MTH 261 — Mr. Simonds’ class

Projection vectors in R”
I - - DN VU
The orthogonal projection of y onto u is the vector proj, (y) =—U. vector )
u-u
- L YU
The component of y orthogonal to i is y —%u. (J ectors )
Uu-u
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The quantity comp,, (y) = —— is called the scalar component of y onto u .
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Example 12.1
Determine and illustrate the projection vector,
component vector, and scalar component when
y=[-4,2]" and @ =[51]".
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MTH 261 — Mr. Simonds’ class

A definition and a theorem about orthogonal sets of vectors in R"

A set of non-zero vectors, [ = {ﬁl Uy, .,ﬁp} , is called an orthogonal set if and only if each pair

of vectors in the set is orthogonal; that is, it is an orthogonal set if and only if #; -ﬁj =0Vi#j.

The vectors from any orthogonal set are linear independent. Consequently any orthogonal set of
n vectors from R" forms a basis for R".

Change of coordinates in R"

Let S = {ﬁ,,ﬁz,...,ﬁn} be an orthogonal set from R". Then every vector y in R" can be

expressedas y =c, U, + c,U, +---+c, U, where ¢, =comp, ()7)

That is, [}]ﬁ = [cl,cz,...,cn]T where ¢, = comp, (7).

Example 12.2 Y pus —
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2
Show that the set S = { [1,1,1]T , [—1,—1,2] ! , [3,—3,0]T } is orthogonal and, therefore, forms a basis
for R*. Then find [}]ﬂ where y =[5,—2,0]T

_
VA ~) -ral CARMYN 3-340
= O e

—

-

ﬁ VS i1 ded A 0"4"""]04-\:]

— O
Set
/\/\’\T:\/\/_\
> 'V' S '-"—>
CoMP,ﬁ‘,# - -? (_’ Coﬂply - _?_E Comy 2 g'_»
' Ve ] Ped > £ 27
’ 2 5 Aw
- 2 373
-3 - 2 ~ 2
- e - 18
= -)
- - —_— 7
- > -~ _L
/ 2
J - -
C‘g ]/g = | Tl
7/
(7
s Ve
(2 -2 ) -
Cheex: (1 [@ '3 + (-3 Ll )| - J 2 e
2|Orthogonal Bases rthogondl s: Sections .l 6. 0



&
&-'—i\'/ 7w
& colnr Componest A ‘a 0n+o
Comp,
(}43 /;5 u:}
‘éoﬁ;\.\. S oH 1’04
CONP.;:Q
Cos(¥y ~ /gl
. CoOM P ; = /%l cor(9)

u

=2

> Iu"
Comps = 15100t - 5

—

Y
. o,. ~~ COA' S A
IS - '
Peey 29 P>¢ P2l
- -
- 4+ g
~ -
[a] ral
-~ >
~ 2 s
[ Y
- -~
— S -~
= ?_s U
U 'wu

P}

|G

/ m 2] coS(®)

180



MTH 261 — Mr. Simonds’ class

The Gramm-Schmidt process for finding an orthogonal basis

Let f = { Xis Xy ens 55P } be a linearly independent set of vectors.

Then the set { Vis Vyyuees \7p } is an orthogonal basis for the span of £ where:

v, = ”p - projal ()?p) — proj92 ()?p) —e = proj%_] (*p)
‘71 172 ‘717 . .
Furthermore, theset y = —, 7——,..., 7 is an orthonormal basis for the span of 3.
| V2 v, ‘
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Example 12.3 C. Cz (3 Cy
-2 1 5 1
4 -2 -10 1
Let’s find an orthonormal basis for the column space of 4 = 3 0 6 1 and find the
-1 5 7 0

coordinates of y = [5,—10,— 6,7] " in terms of that basis.
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MTH 261 — Mr. Simonds’ class

A definition and a trio of theorems
If W isasubspace of R", then the orthogonal compliment of W is the set of vectors, wt , that

are orthogonal to every vector in .

W™ is a subspace of R”.

e (row(4)) =nul(4).

. (col(A))l =nul(AT) .

Example 12.4
Prove that W~ isa subspace of R".
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MTH 261 — Mr. Simonds’ class

Example 12.5

L

a b
Let A:L d} . lllustrate that (row(A)) =nu1(A).
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Example 12.6

Let 4= [j Z} . llustrate that (COI(A))l = nul(AT).

(col(a)t = cowtar) )4
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MTH 261 — Mr. Simonds’ class

Example 12.7
1 2 1 4 1 0 3 0O
1 5 2 01 -1 0
Let 4= and note that 4 ~ . Find a basis for each of the
-2 2 - 0 0 1
3 2 7 10 00 0 O

following vector spaces without actually transposing the matrix A. |n each case, write a few words so
that the rationale for whatever action/conclusion you take/make is clear.

a. null(47)" b. col(47)
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MTH 261 — Mr. Simonds’ class

The Orthogonal Decomposition Theorem

Let W be a subspace of R" and y € R". Then there exists unigue vectors w and Z, we W,

Z e W*, such that y=w+7Z.
S s>

Wx = \7

N

—

vT/:projﬁl ()7)+pr0jﬁ2 ()7)+ ---+pr0jﬁp ()7) and Z=y—-w

In fact, if the set { ﬁl,ﬁz,...,ﬁp } is an orthogonal basis for W, then

Example 12.8
tet i, =[1 -1 -1 1], d,=[2 1 1 0]',and @i, =[-1 1 1 3]'. Let W =span{i,,ii,i,)

and y = [2 1 3 4]. Express ¥ as the sum of two vectors, one from W and the other from W* .
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MTH 261 — Mr. Simonds’ class

Example 12.9

. 3 . R — T — T
A basis from R for the x, x, —plane is {ul,uz} where 1, :[3 -4 0] and u, :[4 3 O] . Use
this basis to determine the point on the x, x, —plane that is closest to the point (2,7,5) .
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Example 12.10

4 2
let X,=| 0 |and X, =] 1
-3 1

terms of that new basis.

Loty

. Find an orthonormal basis for span{X,,X,}. Next, express X, and X, in
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