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To All

HTML, PDF, and print This book is available as an eBook, a free ppF, or printed and bound. All versions
offer the same content and are synchronized such that cross-references match across versions. They can
each be found at pcc.edu/orcca.

There are some differences between the eBook, ppr, and printed versions.

* The eBook is recommended, as it offers interactive elements and easier navigation than print. It re-
quires no more than internet access and a modern web browser.

¢ A ppF version can be downloaded and then accessed without the internet. Some content is in color,
but most of the colorized content from the eBook has been converted to black and white to ensure
adequate contrast when printing in black and white. The exceptions are the graphs generated by
WeBWorK.

e Printed and bound copies are available online. Up-to-date information about purchasing a copy
should be available at pcc.edu/orcca. Contact the authors if you have trouble finding the latest ver-
sion online. For each online sale, all royalties go to a PCC Foundation account, where roughly half
will fund student scholarships, and half will fund continued maintenance of this book and other OER.

Copying Content The graphs and other images that appear in this manual may be copied in various file
formats using the eBook version. Below each image are links to .png, .eps, .svg, .pdf, and . tex files that
contain the image.

Mathematical content can be copied from the eBook. To copy math content into MS Word, right-click or
control-click over the math content, and click to Show Math As MathML Code. Copy the resulting code, and
Paste Special into Word. In the Paste Special menu, paste it as Unformatted Text. To copy math content
into IXTEX source, right-click or control-click over the math content, and click to Show Math As TeX Commands.

Tables can be copied from the eBook version and pasted into applications like MS Word. However, mathe-
matical content within tables will not always paste correctly without a little extra effort as described above.

Accessibility The ML version is intended to meet or exceed web accessibility standards. If you encounter
an accessibility issue, please report it.

e All graphs and images should have meaningful alt text that communicates what a sighted person
would see, without necessarily giving away anything that is intended to be deduced from the image.

¢ All math content is rendered using MathJax. MathJax has a contextual menu that can be accessed in
several ways, depending on what operating system and browser you are using. The most common
way is to right-click or control-click on some piece of math content.

¢ In the MathJax contextual menu, you may set options for triggering a zoom effect on math content,
and also by what factor the zoom will be. Also in the MathJax contextual menu, you can enable the
Explorer, which allows for sophisticated navigation of the math content.

* A screen reader will generally have success verbalizing the math content from MathJax. With cer-
tain screen reader and browser combinations, you may need to set some configuration settings in the
MathJax contextual menu.
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Tablets and Smartphones PreTeXt documents like this book are “mobile-friendly.” When you view the
HTML Vversion, the display adapts to whatever screen size or window size you are using. A math teacher will
always recommend that you do not study from the small screen on a phone, but if it's necessary, the eBook
gives you that option.

WeBWorK for Online Homework Most exercises are available in a ready-to-use collection of WeBWorK
problem sets. Visit webwork.pcc.edu/webwork2/orcca-demonstration to see a demonstration WeBWorK
course where guest login is enabled. Anyone interested in using these problem sets should contact the
project leads.

Odd Answers The answers to the odd homework exercises at the end of each section are not contained in
the ppDF or print versions. As the eBook evolves, they may or may not be contained in an appendix there. In
any case, odd answers are available somewhere. Check pcc.edu/orcca to see where.

Interactive and Static Examples Traditionally, a math textbook has examples throughout each section.
This textbook uses two types of “example”:

Static These are labeled “Example.” Static examples may or may not be subdivided into a “statement”
followed by a walk-through solution. This is basically what traditional examples from math textbooks
do.

Active These are labeled ” Checkpoint,” not to be confused with the exercises that come at the end
of a section that might be assigned for homework, etc. In the armL output, active examples have
WeBWorK answer blanks where a reader could try submitting an answer. In the por output, active
examples are almost indistinguishable from static examples, but there is a WeBWorK icon indicating
that a reader could interact more actively using the eBook. Generally, a walk-through solution is
provided immediately following the answer blank.

Some HTM™ML readers will skip the opportunity to try an active example and go straight to its solution.
Some readers will try an active example once and then move on to the solution. Some readers will
tough it out for a period of time and resist reading the solution.

For readers of the ppF, it is expected that they would read the example and its solution just as they
would read a static example.

A reader is not required to try submitting an answer to an active example before moving on. A reader
is expected to read the solution to an active example, even if they succeed on their own at finding an
answer.

Interspersed through a section there are usually several exercises that are intended as active reading exer-
cises. A reader can work these examples and submit answers to WeBWorK to see if they are correct. The
important thing is to keep the reader actively engaged instead of providing another static written example.
In most cases, it is expected that a reader will read the solutions to these exercises just as they would be
expected to read a more traditional static example.
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Pedagogical Decisions

The authors and the greater PCC faculty have taken various stances on certain pedagogical and notational
questions that arise in basic algebra instruction. We attempt to catalog these decisions here, although this
list is certainly incomplete. If you find something in the book that runs contrary to these decisions, please
let us know.

Interleaving is our preferred approach, compared to a proficiency-based approach. To us, this means
that once the book covers a topic, that topic will be appear in subsequent sections and chapters in
indirect ways.

is mostly written as a review, and is not intended to teach all of these topics from first prin-
ciples.

We round decimal results to four significant digits, or possibly fewer leaving out trailing zeros. We do
this to maintain consistency with the most common level of precision that WeBWorK uses to assess
decimal answers. We round, not truncate. And we use the = symbol. For example © =~ 3.142 and
Portland’s population is ~ 609500.

We offer alternative video lessons associated with each section, found in most sections in the eBook.
We hope these videos provide readers with an alternative to whatever is in the reading, but there may
be discrpancies here and there between the video content and reading content.

We believe in always trying to open a topic with some level of application rather than abstract exam-
ples. From applications and practical questions, we move to motivate more abstract definitions and
notation. This approach is perhaps absent in the first chapter, which is intended to be a review only.
At first this may feel backwards to some instructors, with some “easier” examples (with no context)
appearing after “more difficult” contextual examples.

Linear inequalities are not strictly separated from linear equations. The section that teaches how to
solve 2x + 3 = 8 is immediately followed by the section teaching how to solve 2x + 3 < 8.

Our aim is to not treat inequalities as an add-on optional topic, but rather to show how intimately
related they are to corresponding equations.

When issues of “proper formatting” of student work arise, we value that the reader understand why
such things help the reader to communicate outwardly. We believe that mathematics is about more
than understanding a topic, but also about understanding it well enough to communicate results to
others.

For example we promote progression of equations like
1+1+1=2+1
=3

instead of
1+1+1=2+1=3.

And we want students to understand that the former method makes their work easier for a reader to
read. It is not simply a matter of “this is the standard and this is how it’s done.”
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When solving equations (or systems of linear equations), most examples should come with a check,
intended to communicate to students that checking is part of the process. In , these checks
will be complete simplifications using order of operations one step at a time. The later sections will
often have more summary checks where either order of operations steps are skipped in groups, or we
promote entering expressions into a calculator. Occasionally in later sections the checks will still have
finer details, especially when there are issues like with negative numbers squared.

Within a section, any first example of solving some equation (or system) should summarize with some
variant of both “the solution is...” and “the solution setis....” Later examples can mix it up, but always
offer at least one of these.

There is a section on very basic arithmetic (five operations on natural numbers) in an appendix, not
in the first chapter. This appendix is only available in the eBook.

With applications of linear equations (as opposed to linear systems), we limit applications to situations
where the setup will be in the form x + f(x) = C and also certain rate problems where the setup will
be in the form 5¢ + 4t = C. There are other classes of application problem (mixing problems, interest
problems, ...) which can be handled with a system of two equations, and we reserve these until linear
systems are covered.

With simplifications of rational expressions in one variable, we always include domain restrictions that

are lost in the simplification. For example, we would write % = x, for x # —1. With multivariable

rational expressions, we are content to ignore domain restrictions lost during simplification.



Entering WeBWorK Answers

This preface offers some guidance with syntax for WeBWorK answers. WeBWorK answer blanks appear
in the active reading examples (called “checkpoints”) in the HTMmL version of the book. If you are using
WeBWorK for online homework, then you will also enter answers into WeBWorK answer blanks there.

Basic Arithemtic The five basic arithmetic operations are: addition, subtraction, multiplication, and rais-
ing to a power. The symbols for addition and subtraction are + and —, and both of these are directly avialable
on most keyboards as + and -.

On paper, multiplication is sometimes written using X and sometimes written using - (a centered dot). Since
these symbols are not available on most keyboards, WeBWorK uses * instead, which is often shift-8 on a
full keyboard.

On paper, division is sometimes written using +, sometimes written using a fraction layout like 3, and
sometimes written just using a slash, /. The slash is available on most full keyboards, near the question
mark. WeBWorK uses / to indicate division.

On paper, raising to a power is written using a two-dimensional layout like 42. Since we don’t have a way
to directly type that with a simple keyboard, calculators and computers use the caret character, *, as in 4*2.
The character is usually shift-6.

Roots and Radicals On paper, a square root is represented with a radical symbol like v/ . Since a keyboard
does not usually have this symbol, WeBWorK and many computer applications use sqrt( ) instead. For

example, to enter \/1_7, type sqrt(17).

Higher-index radicals are written on paper like ¥12. Again we have no direct way to write this using most
keyboards. In some WeBWorK problems it is possible to type something like root (4, 12) for the fourth root
of twelve. However this is not enabled for all WeBWorK problems.

As an alternative that you may learn about in a later chapter, ¥12 is mathematically equal to 121/4, so it can
be typed as 12*(1/4). Take note of the parentheses, which very much matter.

