MTH 261 = Mr. Simonds' ¢lass

Matrices and vectors — a few introductory definitions

An m7 - n matrix is a rectangular array of numbers with 7 rows and » columns. m7 and n are called

the dimensions of the matrix.

Matrices are most commonly denoted by capitol letters or single subscripted capitol letters. The
numbers {entries) of a matrix are denoted by double subscripted lower case letters.

When a matrix is explicitly written out, it is delineated by square brackets or parentheses. Abstractly,
you will see things like A4 = [ a, J where a, represents the entry in the ™ row and j* column. When

the number of rows or columns goes above 9, we separate the /s and js by commas; we won't be going
there.

Example ) )
4 T =7
8 -2 0
Consider the matrix 5=| -4 11 9 |, a. What are the dimensions of the matrix?
-18 62 3 S e 3
22 -1 14

b. What are entries by, , b,;, by, and h,?

L - “ Lﬂl = "'f‘
TLf_‘w_ J..l-(i' Mo LI"f g

A matrix with only one row is called a row vector and a matrix with only one column is called a column
vector.

Example

Which of the following are vectors?

O i E Izl] G -] O[5 0] v

-l o O
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Matrices — a couple of simple arithmetic operations

Matrix addition: Two matrices with the exact same dimensions can be added or subtracted thusly:

(o] +[] =[5

If either of the corresponding dimensions of two matrices is not the same, the
matrices can neither be added nor subtracted.

Scalar multiplication: A matrix can be multiplied by a scalar (number} thusly:

k [ﬂg‘ ] = [f( JJ

Example
3 -1
4 8 -2 -1 -2 &
Consider the matrices A=|5 2 |, B= ,and (
-5 -1 6 -2 =2
0 -7
Find A+ B, B-2C,and C + A The transpose of the m - n matrix Af isthe s - m

matrix, A/’ , that results from swapping the rows and

columns of _U .

A.’,-G C_HI\‘* Le. cl.nurp) +4‘ J""l'-"b.';ﬂﬂ" Ol 2 -ﬁflﬁfv‘\'&_

poac = (L03)- a0, 28
GO R .

T os ¢ S I St
_ Ce :1 -f'f
- -ie 2 .3 C
- -l -2 (. 7 "°
C‘f‘ﬂ = 2 =~ 21 [ °

Which of the following are column vectors?

C)[H i E ;__:] Gi) [4.7.-18] iv.

=
—
L

U] V.
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Generalized Matrix Multiplication

If Aisan mr p matrix andFBisa p - n matrix, then the product 4B isthe m - n matrix whose aj;""

entry is the dot product of the ™ row of 4 and the_;"' column of B

If disan m - p matrix and B does not have p rows, then the product 4B is not defined.

Examples

o

1

, - -1 3 0 7 What are the dimensions of the product?
FindAB if A=|4 6 | and B=[___‘ 5 4 _J.
3 -2 ‘ 5 L wd 2 X L?‘
S
God e §°
P"lJu(—"‘ i s 3 p.3 Lf

L. i
e -\ ? o 7
A = [; -CL}C-J S ’5]

(=) +N(3) @I +AE)  g4() f‘{H*f?

("ﬂ(—l] +N3) 6)[3) + L)) o+(-2f) 2T+(J9

i 20 +o
()] +#2)(H) (@) + ) o+ § )
s n -4 9
Z | -22a fa 2f >

2 -] 7 3




3 2 What are the dimensions of the
' . 210 8 _5 10 1 product?
FindAB if A= [ 3 o and B=| 2 4 2)(5_ rxl
0 3 ) I
-6 7 Geod
N Frq.'.rd—:.r ol ¥l
s -1
€ v ©» 355 ro !
Ab = [: [ 3 4-3 -l z Y
0 K4
- 1

G +10 +0 +0 +30 -‘f-f" o0 +2Y -.?r]

- 2 +30 +9 +o FC o | +3 H6 ey =5

%G -M]

