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Projection vectors in "
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The orthogonal projection of ¥ onto iiis the vector proj. (7) =

-
-
-

yu_
i

The component of V' orthogonal to iiis V' —
H .I'.l'

. Vil ~ .
The quantity comp_ { ¥ ) = = is called the scalar component of V' onto ii .
TR

Example
Find and illustrate the projection vector, component vector, and scalar component when 1= [l - 4]

and i =[S,l]T.
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A definition and a theorem about orthogonal sets of vectors in "
A set of non-zero vectors, 7= {ﬁ..ﬁl. ,Eb} , is called an orthogonal set if and only if each pair
of vectors in the set is orthogonal; that is, it is an orthogonal set if and only if i, - i1, = OVi= j.

The vectors from any orthogonal set are linear independent. Consequently any orthogonal set of
n vectors from " forms a basis for " .

Change of coordinates in "
Let B ={ii.il,.....ii, | be anorthogonal set from &". Then every vector ¥ in " can be

expressed as ¥ =c, i, + ¢, il, + *** + ¢, i, where ¢, =comp, ( J).

ﬁ? Thatis, [F] , = [ c5.-. ¢, where ¢, = comp, (7).

Example
Show that the set = { [l.Ll]T. [—L— LE]T i [3.— 3'.0] ¥ } is orthogonal and, therefore, forms a basis

for B*. Then find [I‘]ﬁ where ¥ =[5.— B.O]T.
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The Gramm-Schmidt process for finding an orthogonal basis

Let fi= { o Xy Xy } be a linearly independent set of vectors.

Then the set { V. V.o v, } is an orthogonal basis for the span of 7 where:

\-I = .\1

v, =X, — proj; (&)
V=% - P“’.i; (¥%)- ijs: (%)

v, =X, — proj; (-‘TP ] — proj; [.fp ) e P"O.i.-p_] ('T'p}

V
Furthermore, the set y =

" is an orthonormal basis for the span of f7.
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Example
-2 1 5 1
4 -2 —10 1
Let’s find an orthonormal basis for the column space of 4 =| _ 0 6 1 and find the
3 —0
-1 3 7 0
coordinates of = [S.— 10.-6. 7] " in terms of that basis.
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Theorem

The m « n matrix [ has orthonormal columns if and only if 7117 = =1 .
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{other than dimensional analysis) create that outcome.

See supplemental notes

4|Orthogonal

. Discuss why U'™7 must equal I

i.e., discuss what two phenomena
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A definition and a trio of theorems

If 1" is a subspace of 2", then the orthogonal compliment of 11 is the set of vectors, [I'*, that
are orthogonal to every vectorin 117,

e I isasubspace of E".

e For asquare matrix 4, {Irm\' (A '}}l =nul{A4).

* Forasquare matrix A, {col( A '}}l = nul( .-IT:] .

Example

Prove that II™* is a subspace of 2" .
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Example

o }" 1
Let A4 ={‘ J . lustrate why (row (A)} =nul{A).

[ ge[P)emi(d), Oylbokn A=

(2000 = L iiT-080
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6/Orthogonal Bases/Orthogonal Sets Sections 6
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T~ §

The Orthogonal Decomposition Theorem

Let /I be a subspace of " and y =< R". Then there exists unique vectors w and Z, w<ii",

ZclW,suchthat y=w+ 2.

In fact, if the set { T T A FF } is an orthogonal basis for II', then

-

v =proj;, (¥)+ proy, (¥)}+ -+ proj, (¥)and Z=y3—w

Example
tet i =[1 -1 -1 1", @, =[2 1 1 0]',and it =[-1 1 1 3]'. Let W =span{ii.i,.i,}
and y= [1 11 l]A Express 7' as the sum of two vectors, one from I and the other from 11"+,
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Example

A basis from [ for the x, x, —plane is {ii,.17, | where if, =[3 —4 U]T and ii, =[4 3 U]T. Use

this basis to determine the point on the x, x, —plane thatis closest to the point (2,7.5).
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