Common Hiccups with Grouping Symbols Suppose you wanted to enter L. You might type x+1/2, but

this is not right. The computer will use the order of operations (see ) and do your division first,
dividing 1 by 2. So the computer will see x + 3. To address this, you would need to use grouping symbols
like parentheses, and type something like (x+1)/2.

Suppose you wanted to enter 6!/4, and you typed 6*1/4. This is not right. The order of operations places
a higher priority on exponentiation than division, so it calculates 6! first and then divides the result by 4.
That is simply not the same as raising 6 to the { power. Again the way to address this is to use grouping
symbols, like 6*(1/4).

Entering Decimal Answers Often you will find a decimal answer with decimal places that go on and on.
You are allowed to round, but not by too much. WeBWorK generally looks at how many significant digits
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you use, and generally expects you to use four or more correct significant digits.

“Significant digits” and “places past the decimal” are not the same thing. To count significant digits, read
the number left to right and look for the first nonzero digit. Then count all the digits to the right including
that first one.

The number 102.3 has four significant digits, but only one place past the decimal. This number could be a
correct answer to a WeBWorK question. The number 0.0003 has one significant digit and four places past
the decimal. This number might cause you trouble if you enter it, because maybe the “real” answer was
0.0003091, and rounding to 0.0003 was too much rounding.

Special Symbols There are a handful of special symbols that are easy to write on paper, but it’s not clear
how to type them. Here are WeBWorK’s expectations.

Symbol Name How to Type

00 infinity infinity or inf

T pi pi

U union u

R the real numbers R

| such that | (shift-\, where \ is above the enter key)
< less than or equal to <=

> greater than or equal to  >=

* not equal to 1=
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cunerse 1

Basic Math Review

This chapter is mostly intended to review topics from a basic math course, especially Bections 1.1-1.4. These
topics are covered differently than they would be covered for a student seeing them for the first time.

1.1 Arithmetic with Negative Numbers

Adding, subtracting, multiplying, dividing, and raising to powers each have peculiarities when using neg-
ative numbers. This section reviews arithmetic with signed (both positive and negative) numbers.

1.1.1 Signed Numbers

Is it valid to subtract a large number from a smaller one? It may be hard to imagine what it would mean
physically to subtract 8 cars from your garage if you only have 1 car in there in the first place. Nevertheless,
mathematics has found a way to give meaning to expressions like 1 — 8 using signed numbers.

In daily life, the sighed numbers we might see most often are temperatures. Most people on Earth use the
Celsius scale; if you're not familiar with the Celsius temperature scale, think about these examples:

Cold winter night Cool autumn day
Average temperature at Water freezes Human body
North Pole in winter ‘ temperature

G HHHHEHHHHEH HHHHHG HHHHHHHHHHHH R HHHHH——
-50 —40 -30 —20 -10 0 10 20 30 40 50 °C

Figure 1.1.2: Number line with interesting Celsius temperatures

uses a number line to illustrate these positive and negative numbers. A number line is a useful
device for visualizing how numbers relate to each other and combine with each other. Values to the right
of 0 are called positive numbers and values to the left of 0 are called negative numbers.

Warning 1.1.3 Subtraction Sign versus Negative Sign. Unfortunately, the symbol we use for subtraction
looks just like the symbol we use for marking a negative number. It will help to identify when a “minus”
sign means “subtract” or means “negative.” The key is to see if there is a number to its left, not counting
anything farther left than an open parenthesis. Here are some examples.

* —13 has one negative sign and no subtraction sign.
® 20 — 13 has no negative signs and one subtraction sign.
* —20 - 13 has a negative sign and then a subtraction sign.

® (—20)(—13) has two negative signs and no subtraction sign.
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Checkpoint 1.1.4. Identify “minus” signs.

In each expression, how many negative signs and subtraction signs are there?

a. 1-9

has ‘ negative signs and ‘ subtraction signs.
b. —12 + (-50)

has ‘ negative signs and ‘ subtraction signs.
c -13 - (-15)-17

23 -4
has ‘ negative signs and ‘ subtraction signs.
Explanation.

a. 1 -9 has zero negative signs and one subtraction sign.

b. —12 + (—50) has two negative signs and zero subtraction signs.

~13 - (-15) - 17
23-4

has two negative signs and three subtraction signs.

1.1.2 Adding

An easy way to think about adding two numbers with the same sign is to simply (at first) ignore the signs,
and add the numbers as if they were both positive. Then make sure your result is either positive or negative,
depending on what the sign was of the two numbers you started with.

Example 1.1.5 Add Two Negative Numbers. If you needed to add —18 and -7, note that both are neg-
ative. Maybe you have this expression in front of you:

-18+-7
but that “plus minus” is awkward, and in this book you are more likely to have this expression:
=18+ (-7)

with extra parentheses. (How many subtraction signs do you see? How many negative signs?)

Since both our terms are negative, we can add 18 and 7 to get 25 and immediately realize that our final
result should be negative. So our result is —25:

~18+(-7) = 25

This approach works because adding numbers is like having two people tugging on a rope in one direction
or the other, with strength indicated by each number. In we have two people pulling to the

left, one with strength 18, the other with strength 7. Their forces combine to pull left with strength 25, giving
us our total of —25, as illustrated in .

If we are adding two numbers that have opposite signs, then the two people tugging the rope are opposing
each other. If either of them is using more strength, then the overall effect will be a net pull in that person’s
direction. And the overall pull on the rope will be the difference of the two strengths. This is illustrated in
Figure 1.1.7
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-25 -3
P
-18 -15
€-=== e
-7 12
€---- - - — - — - - €-FE========
Suriya Kate Suriya Kate
—H—— > — e+ttt
-3 -25 -20 -15 -10 -5 0 5 10 =20 -15 -10 -5 0 5 10 15 20
Figure 1.1.6: Working together Figure 1.1.7: Working in opposition

Example 1.1.8 Adding One Number of Each Sign. Here are four examples of addition where one num-
ber is positive and the other is negative.

a. —15+12

We have one number of each sign, with sizes 15 and 12. Their difference is 3. But of the two
numbers, the negative number dominated. So the result from adding these is —3.

b. 200 + (~100)

We have one number of each sign, with sizes 200 and 100. Their difference is 100. But of the two
numbers, the positive number dominated. So the result from adding these is 100.

c. 12.8 + (=20)

We have one number of each sign, with sizes 12.8 and 20. Their difference is 7.2. But of the two
numbers, the negative number dominated. So the result from adding these is —7.2.

d. -87.3+87.3

We have one number of each sign, both with size 87.3. The opposing forces cancel each other,
leaving a result of 0.

Checkpoint 1.1.9. Take a moment to practice adding when at least one negative number is involved.
The expectation is that readers can make these calculations here without a calculator.

a. Add -1+09. d. Find the sum —-2.1 + (-2.1).
b. Add -12 + (-98). e. Find the sum —34.67 + 81.53.
c. Add 100 + (-123).

Explanation.

a. The two numbers have opposite sign, so we can think to subtract 9 — 1 = 8. Of the two numbers we
added, the positive is larger, so we stick with postive 8 as the answer.

b. The two numbers are both negative, so we can add 12 + 98 = 110, and take the negative of that as the
answer: —110.

c. The two numbers have opposite sign, so we can think to subtract 123 — 100 = 23. Of the two numbers
we added, the negative is larger, so we take the negative of 23 as the answer. That is, the answer is
-23.

d. The two numbers are both negative, so we can add 2.1 + 2.1 = 4.2, and take the negative of that as the
answer: —4.2.

e. The two numbers have opposite sign, so we can think to subtract 81.53 — 34.67 = 46.86. Of the two
numbers we added, the positive is larger, so we stick with postive 46.86 as the answer.
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1.1.3 Subtracting
Perhaps you can handle a subtraction such as 18 — 5, where a small positive number is subtracted from a
larger number. There are other instances of subtraction that might leave you scratching your head. In such

situations, we recommend that you view each subtraction as adding the opposite number.

‘ Original ‘ Adding the Opposite

Subtracting a larger positive number: | 12 —-30 12 + (-30)
Subtracting from a negative number: | —-8.1 —17 -8.1+(-17)
Subtracting a negative number: 42 — (-23) 42 +23

The benefit is that perhaps you already mastered addition with positive and negative numbers, and this
strategy that you convert subtraction to addition means you don’t have all that much more to learn. These
examples might be computed as follows:

12 - 30 = 12 + (=30) —81-17=-8.1+(-17) 42 - (-23) =42 +23
=-18 =-251 =65

Checkpoint1.1.10. Take a moment to practice subtracting when at least one negative number is involved.
P p g g
The expectation is that readers can make these calculations here without a calculator.

a. Subtract —1 from 9. d. Find the difference —5.9 — (-3.1).
b. Subtract 32 — 50. e. Find the difference —12.04 — 17.2.
c. Subtract 108 — (—108).

Explanation.
a. After writing this as 9 — (1), we can rewrite it as 9 + 1 and get 10.

b. Subtrcting in the oppsite order with the larger number first, 50 — 32 = 18. But since we were asked to
subtract the larger number from the smaller number, the answer is —18.

c. After writing this as 108 — (—108), we can rewrite it as 108 + 108 and get 216.

d. After writing this as —5.9 — (—3.1), we can rewrite it as —5.9 + 3.1. Now it is the sum of two numbers of
opposite sign, so we can subtract 5.9 — 3.1 to get 2.8. But we were adding numbers where the negative
number was larger, so the final answer should be —2.8.

e. Since we are subtracting a positive number from a negative number, the result should be an even more
negative number. We can add 12.04 + 17.2 to get 29.24, but our final answer should be the opposite,
—-29.24.

