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Determinants (of square matrices) L J
det ([uu]) = | a, | =ay,

For a square matrix, A, with two or more rows we define the cofactor of entry_ay; Cg, to be

(~1)"7 times the determinant of the matrix that results from eliminating the /" row and ;"

column from A. Then using any row of A or any column of A:

det(4)=3[4,C,]= 3 [4,C, ]

Please note that in the first formula we are summing along a fixed " row of A whereas in the
; . f
second formula we are summing along a fixed /' column of A.

Example
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Find a simplified formula for

‘ - first by summing along the first row and again by
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summing along the second column,
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Example

(2 & ~1

Use cofactors along the second row to find det( A) where A= {3 | —--1] . Verify the determinant

1 9 3
value by using cofactors along the ﬁrst column,
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Example: Evaluate the determinate; the equal sign has been introduced to save space,
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Example
Use a determinant tof,i;d n{-\ ‘.‘ihere il = [l.'z'.— 3] and v = [3‘0.5].
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Elementary Matrices

An elementary matrix is a matrix that can be created from an identity matrix via one
elementary row operation.

o o f [ t O:]
Example: LetB=L J. g = o

For each of the following matrices (each identified as A), describe the row operation that was effected
upon I, to create A. Then find |.—\ |and compare its value to |Iz | Next, find AB and describe the

difference between it and B. Finally, compare the values of | AB | and | B|. This example continues on
page 5.
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Elementary Row Operations and Determinants

Suppose that A and B are square matrices of equal dimension; suppose further that B can be
created from A via a single elementary row operation. Then:

+ if the operation is adding a multiple of one row of A to a different row of A, then
det(B)=det{A)

e if the operation is swapping two rows of A, then det(B)=—det({ A)

e if the operation is multiplying a row of A by the real number [, then det(B )=k det( A ).

A couple of definitions and a convenient fact

An upper triangular matrix is a matrix where every entry below the main diagonal is zero.

A lower trianqular matrix is a matrix where every entry gbove the main diagonal is zero.

The determinant of any n - n triangular matrix B is given by the formula det{ B )= Hh” .

Example
2 0 -1

Determine |3 1 —4| after first manipulating the matrix into upper triangular form.
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1 -1 4
) 1 0 & 2 ) , o ;
Determine 3 after first manipulating the matrix into upper triangular form.
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A couple of things that are true about determinants

If A and B are like-sized square matrices, thendet( AB )= det{ A )det(B).

If Ais any square matrix, then det ( AT ] =det(A).

Example

a b X v
Prove the first thing is true for two by two matrices using A = { J and B= [ : }
c d I w

AX + by
Cx + dg

Letaw) = det ([

= (ax +ba) (cy 4du)
"-'-@Eﬁ/j + o~
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= (extde) (aj +50)
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ad (w¥x-y3¢) —be (ax-7¢)

= (ad —bQ(wx-ya) = dot(?) det(5)

A Little Geometry

gy U
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a d,,
finds the area of any parallelogram whose sides are parallel to [ _"} and |: _1'} :
‘ a

o,

Example
Find the area of the parallelogram outline in Figure 1.
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Figure 1: A parallelogram
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