MTH 261 — Mr. Simonds’ class

Definitions 10.1-10.3: Eigenvalues and Eigenvectors (of square matrices)

A non-zero vector V is called an eigenvector of the square matrix A4 if there exists a scalar, A, with
the property that AV = AV . If such a vector and scalar exist, the scalar A is called an eigenvalue

of A.
The eigenvalues of 4 are the solutions to the equation det(A -1 I) = 0 ; this equation is called

the characteristic equation of A.
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Determine the eigenvalues and eigenvectors of the matrix A where 4 = { ) 4}. — 0 }

Chorachesistic ag:  det (4-2T) =0

-2
W => (2-2) (12 =6

=5 \* -6 39

=) (x-35"
=y A =2

L The only eiger volue of A is 3

[24037-[22) ¢ St e

PR AJ\ 'e:j,v\ch,dfO" I’}

% A+ I%, = 3x, [ "?

A\X/-F"Vz.:& CL&_UK/

O
1ger\¥f)'h'&gcg, and Diagonlization: Sections 5.1-5.3]10.1

Tg-n=43 [ 2 «}[1 {M?



MTH 261 — Mr. Simonds’ class

Example 10.2
Whence the characteristic equation?

Example 10.3
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Definitions 10.4 and 10.5: Eigenspaces (of square matrices)
The set of all eigenvectors associated with the specific eigenvalue A, is called the

A-eigenspace of A. The dimension of the A, -eigenspace is called the geometric multiplicity of A,.

Example 10.4
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Determine bases for the eigenspaces of Bwhere B=|2 1 6.
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Definition 10.6 and Theorem 10.1: Similar Matrices

The square matrices 4 and B are similar matrices if and only if there exists a matrix P with the
property that 4 = PBP™" (or, similarly, P"' AP = B). Similar matrices have the same
characteristic equation.

NOTE: Not all matrices that share a characteristic equation are similar!

Theorem 10.2 and Definition 10.: Diagonalization of an n x n matrix A

If A4 has n linearly independent eigenvectors, then 4 is similar to a diagonal matrix, D.
Furthermore, D = P~' AP where the columns of P are composed of 1 linearly independent
eigenvectors of 4 and the main diagonal entry in the i column of D is the eigenvalue that
corresponds to the eigenvector in the i" column of P. The product PD P is called a
diagonalization of A .

Example 10.5
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Determine two distinct diagonalizations of A where 4=|-1 1 -=-3].
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Examplel0.6
3 -1 =2
Diagonalize Bwhere B=|2 0 —2|; use the result to simplify B" where 7 is a natural number. To
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get to the point more quickly, let’s use our calculators to find the eigenvalues of M.
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Example 10.7
0O 1 O
What happens when we try to diagonalize M where M =0 0 1]?
2 -5 4

C )'\a,/‘ogb"-ea"z‘.gh‘c e?uuﬁow p J""" (M -')I,) =

S EET RNV 245 [ =2 )
2 .5 9-» | p FED e o fe(ey @

o A =9

[5;"23 + (V*A)sz—oj

=y - }\3 + ¥ }\,Z _SA +2 =0 Rubeae zeco Thm
3 2 5 =0 Ca.b L/‘c.z.'ot'c.i)
:B >\ - 7 ). + s A ‘ F ‘PM Jelﬁ J:,,S Coe-m‘ cevt~

1§ 1.) any ratonal Zéro
e 3 'l‘_‘ tu+to

- ( -2 )_,) >\__‘) ,:0 Cv ‘1]7 a:u«

_) ?\ ‘) ( ( M\d_ C01;+°'”{_ Ferm

i —Z: - .)CD) @}
Table 27 Eyuwetzs oF

Uy.(\)(-— alj. mo [+,

\ 2

% \
| ~Cigenspaee o e chate oo
EERIEIRE) L i
2 s 1 *;

- Soor©
t“lL"\ / e"MP

( ( O - ' J /3 He O-slw-( [ XX ”’Au
- t o f'-\ i
| C oMme
L o ; ] [0 o o}a oa.lel. hare ge ‘
Mo Hpiaky oF 2 snd doesa't,
108|Eigenspaces and Diagonalization: Sections 5.1-5.3

/"I docs aoF hyoe Fheee [iacac!

c7 ,4&.‘.\&,,[‘ e,:,equeci'of_(
aady herce, Cannot be

J 4.70—,«’ | -Lt(



MTH 261 — Mr. Simonds’ class

Example 10.8 et
Consider the recursive ST where a, =1, a,=1,and a, =2a, ,+3a, , for k>3. Let’s find a

general term formula (non-recursive) for @, startingat k =3.
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Example 10.9

0 1
Diagonalize T where T ={ 1 O:|'

Cl’\xrao'l'cﬂ\'&-h‘c 67' defl’({ 1_L)

_a )

L
SN = 0 ::BKA-J-I:.O

=y X =
@_J‘C.

\ e UAIJLB
Uﬂacaf-aov'}ffl‘7 ) ’{/LQ' e”x/ K L ]C . )
) (,Qoz’*% wlj, /MJ""""J’""" ; °r s

L and — U

L; - szje-'\)pabc - .
- L - Q.gb.,,.SPuc.-e

7

- 0 XL‘] = O%xy [ 1 ! l ~ o)

’

~C({O]N[' 5}‘97 ¢ 1O LT 1o
‘1 -¢. © o 2t _(L';o V Odl‘d

3’4 = h [/z]

. . . . . b
10.10|Eigenspaces and Diagonalization: Sections 5.1-5.3 /L



MTH 261 — Mr. Simonds’ class

Example 10.10
cos(f) —sin(0)

sin(0)  cos () } cannot possibly have any real

Explain geometrically why the rotation matrix R = [

number eigenvalues for 0 <@ < .
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