1.1.4 Multiplying

Making sense of multiplication of negative numbers isn't quite so straightforward, but it’s possible. Should
the product of 3 and -7 be a positive number or a negative number? Remembering that we can view mul-
tiplication as repeated addition, we can see this result on a number line:
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adding -7 three times

FAVA VAN

-20 -10 0 10 20

Figure 1.1.11: Viewing 3 - (—7) as repeated addition

illustrates that 3 - (=7) = —21, and so it would seem that a positive number times a negative
number will always give a negative result. (Note that it would not change things if the negative number
came first in the product, since the order of multiplication doesn't affect the result.)

What about the product —3 - (-7), where both factors are negative? Should the product be positive or
negative? If 3 - (=7) can be seen as adding —7 three times as in Figure 1.1.17, then it isn't too crazy to
interpret —3 - (=7) as subtracting —7 three times, as in Figure 1.1.12.

subtracting —7 three times

/\/\/\
- :

=20 -10 0 10 20

Figure 1.1.12: Viewing —3 - (-7) as repeated subtraction

This illustrates that =3 - (=7) = 21, and it would seem that a negative number times a negative number
always gives a positive result.

Positive and negative numbers are not the whole story. The number 0 is neither positive nor negative. What
happens with multiplication by 0? You can choose to view 7 - 0 as adding the number 0 seven times. And
you can choose to view 0 -7 as adding the number 7 zero times. Either way, you really added nothing at all,
which is the same as adding 0.

Fact 1.1.13 Multiplication by 0. Multiplying any number by O results in 0.

Checkpoint 1.1.14. Here are some practice exercises with multiplication and signed numbers. The ex-
pectation is that readers can make these calculations here without a calculator.

a. Multiply —13 - 2. c. Compute —12(-7).
b. Find the product of 30 and —50. d. Find the product —285(0).
Explanation.

a. Since 13 - 2 = 26, and we are multiplying numbers of opposite signs, the answer is negative: —26.
b. Since 30-50 = 1500, and we are multiplying numbers of opposite signs, the answer is negative: —1500.
c. Since 12 - 7 = 84, and we are multiplying numbers of the same sign, the answer is positive: 84.

d. Any number multiplied by 0 is 0.
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1.1.5 Powers

For early sections of this book the only exponents you will see will be the natural numbers: {1,2,3,...}.
But negative numbers can and will arise as the base of a power.

An exponent is a shorthand for how many times to multiply by the base. For example,

5 instances

(=2)° means (=2) - (=2) - (-2) - (-2) - (-2)

Will the result here be positive or negative? Since we can view (—2)° as repeated multiplication, and we
now understand that multiplying two negatives gives a positive result, this expression can be thought of
this way:
(=2)-(=2)-(=2) - (=2)(-2)
S—— ———
positive positive

positive

and that lone last negative number will be responsible for making the final product negative.

More generally, if the base of a power is negative, then whether or not the result is positive or negative
depends on if the exponent is even or odd. It depends on whether or not the factors can all be paired up to
“cancel” negative signs, or if there will be a lone factor left by itself.

Once you understand whether the result is positive or negative, for a moment you may forget about signs.
Continuing the example, you may calculate that 2° = 32, and then since we know (—2)° is negative, you can
report

(-2)° =-32

Warning 1.1.15 Negative Signs and Exponents. Expressions like —3* may not mean what you think they
mean. What base do you see here? The correct answer is 3. The exponent 4 only applies to the 3, not to —3.
So this expression, -3% is actually the same as —(34), which is —81. Be careful not to treat —3* as having
base —3. That would make it equivalent to (—3)*, which is positive 81.

Checkpoint 1.1.16. Here is some practice with natural exponents on negative bases. The expectation is
P p P 8 p
that readers can make these calculations here without a calculator.

a. Compute (—8)>. c. Find (-3)3.
b. Calculate the power (—1)%%. d. Calculate 5.
Explanation.

a. Since 8 is 64 and we are raising a negative number to an even power, the answer is positive: 64.

b. Since 1293

is 1 and we are raising a negative number to an odd power, the answer is negative: —1.
c. Since 3? is 27 and we are raising a negative number to an odd power, the answer is negative: —27.

d. Careful: here we are raising positive 5 to the second power to get 25 and then negating the result: —25.
Since we don’t see “(—5)2,” the answer is not positive 25.
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1.1.6 Summary

Addition Add two negative numbers: add their positive counterparts and make the result negative.

Add a positive with a negative: find their difference using subtraction, and keep the sign of the dom-
inant number.

Subtraction Any subtraction can be converted to addition of the opposite number. For all but the most
basic subtractions, this is a useful strategy.

Multiplication Multiply two negative numbers: multiply their positive counterparts and make the result
positive.

Multiply a positive with a negative: multiply their positive counterparts and make the result negative.
Multiply any number by 0: the result will be 0.

Division (not discussed in this section) Division by some number is the same as multiplication by its re-
ciprocal. So the multiplication rules can be adopted.

Division of 0 by any nonzero number always results in 0.
Division of any number by 0 is always undefined.
Powers Raise a negative number to an even power: raise the positive counterpart to that power.

Raise a negative number to an odd power: raise the positive counterpart to that power, then make the
result negative.

Expressions like —2* mean —(2%), not (-2)*.

Exercises
Add the following.
N e O N
b, 64 (_7) = b'
¢ -1+(=7)= C'
e M
T | b
C 7+ (=7) = ‘ |

7. a 8. a
b. b.
c. 64+ (-27) = c. 62+ (-72) =
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Subtract the following.
9.

12.

Perform the given addition and subtraction.

15. a. —15-10+(-9) =| | 16. a. —13-7+(=5)=| |
b. 4—(-15) + (-12) = \ \ b. 1-(-15)+(-17) = \ ‘
17. a. -12-3+(-1) =| | 18. a. —11-10+(-7) =| |
b. 8- (~15) + (~12) =| | b. 5-(~16) +(~17) =| |

Multiply the following.

19. a (<8)-(<2) = |20 a (-10)-(-3) =] oo

O | P | s )

(-3)-(-4)-(-3) =| |
|

jo9)

¢ 7-(-2)= | c. 7-(-6) = | . (-84)(-52)-0=]__|
fmod Cmod

2. a (-3)-(-5-(-5= | 2. a (02D =| | 24 a (2333 = |

b. (-3)-3))(-1) =] | b, (~1)(=1)(-1)-3)=| |

c. (=83)-(=70)-0 :‘ ................... ‘



Evaluate the following.

25.

27.

29.

31.

33.

35.

a._—5

._—6—

-30

3 _|

26.

28.

30.

32.

34.

36.

1.1 Arithmetic with Negative Numbers
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Simplify without using a calculator.

37.

40.

43.

46.

49.

51.

o3 (217) :‘ ................................... ‘ .
caamo | ‘ L 12479 :‘ ..........
es2-(-83)= | 4 -221-(-89)<]
ot | a7 184sa1-

It’s given that 32 - 39 = 1248. Use this factto  50.

calculate the following without using a calcu-
lator:

3.2(-0.039) = \

It’s given that 55 - 24 = 1320. Use this fact to
calculate the following without using a calcu-
lator:

(~5.5)(~0.024) = |

Applications

10

53.

Consider the following situation in which you
borrow money from your cousin:

® On June 1st, you borrowed 1400 dollars
from your cousin.

* On July 1st, you borrowed 460 more dol-
lars from your cousin.

® On August 1st, you paid back 690 dollars
to your cousin.

* On September 1st, you borrowed another
960 dollars from your cousin.

How much money do you owe your cousin
now?

52.

54.

39.

48. -25+8.11 =

It’s given that 48 - 76 = 3648. Use this fact to
calculate the following without using a calcu-
lator:

48(-7.6) =|

It’s given that 62 - 51 = 3162. Use this fact to
calculate the following without using a calcu-
lator:

(-6.2)(=5.1) =|

Consider the following scenario in which you
study your bank account.

* OnJan. 1, you had a balance of —450 dol-
lars in your bank account.

¢ On Jan. 2, your bank charged 40 dollar
overdraft fee.

* On Jan. 3, you deposited 870 dollars.
* OnJan. 10, you withdrew 650 dollars.

What is your balance on Jan. 11?
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55. A mountain is 1100 feet above sea level. A  56. A mountain is 1200 feet above sea level. A

trench is 360 feet below sea level. What is the trench is 420 feet below sea level. What is the
difference in elevation between the mountain difference in elevation between the mountain
top and the bottom of the trench? top and the bottom of the trench?

Challenge

57. Select the correct word to make each statement true.

a. A positive number minus a positive number is (O sometimes 0O always O never) nega-
tive.

b. Anegative number plus a negative numberis (Osometimes DOalways Onever) negative.

c. A positive number minus a negative number is (O sometimes 0O always 0O never) posi-
tive.

d. A negative number multiplied by a negative number is (O sometimes 0O always O never)
negative.

11
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1.2 Fractions and Fraction Arithmetic

The word “fraction” comes from the Latin word fractio, which means “break into pieces.” For thousands of
years, cultures from all over the world have used fractions to understand parts of a whole.

1.2.1 Visualizing Fractions

Parts of a Whole One approach to understanding fractions is to think of them as parts of a whole.

In , we see 1 whole divided into 7 parts. 1 one whole

Since 3 parts are shaded, we have an illustration
of the fraction % The denominator 7 tells us how
many parts to cut up the whole; since we have 7
parts, they’re called “sevenths.” The numerator 3
tells us how many sevenths to consider.

N
Nl
Ni=

three sevenths

Figure 1.2.2: Representing 2 as parts of a whole.

Checkpoint 1.2.3 A Fraction as Parts of a Whole. To visualize the fraction é—‘é, you might cut a rectangle
into ‘ ‘ equal parts, and then count up ‘ of them.

