MTH 261 — Mr. Simonds’ class

Example 1

Solve the syst dy Ay given that A 20 d y(0) -
olve e system —= ven a = an = .
ystem g ~ Y 8 o 3|*Y )

Example 2

+ 2
Solve the system Y S % given that y1(0)=—5 and Y, (0):0. Begin by writing the

Y, =Y +4Y,
system in the form Y’ = Ay and “uncoupling” the system by diagonalizing A and making substitutions
based upon Yy =Pw and y'=Pw'.

Example 3

!

Y1 y, + 2y

Solve the system ? given that yl(O):l and Y, (0)=—1. Begin by writing the
y, =2y, + 4y,

system in the form Y’ = Ay and “uncoupling” the system by diagonalizing A and making substitutions
based upon Y =Pw and y'=Pw'.

Example 4

!

Solve the system Y

Y2' =Y
form y'= Ay and “uncoupling” the system by diagonalizing A and making substitutions based upon
y=Pw and y'=PW'.

given that yl(O) =3 and Y, (O) =3. Begin by writing the system in the

Linear Systems of Differential Equations]|il.1
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Example 1
Find and illustrate the projection vector, component

. T
vector, and scalar component when Yy = [2, —4] and

i=[51]".

Example 2
Show that the set S = { [1,1,1]T , [—1,—1, 2] T , [3,—3, O]T } is orthogonal and, therefore, forms a basis

for R®. Then find [Y]ﬂ where )7:[5,—2,0]T.

Example 3
-2 1 5 1
4 -2 -10 1

Let’s find an orthonormal basis for the column space of A= 3 0 6 1 and find the
-1 5 7 0

coordinates of y = [5, -10,-6, 7] T in terms of that basis.

Example 4
Prove that if W is a subspace of R", then W™ is also a subspace of R".

Example 5

_a b_ 1
Let A= ¢ dl lllustrate that (row(A)) =nul(A).
Example 6

_a b_ 1
Let A= ¢ 4] lllustrate that (col(A)) = nuI(AT).
Example 7

let G,=[1 -1 -1 1]',G,=[2 1 1 0]',and G,=[-1 1 1 3]". Let W =span{d,,0,,d,}

and y = [2 13 4]. Express ¥ as the sum of two vectors, one from W and the other from W * .

Orthogonal Bases/Orthogonal Sets: Sections 6.1-6.4[12.1
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Example 8
A basis from R® for the X, X, —plane is {0,,0,} where 0, =[3 -4 0]T and U, =[4 3 O]T. Use
this basis to determine the point on the X, X, —plane that is closest to the point (2, 7, 5) .

Example 9
4 2

let X, =| O | and X, =| 1|. Find an orthonormal basis for span{%,,X,}. Next, express X, and X, in
-3 1

terms of that new basis.

Definitions 12.1 — 12.3: Projection vectors in R"

<l
<

The orthogonal projection of Y onto U is the vector proj; ( )7) =—U.
u-u
_ B
The component of Y orthogonal to Uis Yy ———U.
u-u
-y _ _
The quantity comp, (y) = —— is called the scalar component of Y onto U .
u-u

Definition 12.4 and Theorem 12.1

A set of non-zero vectors, ff = {Ul, u,,...,u } , is called an orthogonal set if and only if each pair of

P
vectors in the set is orthogonal; that is, it is an orthogonal set if and only if U, -Uj =0Vi#]j.

The vectors from any orthogonal set are linear independent. Consequently any orthogonal set of n

vectors from R" forms a basis for R".

Theorem 12.2: Change of coordinates in R"
Let B = {Ul,Uz,...,Un} be an orthogonal set from R". Then every vector ¥ in R" can be expressed

as Yy =C U, +C,U, + -+ C, U, where ¢, =comp, ()7)

Thatis, [J], =[¢,C,.-...,] " where ¢, =comp, (7).

122|0rthogonal Bases/Orthogonal Sets: Sections 6.1-6.4
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Theorem 12.3: The Gramm-Schmidt process for finding an orthogonal basis

Let f = { X, Xy ..o, )?p } be a linearly independent set of vectors.

Then the set { Vi, V,, ..., \7p } is an orthogonal basis for the span of  where:

vp = ip - projvl ()_(p> - projvz (Xp) - projvpfl (XP>
Vi v, Vp : ;
Furthermore, the set y = | — | , | — | yeeny is an orthonormal basis for the span of f3.
AR
1 2 p

Definition 12.5 and Theorems 12.4 - 12.6

If W is a subspace of R", then the orthogonal compliment of W is the set of vectors, W + , that are
orthogonal to every vector in W .

e W isasubspaceof R".
o (row(A)) =nul(A).

. (coI(A))L =nul(A") .

Theorem 12.7: The Orthogonal Decomposition Theorem
Let W be a subspace of R" and § € R". Then there exists unique vectors W and Z, WeW ,

ZeW"',suchthat y=W+ 7.

In fact, if the set { u, UZ,...,Up } is an orthogonal basis for W, then

v”\/:projul(y)Jrprojﬁz(y)+---+projLTp (Y)and Z=y-W

Theorem 12.8

The M x n matrix U has orthonormal columns if and only if UTU =1 .

Orthogonal Bases/Orthogonal Sets: Sections 6.1-6.4(12.3



