ 2 | St fo.)fu,;%) R cle'L(_BB
Z - R Re e, A - [oe
( Sign  Change o b e
o)
A= o
01 1 3e, DR A /(E
A\ = G~ () L
JOJ'( S - 3 The Clol'crh:'/uh, velve, Pl e ’

__: . Jo‘P(i\) (/' Kovl . -p,,ml\,/ af 3

AR = ( . ?] ( i /lll d.H(p8) = (@)Y 0) ()

(3Y-1 + X1 - ’5/_
b))+ OO =30

(3\43) n \)(*)
I S 2 det)

(0)(2) ¥ )
S I SR

#Q
Some 0PN
~d “L'JC
4|Determinants: Sections 3.1-3.3



MTH 261 — Mr. Simonds’ class

A= [ /\ le.‘_‘SQ(_ lq S — ”
0 2] Al veolee 2t e dednmt b L v
- V(- - (2)(2) _
du (ﬁ\ = (D o F L \97 2
- - x
- 2 Jc"’ (J/—\
, © 2 -
/—]B - {o ,7_] 2 \] Jc-\(A«B): (3)(—‘:)—(-1)(-7)
Gy ¥ LND e e ] = - 10
- Lmn (o @ e = - g de(®

11

- & - L

[ 3 -\ ] B -)Rl—)QL/—‘rB

-3 1]

Lo Cay = (V0 ~(DD py Lberniat Uil Ld

- o7 (/L""‘c-
_- (:)Jv+ (j) .
SRS foo vitine
A’B = {’5 ) l 2 ) ce u' ILCJ
SOV o R -3R 4k, Dy AB
- ¢ 3)(2) Lal(yy  EE) + (V) \
- C :27 lﬂll clc/‘l (ps) = (7Y) ~('|3(~7)
- - |
4= 1 4 B o]y% (5) !/
Tlo 1] o e, ve>a A

' A A onF Jalve
Aei‘ (Qw = (l\(\‘ ‘(L‘)(D\ f\o CLV\"JC ') JL‘/C/ . 17

-\

oy -1
AS = {o‘][f ,] Jeb(as) = 10y -0

1 (3) + (W) W (=) ,L(q)(,)‘?
R A TO RN CIVISIC

3
= (- ) B 4o iqon, 4@

-

5
= o‘v'l' (@) [

Determinants Sections 3.1-3.3 |5



MTH 261 — Mr. Simonds’ class

Elementary Row Operations and Determinants

Suppose that 4 and B are square matrices of equal dimension; suppose further that B can be created
from A via a single elementary row operation. Then:

e if the operation is adding a multiple of one row of 4 to a different row of 4, then

det(B)=det(4)
» if the operation is swapping two rows of 4, then det(B)=—det(4)

if the operation is multiplying a row of 4 by the real number k, then det(B)=k-det( 4).

A couple of definitions and a convenient fact

An upper triangular matrix is a matrix where every entry below the main diagonal is zero.

A lower triangular matrix is a matrix where every entry above the main diagonal is zero.

n
The determinant of any 72 x 1 triangular matrix B is given by the formula det(B)=]T]b, -
i=1

Example
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Determine |3 1 —4/| after first manipulating the matrix into upper triangular form.
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31 -1 4
0 9
Determine det(A) where A= 8 3 1 7 after first manipulating the matrix into upper
2 6 -1
triangular form.
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A couple of things that are true about determinants

If 4 and B are like-sized square matrices, thendet( 4B ) = det( 4)det(B).

If 4 is any square matrix, then de’[(AT ) =det(4).

Example
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Prove the first thing is true for two by two matrices using A= |: d] and B = |: :|
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A Little Geometry

Ay an || .. . ayy ap
finds the area of any parallelogram whose sides are parallel to and .
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Example

Find the area of the parallelogram outline in Figure 1.
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Figure 1: A parallelogram
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JS\l - x, =-10
Use Cramer’s Rule to find the solutions to the system -
& ot 1—2 X, +5x, = =2
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An algorithm for finding inverse matrices

The matrix of cofactors of a square matrix 4 is the matrix that results from replacing
each of its entries by their corresponding cofactors.

The Adjoint (Adjugate) of A is the transpose of 4’s matrix of cofactors.

Adj( 4).

The inverse of a nonsingular square matrix 4 is 4~ =

det(4)

Please note that this implies that the matrix 4 is nonsingular if and only if
det( 4) # 0.This also implies, albeit less directly, that the square system 4x =b has

a unique solution if and only if det(4)=0.
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1 2 -1
Let’s use the determinant and adjoint to find A where A=|2 2 4
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