Explanation. You could cut a rectangle into 35 equal pieces, and then 14 of them would represent 3.

We can also locate fractions on number lines. /\/\/\

When ticks are equally spread apart, as in 0 3 1

, each tick represents a fraction.

Figure 1.2.4: Representing % on a number line.

Checkpoint 1.2.5 A Fraction on a Number Line. In the given number line, what fraction is marked?

-1 0 1

Explanation. There are 8 subdivisions between 0 and 1, and the mark is at the fifth subdivision. So the
mark is 3 of the way from 0 to 1 and therefore represents the fraction 3.

Division Fractions can also be understood through division.

. . . 3 divided by
For example, we can view the fraction 2 as 3 di- divided by 7

vided into 7 equal parts, as in . Just , | l , ,

one of those parts represents 3. -1 0o 3 1 2 3 4

Figure 1.2.6: Representing % on a number line.

12
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Checkpoint 1.2.7 Seeing a Fraction as Division Arithmetic. The fraction % can be thought of as divid-

ing the whole number ‘ into ‘ equal-sized parts.

Explanation. Since Z means the same as 21 + 40, it can be thought of as dividing 21 into 40 equal parts.

1.2.2 Equivalent Fractions

It's common to have two fractions that represent the same amount. Consider £ and {; represented in various
ways in [Figures 1.2.8—1.2.1d.

2 divided by 5

L : 0z 1 2 3 4 5 6
5 5 /\/\ 5
0 2 1
° 6 divided by 15
11 NV L —
15|15(15(15(15(15 : 06 1 2 3 4 5 6
0 & 1 15
Figure 1.2.8: 2 and {; as equal Figure 1.2.9: 2 and {; as equal Figure 1.2.10: £ and % as equal
parts of a whole on a number line results from division

Those two fractions, 2 and & are equal, as those figures demonstrate. Also, because they each equal 0.4

as a decimal. If we must work with this number, the fraction that uses smaller numbers, %, is preferable.
Working with smaller numbers decreases the likelihood of making a human arithmetic error. And it also

increases the chances that you might make useful observations about the nature of that number.

So if you are handed a fraction like %, it is important to try to reduce
it to “lowest terms.” The most important skill you can have to help -

(o)}
N
w

you do this is to know the multiplication table well. If you know it 15 35
well, you know that 6 = 2 -3 and 15 = 3 - 5, so you can break down _ 2_3
the numerator and denominator that way. Both the numerator and 35
denominator are divisible by 3, so they can be “factored out” and then _2-1
as factors, cancel out. 1.5
2
5

Checkpoint 1.2.11. Reduce these fractions into lowest terms.

a & = b i = C @ =
T 42 30 90
Explanation.
a. With 33, we have £%, which reduces to . c. With 23, we have 213, which reduces to .

b. With 3%, we have %, which reduces to 14—5.

Sometimes it is useful to do the opposite of reducing a fraction, and build up the fraction to use larger
numbers.

13
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®e Checkpoint 1.2.12. Sayid scored 5z on a recent exam. Build up this fraction so that the denominator is
B3 Checkpoint 1.2.12. Sayid d t Build up this fracti that the d inator i
100, so that Sayid can understand what percent score he earned.

Explanation. To change the denominator from 25 to 100, it needs to be multiplied by 4. So we calculate

21 21-4
25 254
84
100

So the fraction 31 is equivalent to 3. (This means Sayid scored an 84%.)

1.2.3 Multiplying with Fractions

Example 1.2.13 Suppose a recipe calls for 3 cup of milk, but we’d like to quadruple the recipe (make
it four times as big). We'll need four times as much milk, and one way to measure this out is to fill a
measuring cup to % full, four times:

When you count up the shaded thirds, there are eight of them. So multiplying 3 by the whole number
4, the result is §. Mathematically:

Fact 1.2.14 Multiplying a Fraction and a Whole Number. When you multiply a whole number by a fraction,
you may just multiply the whole number by the numerator and leave the denominator alone. In other words, as long
as d is not 0, then a whole number and a fraction multiply this way:

14

Example 1.2.15 We could also use multiplication to decrease amounts. Suppose we needed to cut the
recipe down to just one fifth. Instead of four of the % cup milk, we need one fifth of the % cup milk. So
instead of multiplying by 4, we multiply by £. But how much is £ of 2 cup?

If we cut the measuring cup into five equal vertical strips along with the three
equal horizontal strips, then in total there are 3 - 5 = 15 subdivisions of the cup.
Two of those sections represent £ of the 3 cup.
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In the end, we have % of a cup. The denominator 15 came from

multiplying 5 and 3, the denominators of the fractions we had to 12 1.2

multiply. The numerator 2 came from multiplying 1 and 2, the nu- 53 -3

merators of the fractions we had to multiply. _2
15

Fact 1.2.16 Multiplication with Fractions. As long as b and d are not 0, then fractions multiply this way:

a-c

a.c
b d

Sy
U

Checkpoint 1.2.17. Simplify these fraction products.

1 10 _‘ ‘ 14 2 _‘ ‘
3.5'7— C_—g.g_
b %.gz\ | d.g.%%z‘ |
Explanation.

a. Multiplying numerators gives 10, and multiplying denominators gives 21. The answer is 37

b. Before we multiply fractions, note that 42 reduces to 4, and % reduces to 5. So we just have 4 - 5 = 20.

. . . . . . . . 28
c. Multiplying numerators gives 28, and multiplying denominators gives 15. The answer is 2.

d. Before we multiply fractions, note that 2 reduces to =2. So we have 2¢ - 2. Both the numerator of

the first fraction and denominator of the second fraction are divisible by 5, so it helps to reduce both
fractions accordingly and get 12 - 2. Both the denominator of the first fraction and numerator of the
second fraction are divisible by 3, so it helps to reduce both fractions accordingly and get % - 3. Now

we are just multiplying & by -1, so the result is =*.

1.2.4 Division with Fractions

How does division with fractions work? Are we able to compute/simplify each of these examples?

-2 18 . 4.8 2
a.3+35 b. 15 = c 3 +3 d =
2

We know that when we divide something by 2, this is the same as multiplying it by 3. Conversely, dividing
a number or expression by 1 is the same as multiplying by 2, or just 2. The more general property is that
when we divide a number or expression by £, this is equivalent to multiplying by the reciprocal .

Fact 1.2.18 Division with Fractions. Aslong as b, c and d are not 0, then division with fractions works this way:

SRR

a.
b

S
Ul

15
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Example 1.2.19 With our examples from the beginning of this subsection:
2 7 14 8 14 9
a 37;—3 > C. 3" 9— 33
_3.7 a3
12 18
21 7 3
S 2 1 4
2
b 18,5 185 ,
977191 4 5-2.5
_181 57572
19 5 2 2
-0 55
95 4
" 25

Checkpoint 1.2.20. Simplify these fraction division expressions.

a. %+$=_ b. %+5= c. —14+%=‘ . §+_1—210= ‘

Explanation.
1.10 1 7 3. 1 2
3777310 R I T
-7 __11
~ 30 73
1
T2
12 12 1
b-5+37% 5 n.10_ 70020
12 9 " -20 9 11
T 25 _1400
99

1.2.5 Adding and Subtracting Fractions

With whole numbers and integers, operations of addition and subtraction are relatively straightforward.
The situation is almost as straightforward with fractions if the two fractions have the same denominator. Con-

sider 7 3
> + > = 7 halves + 3 halves

In the same way that 7 tacos and 3 tacos make 10 tacos, we have:

7 halves + 3halves = 10 halves

7 3 _ 10
7 + 2 = 2
= 5

16
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Fact 1.2.21 Adding/Subtracting with Fractions Having the Same Denominator. To add or subtract two frac-
tions having the same denominator, keep that denominator, and add or subtract the numerators.

a c a+c a c a—=c

bh T b b b b

If it’s possible, useful, or required of you, simplify the result by reducing to lowest terms.

Checkpoint 1.2.22. Add or subtract these fractions.

a. +

wlz

=| | b,

—
o5
I
ol
1]

W=

Explanation.

11

a. Since the denominators are both 3, we can add the numerators: 1+ 10 = 11. The answer is 7.

b. Since the denominators are both 6, we can subtract the numerators: 13 — 5 = 8. The answer is %, but

that reduces to %.

Whenever we’d like to combine fractional amounts that don’t represent the same number of parts of a whole
(that is, when the denominators are different), finding sums and differences is more complicated.

Example 1.2.23 Quarters and Dimes. Find the sum 3 + %. Does this seem intimidating? Consider this:
. % of a dollar is a quarter, and so % of a dollar is 75 cents.
U 11—0 of a dollar is a dime, and so % of a dollar is 20 cents.

So if you know what to look for, the expression 3 + & is like adding 75 cents and 20 cents, which gives
you 95 cents. As a fraction of one dollar, that is £55. So we can report

3,.2_9%
4 10 100

(Although we should probably reduce that last fraction to 32.

This example was not something you can apply to other fraction addition situations, because the denom-
inators here worked especially well with money amounts. But there is something we can learn here. The
fraction 2 was equivalent to %, and the other fraction 1% was equivalent to %. These equivalent fractions

have the same denominator and are therefore “easy” to add. What we saw happen was:

3 2 75 20

17107 100 " 100
%
100

This realization gives us a strategy for adding (or subtracting) fractions.

Fact 1.2.24 Adding/Subtracting Fractions with Different Denominators. To add (or subtract) generic fractions
together, use their denominators to find a common denominator. This means some whole number that is a whole
multiple of both of the original denominators. Then rewrite the two fractions as equivalent fractions that use this
common denominator. Write the result keeping that denominator and adding (or subtracting) the numerators. Reduce
the fraction if that is useful or required.