- ¢7 |

21 0 8 -5 3 2 What are the dimensions of the
Find A58 if.4=[l 3 4 .3 _J and 5=10 1 | product?
> Ak Il
-

A‘ q..a«n'f' LL?L:“FO'"!LA s i

Write a simple dimensional proof that establishes that in general, matrix multiplication is not
commutative; i.e., in general 45 = B4

{-ﬂ Ais LxS ,od Bis .?xz_/
Bﬂ' existd L'-"’— 98 does TS

LA gn Jg\ eref Al #:,4
TF Cis axsS  od B_i.s x>
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S——
_’1—- AV ert ed are J"-t?,dc-r

Suppetie +t ot ARG =AC =T -
A'AB =AT'RC = AT
ﬂ - IS Jt _‘_’ MTH 261 - Mr. Simonds' class
r =18 = I-C =4A

=) = C=R g 6 -3 100
Use your calculator tofind 7, 4 and A7, where A=|-1 5 4 andl,=|0 1 0
o 12 -7 0 0 1

__/_}_:,A-:.-ﬂ-
C
AIQ:: -f & % =f

? L -1
1 -1 1 3 -3 1

Use your calculator to find AB where A=| 0 -2 1l|and B5=|-2 2 -1].
-2 30 =4 5 =2
| 0 0

AB =| o1e | =T,
0o | o
o A’-:G"j B=A
'wueafo ceJ
Psa.rul B pre Wy e . A= T

Some definitions
The - m matrix with entries of 1 along the main diagonal and 0 in every other slot is called the » - 7
identity matrix and is denoted as [ .

If the products are defined, .4/, = .4 and/or ], 4= A for any compatible matrix.4.

A square matrix.4 with dimensions # - 1 is called invertible if there exists an # - 1 matrix & with the
property AB =1 . If such a matrix exists we call it the inverse of 4 and symbolize it as A4 -,

If the # - »# A isinvertible, then 44 =47 4=17 .

n

We do not define inverse matrices for non-square matrices.

Examples

Which of the followingis C™, where C = {

[

]
w3 ) @ &)

< B - [1 .-_11 15_ Lcl Lnvease ."-.J’.\'rb. f.io 1.5 ctions 2

w[E 7
¥l

—~

S+ 5 Y ;-_(l n]
Ch = [’J-\—J. (N o |




1 -1 0
A game plan for determining, by hand, the inverse of the matrix A=|1 0 —1/|is shown below.
6 -2 -3

Let's execute the plan on the next page.

TR PR T
let A =|b, b, b, | Weneed 44" =], which gives us:

b}l bSI bSJ

1 -1 0 hu IE"1: b]s_ 10 0]

I 0 —li|b, b, b, |=|0 0

6 -2 -3||b, b, b;| |0 0 1]

f"'u - bn bu o b.': f’u - ‘-”n 1 [r oo

by — by B, — b, By — by =0 1.0

64, —2b, —3b, 64, -2b,-3b, 6h,-2b,-3b,| |0 0 1]

If we equate the columns of the respective matrices, we come up with three systems of three equations
with three unknowns. Specifically:

]I IE’u - b!l =1 ] f'l: - ’-e’z: =0 [ bls - E]:s =0
L by by, =0, i B —by, = l,and | A, —by, =0

A not-so-close inspection should convince you that not only are the coefficient matrices for all three of
the systems identical, but they are all in fact the matrix A! Since the row operations performed in
Gaussian elimination are determined solely by the coefficient matrix, we may as well go ahead and solve
all three systems simultaneously. The augmented matrix representation for these three systems is;

1 -1 011 00
I 0 —1i0 10
6 -2 3]0 0 1

common coefficient matnx

Constant terms., from lett to nght, for the first, second,
and thurd columns™ related system of equations
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-5 9
. Find A7 .

