MTH 261 — Mr. Simonds’ class

Example 6.1

X
X
Suppose that T is the transformation defined by the rule T || X, :{ 02} . What are the domain,

X3
codomain, and range of T? What is the image of X where X = [5 -2 —7]T ? Describe the set of

vectors whose images are 0 .

Example 6.2
% X % X

Show that T, | | X, :{ 5} is a linear transformation whereas T, | | X, :{ 12} is not.
X3 X3

Example 6.3

-2 1
Draw T([ 3 D given that T is a linear transformation and the image under T for € :{0} and

(]

0
, = L} are those shown in Figure 1.

A\
Figure 1: Transformation Vectors

Example 6.4
Suppose that T:R®— R? andthat T (él) :[ 2} T (éz) _ [—41} and T (és) _ Lﬂ |
a. Determine T([—B 2 1]T) .

b. Find a matrix, M, with the property that T (7() =MX V XeR®.

Linear Transformations — Sections 1.8 and 1.9]6.1
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Example 6.5

Suppose that T:R*— R? is a linear transformation. Find the matrix for T if T (él) :{an} and

T(éz):{alz}.

a22

Example 6.6
Suppose that T1:R2—> R? by reflecting vectors from R? across the line y:\/§Xand that

T,: R?— R? by rotating vectors from R? 30° in the counter-clockwise direction. Suppose further that
T:R*> R? by the rule T(X)=T, (Tl()?)) Determine the linear transformation matrix for T (i.e.

determine the matrix A such that T (7() = AX V X € R?). Finally, confirm the matrix A by tracking the

o 3 o
vector X =|: } under T and then computing AX.

Example 6.7
Determine a general matrix for the linear transformation T : R?— R? that rotates vectors from R’
through an angle &.

Example 6.8
Find a matrix A with the property that T (7() = AX rotates each

(o]
vector in the X, X,-plane by 60 in the clockwise direction.

Illustrate the effect of the transformation on the “unit square” 1
shown in Figure 2.

Example 6.9

4 16 1 2
Determine the linear transformation matrix for T given that T HJJ = { 4} and T HBD = [5}

6.2|Linear Transformations - Sections 1.8 and 1.9
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Definitions 6.1-6.5: Transformations
A transformation, T, from R" to R™ is a function that assigns to each vectorin R" a unique vector in
R™ T (7() =b, we say that b is the image of X underT.

R" is called the domain of T and R"is called the codomain of T. The set of all images found under T is
called the range of T.

Definition 6.6: Linear Transformations
A linear transformation, T:R" — R", is a transformation that satisfies both of the following properties.

T(T+V)=T(0)+T(V) and T(cG)=cT(d) YG,VeR"and ceR

Theorem 6.1

If we let € represent the i"™ column of |_, then the images of €,€,,...,€, under the linear

n’ n

transformation T:R" =5 R™ completely determines all of the images under T.

Theorem 6.2
Every transformation of form T (7() = AX is a linear transformation and if T is a linear transformation

there exists a unique matrix A such that T ()?) =AX.

Linear Transformations - Sections 1.8 and 1.9]|6.3
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Example 7.1
Categorize each of the following function as one-to-one (injective), onto R (surjective), or both one-to-

one and onto R (bijective): Yy = tan(x) A sin(x), y=tan™ (X), y=x.

Example 7.2
3 -2 -16
2 4 16

and also whether or not it is one-to-one

Let A={

} . Determine whether or not the linear transformation T (7() = AX isonto R?

Example 7.3

Prove that if T is a linear transformation, then T (6) =0.

Example 7.4

Prove that the linear transformation T is one-to-one if and only if the only solution to T ()?) =0is 0.

Hint: Prove the contrapositive statement.

1 20
Example7.5: let A=|1 3 1
2 1 1

Suppose that T (7() = AX. Find all values of A that make T one-to-one. Make sure that you show all

relevant work and that both your reasoning and your conclusion are clear.