17
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Example 1.2.25 Let’s add % + % The denominators are 3 and 5, so the number 15 would be a good
common denominator.
2,225,233
3 5 3-5 -3
_0.6
15 15
16
15

Checkpoint 1.2.26. A chef had % cups of flour and needed to use % cup to thicken a sauce. How much

flour is left? ‘

Explanation. We need to compute 2 — 1. The denominators are 3 and 8. One common denominator is 24,

so we move to rewrite each fraction using 24 as the denominator:

2 1 _2-8 1-3
38 38 83
16 3
24 24
13
24

The numerical result is 12, but a pure number does not answer this question. The amount of flour remaining

(o 13
is 57 cups.

1.2.6 Mixed Numbers and Improper Fractions

A simple recipe for bread contains only a few ingredients:

11/  tablespoons yeast
112 tablespoons kosher salt
612 cups unbleached, all-purpose flour (more for dusting)

Each ingredient is listed as a mixed number that quickly communicates how many whole amounts and
how many parts are needed. It’s useful for quickly communicating a practical amount of something you are
cooking with, measuring on a ruler, purchasing at the grocery store, etc. But it causes trouble in an algebra
class. The number 11/2 means “one and one half.” So really,

The trouble is that with 11/2, you have two numbers written right next to each other. Normally with two
math expressions written right next to each other, they should be multiplied, not added. But with a mixed
number, they should be added.

18
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Fortunately we just reviewed how to add fractions. If we need to do

any arithmetic with a mixed number like 11/2, we can treat itas 1 + %
and simplify to get a “nice” fraction instead: 3. A fraction like 3 is
called an improper fraction because it’s actually larger than 1. And
a “proper” fraction would be something small that is only part of a

whole instead of more than a whole.

Exercises

Review and Warmup

1. Which letter is —24—9 on the number line?

(mA oB oC oD

3. The dot in the graph can be represented by
what fraction?

»

5. The dot in the graph can be represented by
what fraction?

»

Reducing Fractions

7
7. Reduce the fraction 70"

2
10. Reduce the fraction %

14
8. Reduce the fraction @

1
11. Reduce the fraction 7100

—_
N =
I
+

N = N = NITE

+

+

NIWNIN R —= =

2. Which letter is % on the number line?

(oA oB oC oD

4. The dot in the graph can be represented by
what fraction?

»

-1 0

6. The dot in the graph can be represented by
what fraction?

[

g g

1
9. Reduce the fraction %

42
12. Reduce the fraction <

19
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Building Fractions

13. Find an equivalent fraction to 2 with denom-  14. Find an equivalent fraction to 2 with denom-

inator 35. inator 14.

15. Find an equivalent fraction to {5 with denom- ~ 16. Find an equivalent fraction to 3 with denom-

inator 68. inator 38.

Multiplying/Dividing Fractions

... 13 ... 33
17. Multiply: 73 18. Multiply: 73
.7 3 1, 3
20. Multiply: 1 1 21. Multiply: 3 0
, 20 7 .18 13
23. Multiply: AT 24. Multiply: 53
o 1 ... 7 5 6
26. Multiply: 6 ( 3) 27. Multiply: 119 75
. 14 1 72
29. Multiply: 31 15 30. Multiply: 519 15
32. Divide: % + Z 33. Divide: % + (—Z)
. 3 o 3
35. Divide: -5 =+ (-15) 36. Divide: 3 +(-9)
Divide: 4 + 2 ltiply: 38 - 24
38. Divide: 4 + 3 39. Multiply: 35 - 2;
Adding/Subtracting Fractions
2 1 1 1

20

19.

22.

25.

28.

31.

34.

37.

40.

43.

1
Multiply: % . ZS

4
Multiply: 6 - H

Multiply: 28 - (—;)

Multiply: g ‘ % : Z

Divide:

N W
1N

U S e
Divide: 20" ( 12)

Divide: 20 - g

Multiply: 1% )

=W

5 11
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44. Add: % + % 45. Add: % + % 46. Add: g + %

47. Add: ; + % 48. Add: g + ; 49. Add: % + 11—0

50. Add: 13—0 + % 51. Add: g + l% 52. Add: g + %

53. Add: —% + g 54. Add: —é + % 55. Add: —; + %
56. Add: —g + 524 57. Add: —é + ; 58. Add: —% + %

59. Add: 2+ g 60. Add: 4+ ; 61. Add: % + é + %
62. Add:%+%+% 63. Add:§+%+% 64. Add:%+%+g
65. Subtract: g - 24—1 66. Subtract: g—i - ;—i 67. Subtract: ; - 2—;
68. Subtract: g - i—; 69. Subtract: 11_8 - g 70. Subtract: % - g
71. Subtract: —% - % 72. Subtract: —g - % 73. Subtract: —13—0 - (—g)
74. Subtract: —2 - (—%) 75. Subtract: —4 — g 76. Subtract: 1 — %

Applications

77. Michele walked % of a mile in the morning, and then walked % of a mile in the afternoon. How far
did Michele walk altogether?

Michele walked a total of of a mile.
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78. Kurt walked ﬁ of a mile in the morning, and then walked % of a mile in the afternoon. How far did
Kurt walk altogether?

Kurt walked a total of of a mile.

79. Penelope and Kenji are sharing a pizza. Penelope ate 75 of the pizza, and Kenji ate 2 of the pizza.
How much of the pizza was eaten in total?

They ate of the pizza.

80. The pie chart represents a school’s student population.

School Fopulation Breakdown by Race

White

Elack

othets

Hizpanic

Together, white and black students make up of the school’s population.

81. A trail’s total length is 22 of a mile. It has two legs. The first leg is 4 of a mile long. How long is the
second leg?

The second leg is of a mile in length.

82. A trail’s total length is 2 of a mile. It has two legs. The first leg is § of a mile long. How long is the
second leg?

The second leg is of a mile in length.
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83. Jessica is participating in a running event. In the first hour, she completed 75 of the total distance.
After another hour, in total she had completed 2 of the total distance.

What fraction of the total distance did Jessica complete during the second hour?

Jessica completed ‘ ‘ of the distance during the second hour.

84. Each page of a book is 63 inches in height, and consists of a header (a top margin), a footer (a bottom
margin), and the middle part (the body). The header is 2 of an inch thick and the middle part is 53
inches from top to bottom.

What is the thickness of the footer?

The footer is ‘ ‘ of an inch thick.

85. The pie chart represents a school’s student population.

School Population Breakdown by Race
White

Hizpanic

more of the school is white students than black students.

86. Jessica and Carly are sharing a pizza. Jessica ate 2 of the pizza, and Carly ate  of the pizza. How
much more pizza did Jessica eat than Carly?

Jessica ate more of the pizza than Carly ate.
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87. Kayla and Blake are sharing a pizza. Kayla ate 3 of the pizza, and Blake ate § of the pizza. How
much more pizza did Kayla eat than Blake?

Kayla ate more of the pizza than Blake ate.

88. A school had a fund-raising event. The revenue came from three resources: ticket sales, auction

sales, and donations. Ticket sales account for % of the total revenue; auction sales account for ; of
the total revenue. What fraction of the revenue came from donations?

of the revenue came from donations.

89. A few years back, a car was purchased for $10,800. Today it is worth 1 of its original value. What is
the car’s current value?

The car’s current value is ‘ .

90. A few years back, a car was purchased for $15,000. Today it is worth 1 of its original value. What is
the car’s current value?

The car’s current value is ‘ .

91. Atownhas200residents in total, of which 3 are white/Caucasian Americans. How many white/Caucasian
Americans reside in this town?

There are white/Caucasian Americans residing in this town.

92. A company received a grant, and decided to spend 37 of this grant in research and development

next year. Out of the money set aside for research and development, 2 will be used to buy new
equipment. What fraction of the grant will be used to buy new equipment?

_ of the grant will be used to buy new equipment.

93. A food bank just received 28 kilograms of emergency food. Each family in need is to receive 2
kilograms of food. How many families can be served with the 28 kilograms of food?

families can be served with the 28 kilograms of food.

94. A construction team maintains a 52-mile-long sewage pipe. Each day, the team can cover 3 of a
mile. How many days will it take the team to complete the maintenance of the entire sewage pipe?

It will take the team days to complete maintaining the entire sewage pipe.
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95.

96.

97.

98.

99.

100.

101.

102.

1.2 Fractions and Fraction Arithmetic

A child is stacking up tiles. Each tile’s height is 3 of a centimeter. How many layers of tiles are
needed to reach 15 centimeters in total height?

To reach the total height of 15 centimeters, layers of tiles are needed.

A restaurant made 450 cups of pudding for a festival.

Customers at the festival will be served 75 of a cup of pudding per serving. How many customers
can the restaurant serve at the festival with the 450 cups of pudding?

The restaurant can serve ‘ customers at the festival with the 450 cups of pudding.

A 2 x4 piece of lumber in your garage is 62%—; inches long. A second 2 x4 is 42% inches long. If you
lay them end to end, what will the total length be?

The total length will be ‘ inches.

A 2 x 4 piece of lumber in your garage is 39% inches long. A second 2 x 4 is 31% inches long. If you
lay them end to end, what will the total length be?

The total length will be ‘ inches.

Each page of a book consists of a header, a footer and the middle part. The header is § inches in
height; the footer is % inches in height; and the middle part is 3% inches in height.

What is the total height of each page in this book? Use mixed number in your answer if needed.

Each page in this book is inches in height.

To pave the road on Ellis Street, the crew used 41 tons of cement on the first day, and used 52 tons
on the second day. How many tons of cement were used in all?

tons of cement were used in all.