-4 -2 4
-8 -4 -6

Let A

TRy DRy



Find — by hand - if they exist, the inverses of each of the following matrices,

1 =1L 0 T =12
A=(1 0 -1l|and B=|18 4

6 -2 -3 0 -9

'OV e R 4R R, [P 71 @11 00
i © “p¢ 10 " Jdegam ip
G <] -3¢ © o\ "C" 4'9_?_5“} O 4 =2 :-Go |
R [ 3 | o' 1 o0
- Il-ﬂl
R,-,.a-gg - o1 | o o
p
- O I o] -2-2
=% B 4@
© | 0i-7 -2
© o [ ~-a-4|

: -1 -1t =31
s A = [-—3 =3
—2 -4 |

) ( -l o -2 =2 | ! o .
('/"'\C-LK. { | °_|‘k["‘? -2\ :[C’ / g v
¢ -2-3 -1 -4 © 0 | ¢

B P ¢ n."" o~ .S'rfua.rt mfri So ;+ has

hY
Ab |1 ~Yerfe, o
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a 817 - d -4
cd ) THam CC 2l °*ﬁr“‘;; 2y
i
a = ad-b
ULvt— J""( .1 O‘J & L ,E::J:-U MTH 261 = Mr. Simonds' class
— +
b
Find thy inverse it mﬂrlxﬁ{i; }1[9‘ ] ic} -é =
c ‘lk ] J o) o A |
« b [ 1 o
o ad ~be : <& l
0 ~ | &
o b;' (I_. o
o g [N
(4 (
ad-bv Kb by Y' 0 I;al'hc ad-be
R A O'_.'l-‘:—x-l_ﬁ
Iq.l bc nd~be
- B o,
% ' } ad= La. ad ~be-
5\41. -d-l.‘i -~
( % U ==The “moke
] o | ~ < o
' &l—})e "ZI:T: -
Jd [ o ! 4 Bl
GK‘\-)QI o : ad-be od-be -?
—
' ad-be -:}J:c: -
4y, + 3x, = 20
Let’s us the formula we just derived to help us solve the system ) .
|-2x + Sx, = 36

T hus 59 cen Lo pribim:

( (5]

-]

“["'] R
TENE
- [(w)=

[ J"

o hiel j*”"s

(51
= (L
[12]

{/ZL vp Fhatis

rix
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(B

Let A ={

B, (A7), (4B)", (BA)', 4B, B A, (A™) ,and (A7) seewhat equals what.

ws[3[7) 03032
[ 3 = (53]
@”f:[faﬂ o= i)
[*n zJ[ ] nfn":[:; [—:f:
-[ 7] gli=gy
[_’;‘EJ B'l;,-:-&'\;'j]*[_q“
J [ 1 -I

LS

3 4 -1 T \ T T T T 4T
SJ and B = [? j] Find, by hand, 4B, BA,(AB) ,(B4) , A"B", B 4", A™
-1

g -

% =4
[:-—J
- E
™ - fc: -4 [;
:[L 3

(As; ™ -

—-—
-

)

-

‘?t v [:i rf] Sl :_;;IT;EEE" 1'1‘]
73] : [;’: "
B'A - [—2 = [s -2 =[5 ,_][

2 4]l-22 2
= l:;; -qus' ‘:{“ “]
ey [57] e (5
(he)T=87aT @A) —p"&" (q*‘)
(Ae)™'= A" (ke =AT67

Al of T aboue are ﬁ!wb‘jj Frve
M'.-'-f‘.lt_d.

I

Canr_ld.cﬂ L :

(n '.\"" Q‘i")

i"l Ver "\.L’L
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Pr «lfe Se&o f’ku— AT=A 3 Canns~ be {
AT ££. /16.+~w That Cyue

all aatricas Lt.cw-'.l"c. )
ﬁcil“ +‘r§.o\j f.,l c ar s cwl Ih; S"-ﬂﬂ(.{"‘lc_ ﬂ-.."'f" e,
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