Example 7.6
Demonstrate, both implicitly and explicitly, that the linear transformation T, given below, is neither one-

3
to-one nor onto R”.

X, —2X + X
T X ||= X, + X,
X; 3X + X, — X

Definitions and a Theorem 7.1

The linear transformation T:IR" — R™ is onto R™ if and only if the range of the transformation is R";
that is, the transformation is onto R™ if and only if every vector in R™ is the image of at least one vector
in R".

The linear transformation T:R"— R"™ is one-to-one if and only if T (U) =T (\7) S U=V, Itis

trivially shown that the transformation is one-to-one if and only if the only solutionto T (7() =0isO.

“Theorem 8”: Section 2.3 ]7.1
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Theorem 7.2: A whole lot of equivalent properties (textbook “Theorem 8”)

If A'is an N x N matrix, then either each of the following statements is true about A or each of the
following statements is false about A.

a. Aisaninvertible matrix (i.e., A is nonsingular).

b. Aisrow equivalentto I .
c. A hasn pivot columns.

d. The only solutionto AX = 0isO (the trivial solution).

e. The columns of A form a linearly independent set.

f. The linear transformation T (7() = AX is one-to-one.

g. The equation AX = b has exactly one solution V beR".
h. The columns of A span R".

i. The linear transformation T(X) =AX isonto R".

T . .
I. A’ isnonsingular.

m. det(A) #0

2|“Theorem 8”: Section 2.3
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Example 8.1

llustrate Theorem 8.1 for the span of two vectors, U, and U,.

Example 8.2
2 1
Determine a basis for the set of vectors § ¢,| =2 |+ C,| 4 ||C,,C, € R
5 5
Example 8.3
1 2
Determine a basis for the set of vectors § ¢,| =2 |+ C,| =4 ||C,,C, € R
3 6
Example 8.4
3 4 2
Determine whether or not [5,5,10]T IS C0|(A) where A=|-1 6 4
5 14 0
Example 8.5

3 -7 0
Show that solutions to the equation % = form a subspace of R? and then find a
-6 14 || X, 0

basis for that subspace.

Example 8.6
2 -2 3 .
let A= 41 6l Determine whether [2 1 0] is an element of the column space or the null
space of A.
2 1 3 3 10 2 O
1 -1 3 1 01 -10
Example 8.7: Let A= . Then RREF(A) = .
-2 1 -5 3 0 0 0 1
3 2 4 2 0 0 0 O

a. Find a basis for the null space of A and explicitly show that it is indeed a basis for the null space of A.
b. Find a basis for the column space of A and explicitly show that it is indeed a basis for the column
space of A.
c. State the rank of A.
State a basis for the row space of A.
State each row of A as a linear combination of the basis vectors stated in part (d).

Subspaces of n-space, dimension, rank: Sections 2.8, 2.9, 4.6[8.1
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Example 8.8
2 1 -4 3 -2 -5 1 0 -2 0 -1 2
-1 1 2 3 1 -1 01 0 0 0 O
Let A= . Then A~
1 4 -2 -3 -1 11 00 0 1 0 -3
-2 -2 4 -1 2 -1 00 0 O O O

a. What are the dimensions of the null space, column space, and row space of A and how do you
know. What does the null-space dimension and column space dimension sum to?

b. State bases for the null space, column space, and row space of A.

Example 8.9
1 [-4][-1][1]]-2]
-1 4 2
Determine the dimension of span of| O |,/ 1 |l1]
4 -16 3 11|11
-2 | 8 ||-2][-6]|0 ]
Example 8.10
2 -4 -3 17 5 1 -2 0 4 1
let A=|-1 2 3 -13 —-4|.The A~|0 0 1 -3 -1]. Fill-ineach of the following
4 -8 1 13 3 0 0 0 0 O
blanks.
The column space of M is a -dimensional subspace of R——.
The row space of M is a -dimensional subspace of R—.
The null space of M is a -dimensional subspace of R——.
The column space of M T isa -dimensional subspace of R—.
The row space of M "is a -dimensional subspace of R—.
The null space of M Tisa -dimensional subspace of R——.