When driving on a high way, noticed a sign saying exit to Johnstown is 13 miles away, while exit to
Jerrystown is 3% miles away. How far is Johnstown from Jerrystown?

Johnstown and Jerrystown are miles apart.

A cake recipe needs 21 cups of flour. Using this recipe, to bake 9 cakes, how many cups of flour are
needed?

To bake 9 cakes, cups of flour are needed.
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Sketching Fractions

103. Sketch a number line showing each fraction. (Be sure to carefully indicate the correct number of
equal parts of the whole.)

2 6 5 4
@ 3 ®) g © 3 @ -z

104. Sketch a number line showing each fraction. (Be sure to carefully indicate the correct number of
equal parts of the whole.)

(@) % (b) 2 (©) g (d) —g

105. Sketch a picture of the product 2 - 3, using a number line or rectangles.

106. Sketch a picture of the sum % + §, using a number line or rectangles.

Challenge

6 5
107. Given that a # 0, simplify P

7 1
108. Given that a # 0, simplify RS

8

109. Given that a # 0, simplify S ~5
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1.3 Absolute Value and Square Root
1.3 Absolute Value and Square Root

In this section, we will learn the basics of absolute value and square root. These are actions you can do to
a given number, often changing the number into something else.

1.3.1 Introduction to Absolute Value

Definition 1.3.2. The absolute value of a number is the distance between that number and 0 on a number
line. For the absolute value of x, we write |x]|.

Let’s look at |2| and |-2|, the absolute value of 2 and the absolute value of —2.

xance 2 fro
. ~ dist.2 = dist.2 @ .
; . . } . - ;
-3 2 -1 0 1 2 3 X

Figure 1.3.3: |2| and |-2|

Since the distance between 2 and 0 on the number line is 2 units, the absolute value of 2 is 2. We write
12| = 2.

Since the distance between —2 and 0 on the number line is also 2 units, the absolute value of -2 is also 2.
We write |-2| = 2.

Fact 1.3.4 Absolute Value. Tuking the absolute value of a number results in whatever the “positive version” of that
number is. This is because the real meaning of absolute value is its distance from zero.

Checkpoint 1.3.5 Calculating Absolute Value. Try calculating some absolute values.

b. |-43] =|

Explanation.

a. 57 is 57 units away from 0 on a number line, so |[57| = 57. Another way to think about this is that the
“positive version” of 57 is 57.

b. —43 is 43 units away from 0 on a number line, so |-43| = 43. Another way to think about this is that
the “positive version” of —43 is 43.

c. % is 2 units away from 0 on a number line, so |%5| = £. Another way to think about this is that the
2

“positive version” of %5 is 5.
Warning 1.3.6 Absolute Value Does Not Exactly “Make Everything Positive”. Students may see an ex-
pression like |2 — 5| and incorrectly think it is OK to “make everything positive” and write 2 + 5. This is
incorrect since |2 — 5| works out to be 3, not 7, as we are actually taking the absolute value of —3 (the equiv-
alent number inside the absolute value).
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1.3.2 Square Root Facts

If you have learned your basic multiplication table, you know:

16

25

36

49

64

O || J|N[UI|=|W|IN|—| X

81

Table 1.3.7: Multiplication table with squares

The numbers along the diagonal are special; they are known as perfect squares. And for working with
square roots, it will be helpful if you can memorize these first few perfect square numbers.

“Taking a square root” is the opposite action of squaring a number. For example, when you square 3, the
result is 9. So when you take the square root of 9, the result is 3. Just knowing that 9 comes about as 32 lets
us realize that 3 is the square root of 9. This is why memorizing the perfect squares from the multiplication
table can be so helpful.

The notation we use for taking a square root is the radical, v/ . For example, “the square root of 9” is denoted
V9. And now we know enough to be able to write V9 = 3.

Tossing in a few extra special square roots, it’s advisable to memorize the following:

VoO=0 Vi=1 Va=2 V9=3
Vie=4 V25=5 \36=6 V49=7
Vea=8  V81=9 V100=10 +VI21=11
144=12 V169=13 V196=14 +225=15

1.3.3 Calculating Square Roots with a Calculator

Most square roots are actually numbers with decimal places that go on forever. Take V5 as an example:

Va=2 V5=2 Vo =3

Since 5 is between 4 and 9, then V5 must be somewhere between 2 and 3. There are no whole numbers
between 2 and 3, so V5 must be some number with decimal places. If the decimal places eventually stopped,
then squaring it would give you another number with decimal places that stop further out. But squaring it
gives you 5 with no decimal places. So the only possibility is that V5 is a decimal between 2 and 3 that goes
on forever. With a calculator, we can see:

V5 ~ 2.236
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Actually the decimal will not terminate, and that is why we used the ~ symbol instead of an equals sign.

To get 2.236 we rounded down slightly from the true value of V5. With a calculator, we can check that
2.236% = 4.999696, a little shy of 5.

1.3.4 Square Roots of Fractions

We can calculate the square root of some fractions by hand, such as \/g . The idea is the same: can you

think of a number that you would square to get 1? Being familiar with fraction multiplication, we know

1. 1_1 1_1
that 5 -5 = yand so /7 = 5.

Checkpoint 1.3.8 Square Roots of Fractions. Try calculating some absolute values.

1 4 81
. == = b. - = . — =
"\ 5 N
Explanation.

a. Since V1 = 1 and V25 = 5, b. Since V4 = 2 and V9 = 3, c. Since V81 = 9 and V121 =

[1 1 4 2 [ 81 9
then E = 5 then J; = 5 11, then ﬁ = H

1.3.5 Square Root of Negative Numbers

Can we find the square root of a negative number, such as v/=25? That would mean that there is some
number out there that multiplies by itself to make —25. Would V=25 be positive or negative? Either way,
once you square it (multiply it by itself) the result would be positive. So it couldn’t possibly square to —25.
So there is no square root of —25 or of any negative number for that matter.

Imaginary Numbers. = Mathematicians
If you are confronted with an expression like V—25, or any other square imagined a new type of number, neither
root of a negative number, you can state that “there is no real square root” positive nor negative, that would square to
or that the result “does not exist” (as a real number). a negative result. But that is beyond the

scope of this chapter.

Exercises

Review and Warmup

1. Evaluate the expressions. 2. Evaluate the expressions.
a. 12 c. 5 e. 92 a. 22 c. 6 e. 10?
b. 32 d. 72 f. 112 b. 42 d. 82 f. 122
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Absolute Value Evaluate the following.

3. |-3| = 5. |31.69] =

| 1. 0] =|

6 |-1576 =] ] 7. ‘%‘: | 8. ‘_%7‘2
9. a l2l= w0 a = 1 a2 |

b. |-8| =

c. —[2] =‘ ‘ C. c. [0] =‘ ‘

d. -|-2/ =| d 16+ (=6)| =

e |-9-(-Dl=

12. a4 =] |13 A -p-7]= |14 4 -j1-10) =) |

c. 10| :‘ ‘ C.

d. |20+ (=8)| =

e. |[-9-(=3)=

15. Which of the following are square numbers? There may be more than one correct answer.

0 81 034 o9 olle 055 0121

16. Which of the following are square numbers? There may be more than one correct answer.

o15 0 100 064 0 45 032 O 36

Square Roots Evaluate the following.

17. a Vifd-=|

18. a. 1=‘

......................................................... a.

b. Vi=| | b. V100 = | T
[y |

e Vi- | . Vai| | 5=l
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20.

23.

26.

29.

32.

35.

38.

41.

Do not use a calculator.

a Vei=| |

b. V6400 = |

Do not use a calculator.

21. Do not use a calculator.

a. V25=| |

b. V0.25= |

c. V2500 = |

24. Do not use a calculator.

a. V8I=| |

b. V8100= |

c. V810000 = |

27. Use a calculator to approxi-
mate with a decimal.

Vi3 | |

33. V=81 =| \

42.

1.3 Absolute Value and Square Root

22. Do not use a calculator.

a. VIS =| |

b. V0.49 = |

c. VA900 = |

28. Use a calculator to approxi-
mate with a decimal.

VI7 %/
31, —VA9 = | \
34. V=100 =| \
% \
40. a V25-V9=

b. V25-9 =
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1.4 Order of Operations

Mathematical symbols are a means of communication, and it’s important that when you write something,
everyone else knows exactly what you intended. For example, if we say in English, “two times three
squared,” do we mean that:

¢ 2is multiplied by 3, and then the result is squared?
e or that 2 is multiplied by the result of squaring 3?

English is allowed to have ambiguities like this. But mathematical language needs to be precise and mean
the same thing to everyone reading it. For this reason, a standard order of operations has been adopted,
which we review here.

1.4.1 Grouping Symbols

Consider the math expression 2 - 32. There are two mathematical operations here: a multiplication and
an exponentiation. The result of this expression will change depending on which operation you decide to
execute first: the multiplication or the exponentiation. If you multiply 2 - 3, and then square the result, you
have 36. If you square 3, and then multiply 2 by the result, you have 18. If we want all people everywhere
to interpret 2 - 3% in the same way, then only one of these can be correct.

The first tools that we have to tell readers what operations to execute first are grouping symbols, like paren-
theses and brackets. If you intend to execute the multiplication first, then writing

(2-3)

clearly tells your reader to do that. And if you intend to execute the power first, then writing
2-(3%)

clearly tells your reader to do that.

To visualize the difference between 2 - (3%) or (2 - 3)?, consider these garden plots:

3yd 3yd 2-3yd =6yd

Figure 1.4.2: 3yd is squared, then doubled: Figure 1.4.3: 3yd is doubled, then squared:
2-(3%) (2-3)?
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If we calculate 3%, we have the area of one of the small square garden plots on the left. If we then double
that, we have 2 - (32), the area of the left garden plot.

But if we calculate (2 - 3)?, then first we are doubling 3. So we are calculating the area of a square garden
plot whose sides are twice as long. We end up with the area of the garden plot on the right.

The point is that these amounts are different.

Checkpoint 1.4.4. Calculate the value of 30 — ((2+3) - 2), respecting the order that the grouping symbols
are telling you to execute the arithmetic operations.

Explanation. The grouping symbols tell us what to work on first. In this exercise, we have grouping
symbols within grouping symbols, so any operation in there (the addition) should be executed first:

30-((2+43):2)=30—-(5-2)
=30-10
=20

1.4.2 Beyond Grouping Symbols

If all math expressions used grouping symbols for each and every arithmetic operation, we wouldn’t need
to say anything more here. In fact, some computer systems work that way, requiring the use of grouping
symbols all the time. But it is much more common to permit math expressions with no grouping symbols
at all, like 5 + 3 - 2. Should the addition 5 + 3 be executed first, or should the multiplication 3 - 2? We need
what’s known formally as the order of operations to tell us what to do.

The order of operations is nothing more than an agreement that we all have made to prioritize the arithmetic
operations in a certain order.

(P)arentheses and other grouping symbols Grouping symbols should always direct you to
the highest priority arithmetic first.

(E)xponentiation After grouping symbols, exponentiation has the highest priority. Execute
any exponentiation before other arithmetic operations.

(M)ultiplication, (D)ivision, and Negation After all exponentiation has been executed, start
executing multiplications, divisions, and negations. These things all have equal priority.
If there are more than one of them in your expression, the highest priority is the one that
is leftmost (which comes first as you read it).

(A)ddition and (S)ubtraction After all other arithmetic has been executed, these are all that
is left. Addition and subtraction have equal priority. If there are more than one of them
in your expression, the highest priority is the one that is leftmost (which comes first as
you read it).

List 1.4.5: Order of Operations

A common acronym to help you remember this order of operations is pempas. There are a handful of
mnemonic devices for remembering this ordering (such as Please Excuse My Dear Aunt Sally, People Eat
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More Donuts After School, etc.).

We'll start with a few examples that only invoke a few operations each.

Example 1.4.6 Use the order of operations to simplify the following expressions.
a. 10 + 2 - 3. With this expression, we have the operations of addition and multiplication. The order
of operations says the multiplication has higher priority, so execute that first:
10+2-3=10+
=10+6
=16

b. 4+ 10+ 2 — 1. With this expression, we have addition, division, and subtraction. According to the
order of operations, the first thing we need to do is divide. After that, we’ll apply the addition and
subtraction, working left to right:

4+10+2-1=4+[10+2]-1
=[4+5)-1

9-1
8

c. 7—10 + 4. This example only has subtraction and addition. While the acronym PEMDAS may
mislead you to do addition before subtraction, remember that these operations have the same
priority, and so we work left to right when executing them:

7-10+4=[7-10|+4

=-3+4
=1

d. 20 + 4 - 7. This expression has only division and multiplication. Again, remember that although
PEMDAS shows “MD,” the operations of multiplication and division have the same priority, so
we'll apply them left to right:

20+4-5=[20+4]-5
=25

e. (6 + 7)%. With this expression, we have addition inside a set of parentheses, and an exponent of 2
outside of that. We must compute the operation inside the parentheses first, and after that we’ll
apply the exponent:

6+772=(6+7)?
=132
=169
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f. 4(2)>. This expression has multiplication and an exponent. There are parentheses too, but no
operation inside them. Parentheses used in this manner make it clear that the 4 and 2 are separate
numbers, not to be confused with 42. In other words, 4(2)% and 423 mean very different things.
Exponentiation has the higher priority, so we’ll apply the exponent first, and then we’ll multiply:

423 =4 (2)°
= 4(8)
=32

Remark 1.4.7. There are many different ways that we write multiplication. We can use the symbols -, X,
and = to denote multiplication. We can also use parentheses to denote multiplication, as we’ve seen in
[Example 1.4.d, l[tem ﬂ Once we start working with variables, there is even another way. No matter how
multiplication is written, it does not change the priority that multiplication has in the order of operations.

Checkpoint 1.4.8 Practice with order of operations. Simplify this expression one step at a time, using
the order of operations.

5-3(7—4) = |

Explanation.

5-3(7-4)>=5-3 (37
=5-27
= -2

1.4.3 Absolute Value Bars, Radicals, and Fraction Bars are Grouping Symbols

When we first discussed grouping symbols, we only mentioned parentheses and brackets. Each of the
following operations has an implied grouping symbol aside from parentheses and brackets.

Absolute Value Bars The absolute value bars, as in |2 — 5|, group the expression inside it just like a set of
parentheses would.

Radicals The same is true of the radical symbol — everything inside the radical is grouped, as with V12 — 3.

Fraction Bars With a horizontal division bar, the numerator is treated as one group and the denominator
as another, as with £3.

We don't need parentheses for these three things since the absolute value bars, radical, and horizontal di-
vision bar each denote this grouping on their own. As far as priority in the order of operations goes, it’s
important to remember that these work just like our most familiar grouping symbols, parentheses.

With absolute value bars and radicals, these grouping symbols also do something to what’s inside (but only
after the operations inside have been executed). For example, |[-2| = 2, and V9 =3.
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36

" 5-18+2°

Example 1.4.9 Use the order of operations to simplify the following expressions.

a. 4 —315—7|. For this expression, we'll treat the absolute value bars just like we treat parentheses.

This implies we’ll simplify what’s inside the bars first, and then compute the absolute value. After
that, we’ll multiply and then finally subtract:

4-35-7|=4-3[5-7]

=4-3|-2|
=4-6
=-2

We may not do 4 — 3 = 1 first, because 3 is connected to the absolute value bars by multiplication
(although implicitly), which has a higher order than subtraction.

. 8 — ¥52 —8.2. This expression has an expression inside the radical of 5 — 8 - 2. We’'ll treat this

radical like we would a set of parentheses, and simplify that internal expression first. We’'ll then
apply the square root, and then our last step will be to subtract that expression from 8:

8- V8. 2-8-|532|-8.2

24 +3-6

For this expression, the first thing we want to do is to recognize that the main fraction
bar serves as a separator that groups the numerator and groups the denominator. Another way this
expression could be written is (24 +3:6)+(15—18+2). This implies we’ll simplify the numerator and
denominator separately according to the order of operations (since there are implicit parentheses
around each of these). As a final step we’ll simplify the resulting fraction (which is division).

2136 [2¢|+36

5—18+2_5_
16 +3-6]
o]

—4
34
—4

17

T2




1.4 Order of Operations

Checkpoint 1.4.10 More Practice with Order of Operations. Use the order of operations to evaluate

6+31(9 - 10|
V3+18-3

Explanation. We start by identifying the innermost, highest priority operations:

6+3(9-10]

6+39-10|
V3+18:3 \/3+
6+3{|-1]
‘
6+

1.4.4 Negation and Distinguishing (—a)" from —a™

We noted in the prder of operationd that using the negative sign to negate a number has the same priority as
multiplication and division. To understand why this is, observe that —1 - 23 = —23, just for one example. So
negating 23 gives the same result as multiplying 23 by —1. For this reason, negation has the same priority
in the order of operations as multiplication. This can be a source of misunderstandings.

How would you write a math expression that takes the number —4 and squares it?

—4%? (—4)%? it doesn’t matter?

It does matter. The second option, (—4)? is squaring the number —4. The parentheses emphasize this.

But the expression —42 is different. There are two actions in this expression: a negation and and exponen-
tiation. According to the order of operations, the exponentiation has higher priority than the negation, so
the exponent of 2 in —42 applies to the 4 before the negative sign (multiplication by —1) is taken into account.

4= e]
=-16
and this is not the same as (—4)?, which is positive 16.

Warning 1.4.11 Negative Numbers Raised to Powers. You may find yourself needing to raise a negative
number to a power, and using a calculator to do the work for you. If you do not understand the issue
described here, then you may get incorrect results.

¢ For example, entering -4*2 into a calculator will result in —16, the negative of 42,

* But entering (-4)*2 into a calculator will result in 16, the square of —4.
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Go ahead and try entering these into your own calculator.

Checkpoint 1.4.12 Negating and Raising to Powers. Compute the following:

a. -3 =‘ ‘and (-3)* =‘ ‘
b. -4 =| |and (-4)° =| |
e 112=] Jand (-1.1)2 =| |

Explanation. In each part, the first expression asks you to exponentiate and then negate the result. The
second expression has a negative number raised to a power. So the answers are:

a. —3*=-8land (-3)* =81
b. —4% = —64 and (—4)°> = —64
c. -1.12 =-1.21and (-1.1)2 =1.21

Remark 1.4.13. You might observe in the previous example that there is no difference between —4% and
(—4). It's true that the results are the same, —64, but the two expressions still do say different things. With
—43, you raise to a power first, then negate. With (—4)3, you negate first, then raise to a power.

As was discussed in Pubsection 1.1.5, if the base of a power is negative, then whether or not the result is
positive or negative depends on if the exponent is even or odd. It depends on whether or not the factors
can all be paired up to “cancel” negative signs, or if there will be a lone factor left by itself.

1.4.5 More Examples

Here are some example exercises that involve applying the order of operations to more complicated expres-
sions. Try these exercises and read the steps given in each solution.

Example 1.4.14 Simplify 10 — 4(5 - 7).