82|Subspaces of n-space, dimension, rank: Sections 2.8, 2.9, 4.6
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Definitions 8.1-8.3: Subspaces of R"

A subspace of the vector space R" is a nonempty subset of R" that contains the zero vector from
R" and is closed over vector addition and scalar multiplication.

A set of vectors, H, is closed over vector addition if andonlyif  +VeH Vi,veH.

A set of vectors, H, is closed over scalar multiplication if and onlyif ci e H VieH,ceR.

Theorem 8.1

The span of a set of vectors from R" is a subspace of R".

Definition 8.4

A set of linearly independent vectors that span a subspace of R" is called a basis for that subspace
of R".

Definition 8.5 and Theorems 8.2-8.3

The column space of a matrix A is the set of all linear combinations of the column vectors of A. If A
isan MxnN matrix, then coI(A) is a subspace of R™. The pivot columns of A form a basis for the

column space of A.

Definition 8.6 and Theorems 8.4-8.5

The null space of a matrix A is the set of all solutions to the equation AX = 0. IfAisan mxn

matrix, then nuI(A) is a subspace of R". A spanning set of the solution set to the homogenous

system AX = 0 forms a basis for the null space of A.

Definition 8.7 and Theorems 8.6-8.7

The row space of a matrix A is the set of all linear combinations of the row vectors of A. If Ais an
M x N matrix, then row(A) is a subspace of R". The pivot columns of A form a basis for the

column space of A. The non-zero rows of RREF(A) for a basis for the row space of A.

Subspaces of n-space, dimension, rank: Sections 2.8, 2.9, 4.6[8.3



MTH 261 — Mr. Simonds’ class

Theorems 8.8-8.10 and Definition 8.8

If one basis of a subspace of R" contains M vectors, than every basis of that subspace contains m
vectors. Additionally, any set of M linearly independent vectors from the subspace forms a basis for
the subspace and any set of M vectors that spans the subspace forms a basis for the subspace. The
dimension of such a subspace is M, i.e. the dimension of the subspace is the number of vectors in

each basis for the subspace.

Theorem 8.11: “Theorem 8" revisited

following statements is false about A.
a. Aisaninvertible matrix (i.e., A is nonsinqular).

b. Aisrow equivalentto | .

c. Ahasn pivot columns.

—

d. The only solutionto AX =0 is O (the trivial solution).

e. The columns of A form a linearly independent set.

f. The linear transformation T ()?) = AX is one-to-one.

h. The columns of Aspan R".

i. The linear transformation T ()?) = AX isonto R".

T . .
I. A isnonsingular.

m. det(A) #0
n. The columns of A form a basis R".
o. Caol (A) =R"

p. dim(Col(A )

(
a. Nul(A)= {}
im

g. Theequation AX = b has exactly one solution V beR".

If A'is an N x N matrix, then either each of the following statements is true about A or each of the

84|Subspaces of n-space, dimension, rank:

Sections 2.8,

2.

9,

4.

6
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Example 9.1
) 312
Consider the R basis f = s 1 Answer each of the following questions relative to £
petermine X if [X], =| b. Determine [X] if X=| -2
a. Determine X i = . . Determine if X= .
B 7 s -39
Example 9.2
3 3 6
Let C, = % , G, = % , X=| |,and y = { C,C, } . Find the change-of-basis matrix from the
% % 0

standard basis to ¥ and use that matrix to find [7(]7

Example 9.3

11(1]]-1 -11]1
Let B = {1 },{O],{ 1} and y = { ],{ 1 },{O} . Find the transition matrix from £ to y and
=2112]|| 2 2112
3
2

use that to find [X]V where [)?]ﬂ { ] Verify the result!
-4

Change of Bases: Sections 4.4 and 4.709.1
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Theorem 9.1 and Definition 9.1
Suppose that the set = {51, 52, ...,Bn} forms a basis for R". Then for each vector X in R", there

exists a unique set of constants, C, —C, such that X=¢, 51 +C, 52 +---C, Bn . The constants C, —C, are

called the f# —coordinates of X and this relationship is symbolized as:

Theorem 9.2

Suppose that f and y are both bases for R" and that T :R" —R" by therule T ([)?]ﬂ ) = [7(]7 Then

T is a one-to-one, onto linear transformation and, as such, there exists a matrix P with the property

rep
that [X] = P [X],.

y<p

Theorem 9.3

Suppose that £ and 7 are two ordered bases for R" , X € R", and the components of X relative to /3
are known. Then the components of X relative to 7 can be determined by the equation

[)?]7 =P [)?]ﬂ where [P is called the change-of-coordinates matrix from S to y .
7« p re<p

When working in R" we can find P using Gaussian elimination. Specifically:
r<p

Please note that this implies that if £ is the standard ordered basis for R", then the change-of-basis

matrix to y is simply }/‘l.

92|Change of Bases: Sections 4.4 and 4.7
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Example 10.1
1

Determine the eigenvalues and eigenvectors of the matrix A where A= [ 1 4} .
Example 10.2
Whence the characteristic equation?
Example 10.3

3 0 0O

-4 6 0 O
Determine the eigenvalues for A=

-1 12 3 0

4 4 2 0
Example 10.4

4 -1 6
Determine bases for the eigenspacesof Bwhere B={2 1 6.
2 -1 8
Example 10.5
4 2 3
Determine two distinct diagonalizations of Awhere A=|-1 1 -3|.
2 4 9
Example10.6
3 -1 -2
Diagonalize Bwhere B=|2 0 -2 |; use the result to simplify B" where nis a natural number. To
2 -1 -1

get to the point more quickly, let’s use our calculators to find the eigenvalues of M.

Example 10.7
0 1 O

What happens when we try to diagonalize M where M =|{0 0 1|? To get to the point more
2 -5 4

expeditiously, let’s use our calculators to find the eigenvalues of M.

Example 10.8
Consider the recursive series where & =1, a, =1, and a, =2a, , +3a, , for K>3. Let’s find a

general term formula (non-recursive) for a, starting at k=3.

Eigenspaces and Diagonlization: Sections 5.1-5.3]10.1
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Example 10.9

0 1
Diagonalize T where T = .
-1 0

Example 10.10
cos(6) —sin(0)
sin(6) cos(0)

Explain geometrically why the rotation matrix R = { } cannot possibly have any real

number eigenvalues for 0< @< 7.

Definitions 10.1-10.3: Eigenvalues and Eigenvectors (of square matrices)

A non-zero vector V is called an eigenvector of the square matrix A if there exists a scalar, 4, with
the property that AV = AV. If such a vector and scalar exist, the scalar A is called an eigenvalue

of A.
The eigenvalues of A are the solutions to the equation det(A -1 ) = 0; this equation is called

the characteristic equation of A.

Definitions 10.4 and 10.5: Eigenspaces (of square matrices)
The set of all eigenvectors associated with the specific eigenvalue A, is called the

A-eigenspace of A. The dimension of the A, -eigenspace is called the geometric multiplicity of A,.

Definition 10.6 and Theorem 10.1: Similar Matrices

The square matrices A and B are similar matrices if and only if there exists a matrix P with the

property that A = PBP ™ (or, similarly, P™*AP = B)). Similar matrices have the same
characteristic equation.
NOTE: Not all matrices that share a characteristic equation are similar!

Theorem 10.2 and Definition 10.: 7Diagonalization of an N x N matrix A

If A has n linearly independent eigenvectors, then A is similar to a diagonal matrix, D.
Furthermore, D =P~ AP where the columns of P are composed of N linearly independent
eigenvectors of A and the main diagonal entry in the i™ column of D is the eigenvalue that
corresponds to the eigenvector in the i column of P . The product PD P is called a

diagonalization of A.

10.2|Eigenspaces and Diagonalization: Sections 5.1-5.3