Explanation. For the expression 10 — 4(5 — 7)3, we have simplify what’s inside parentheses first, then
we'll apply the exponent, then multiply, and finally subtract:

10-4(5-7)° =10 -4(5-7)°

=10 - (-32)
=10+32
=42

Checkpoint 1.4.15. Simplify 24 = (15 + 3 +1) + 2.
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Explanation. With the expression 24+(15+3+1)+2, we'll simplify what'’s inside the parentheses according
to the order of operations, and then take 24 divided by that expression as our last step:

24+ (15+3+1)+2=24+(15+3|+1)+2
=24+ (5+1)+2
~[2i%6]+2

=4+2
=6

Example 1.4.16 Simplify 6 — (-8)% + 4 + 1.

Explanation. To simplify 6—(—8)?+4+1, we'll first apply the exponent of 2 to —8, making sure to recall
that (=8)? = 64. After this, we'll apply division. As a final step, we'll be have subtraction and addition,
which we’ll apply working left-to-right:

6 (-8 +4+1=6—|(-87|+4+1
=[6-16]+1

=-10+1
=-9

Checkpoint 1.4.17. Simplify (20 — 42) + (4 — 6)>.

Explanation. The expression (20 — 4%) =+ (4 — 6)3 has two sets of parentheses, so our first step will be to
simplify what’s inside each of those first according to the order of operations. Once we’ve done that, we’ll
apply the exponent and then finally divide:

(20-4%) + (4-6)° = 20— |42 + (4 - 6)°
=(20-16)) + (4 ~6)’
=4+ (4-6)

= 4|29
=4+ (-9)
-4
- -8
1
2
_ 1
2
Checkpoint 1.4.18. Simplify M
(=5) + 122
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Explanation. To simplify this expression, the first thing we want to recognize is the role of the main frac-
tion bar, which groups the numerator and denominator. This implies we’ll simplify the numerator and
denominator separately according to the order of operations, and then reduce the fraction that results:

Exercises

Review and Warmup

1. Multiply the following.

2(9-15]|+1

219-15/+1 _

NESasva \/ 102
2|-6]]+1

25+
26+ 1

12+1
V169

13
T 13
=1

2. Multiply the following.

a. (-9)- (1) =|

| a. (-8)-(-3) =|

b. (-4) -6 =|

| b. (-7)-4=|

c. 8-(=6)=|

¢ 8-(-3)=|

d. (-4)-0=|

| d. (-3)-0=|

3. Multiply the following.

4. Multiply the following.

a. (-1)-(~4)-(-3) =|

a. (-1)-(=5)-(-5) =,

b. 2-(=7)-(-4) =

| b. 7-(=7)-(~2) =|

c. (~81)-(~56)-0 =|

| c. (~80)-(~74)-0 =|
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n T o

(o}

. Compute —1%.
. Calculate the power (-3)*.
. Find (-5)3.

. Calculate —63.

7. 4+6(3) =| |

10.

13.

16.

19.

22,

25.

28.

31.

34.

37.

40.

—[2-(1-57] =

44+4)=| |

7-3[1-(2+3-4)] =

-5[3-(4-3-3)°] =

64 —4[4> - (3-2)] =

8.

11.

14.

17.

20.

23.

26.

. 4+4(139-5-3% =

L 29— (7-4-4)) = \

. 4(7—2)2—4(7—22)=\

@)

o

Evaluate the following.

7+3(4) =| |

(4-2) =| |

. (14 -3)* +5(14 - 3%) \ \

. (45)2_452=‘m‘

27.

30.

. 9-32—32+42-4+3:\

. 6(6—2)2—6(6—22)=\

1.4 Order of Operations

a. Compute —23.

b. Calculate the power —82.
. Find (-7)2.
. Calculate (-3).

4+3(114-4-3%) =

. 9-5[2°-(4-1)]= \

. (12-3)*+3(12-3%) \ \
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43. —— =

46. =|

(-2)- (1)~ (-8)-3 _
49. (—8)2 + (—66) - E‘

52. —[2-10] =|

55. =52 — 18- (=7)| =

58. 9—8|-5+ (45| =|

1+ (-4)°

61.
-3

-3110 - 22|
18 — (-3)2

64.

67.

70.

73.

76.

79.

42

S—

44.

47.

62.

80.

-6 (-5)| =

8+20
7-3

27 — (-4)°
10-17

(-2)-(-3) - (-8) -3 _
(_8)2 + (—66) - E‘

. 2-73-5|+1= |

|27+(_4)3| :’ ............................................... ‘
-1

1+(=2)°

8§—-3V76-72=

45.

48.

63.

81.

82_32:‘ ‘
1+10

27 - (<2 _
5-10

T |

. 3-5[5-9/+1= |

. 8-2|-9+(2-57| =

V36 —2V5 + 95 =




82.

85.

88.

91.

94.

VA9 —4V9 +7 = |
V82 +62 = |

@+5%
Vo-5

P |

-10>-5[6 - (7-3%)] =

Challenge

83

86.

89

92

. V40 +32 = ‘

Vo2 + 122 = |

‘VZ:73+P44—BIJWW

—4—(=2)3

. A15-7(3 +6)] =|

1.4 Order of Operations

84. mz‘ ‘
VA9 +9
7. = _| |
g0, YO4+2-3+|-17 - 45| n
. -19-(-3)° =L
93. —82 72— (2 - 3)] :‘ .................. ‘

95. In this challenge, your job is to create expressions, using addition, subtraction, multiplication, and

parentheses. You may use the numbers, 1,2, 3, and 4 in your expression, using each number only
once. For example, you could make the expression: 1 +2-3 — 4.

a. The greatest value that it is possible to create under these conditions is ‘ ‘

b. The least value that it is possible to create under these conditions is ‘ ‘
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1.5 Set Notation and Types of Numbers

When we talk about how many or how much of something we have, it often makes sense to use different
types of numbers. For example, if we are counting dogs in a shelter, the possibilities are only 0,1, 2, .. .. (It
would be difficult to have 1 of a dog.) On the other hand if you were weighing a dog in pounds, it doesn't
make sense to only allow yourself to work with whole numbers. The dog might weigh something like 28.35
pounds. These examples highlight how certain kinds of numbers are appropriate for certain situations.
We'll classify various types of numbers in this section.

1.5.1 Set Notation
What is the mathematical difference between these three “lists?”
28,31,30 {28,31,30} (28, 31,30)

To a mathematician, the last one, (28,31, 30) is an ordered triple. What matters is not merely the three num-
bers, but also the order in which they come. The ordered triple (28, 31, 30) is not the same as (30, 31, 28); they
have the same numbers in them, but the order has changed. For some context, February has 28 days; then
March has 31 days; then April has 30 days. The order of the three numbers is meaningful in that context.

With curly braces and {28, 31, 30}, a mathematician sees a collection of numbers and does not particularly
care in which order they are written. Such a collection is called a set. All that matters is that these numbers
are part of a collection. They’ve been written in some particular order because that’s necessary to write them
down. But you might as well have put the three numbers in a bag and shaken up the bag. For some context,
maybe your favorite three NBA players have jersey numbers 30, 31, and 28, and you like them all equally
well. It doesn’t really matter what order you use to list them.

So we can say:

{28,31,30} = {30,31,28} (28,31, 30) # (30,31,28)

What about just writing 28,31, 30? This list of three numbers is ambiguous. Without the curly braces or
parentheses, it’s unclear to a reader if the order is important. Set notation is the use of curly braces to
surround a list/collection of numbers, and we will use set notation frequently in this section.

Checkpoint 1.5.2 Set Notation. Practice using (and not using) set notation.

According to Google, the three most common error codes from visiting a web site are 403, 404, and 500.
a. Without knowing which error code is most common, express this set mathematically.

b. Error code 500 is the most common. Error code 403 is the least common of these three. And that leaves
404 in the middle. Express the error codes in a mathematical way that appreciates how frequently they
happen, from most often to least often.

Explanation.

a. Since we only have to describe a collection of three numbers and their order doesn’t matter, we can
write {403,404,500}.

b. Now we must describe the same three numbers and we want readers to know that the order we are
writing the numbers matters. We can write (500,404,403).

44



1.5 Set Notation and Types of Numbers

1.5.2 Different Number Sets

In the introduction, we mentioned how different sets of numbers are appropriate for different situations.
Here are the basic sets of numbers that are used in basic algebra.

Natural Numbers When we count, we begin: 1,2,3,... and continue on in that pattern. These numbers
are known as natural numbers.

N={1,23...}
Whole Numbers If we include zero, then we have the set of whole numbers.
{0,1,2,3, ...} has no standard symbol, but some options are Ny, N U {0}, and Z.
Integers If we include the negatives of whole numbers, then we have the set of integers.
z={.,-3,-2,-101,23,...}.
A Z is used because one word in German for “numbers” is “Zahlen.”

Rational Numbers A rational number is any number that can be written as a fraction of integers, where
the denominator is nonzero. Alternatively, a rational number is any number that can be written with
a decimal that terminates or that repeats.

Q = {Or 1/ _1rzr %r _%r _2r3r %/ _%/ _3/ %r % .. }
Q= {0, 1,-1,2,0.5,-0.5,-2,3,0.3,-0.3,-3,1.5,0.6... }
A Q is used because fractions are quotients of integers.

Irrational Numbers Any number that cannot be written as a fraction of integers belongs to the set of ir-
rational numbers. Another way to say this is that any number whose decimal places goes on for-

ever without repeating is an irrational number. Some examples include 1 ~ 3.1415926..., V15 ~
3.87298...,e ~2.71828...

There is no standard symbol for the set of irrational numbers.

Real Numbers Any number that can be marked somewhere on a number line is a real number. Real num-
bers might be the only numbers you are familiar with. For a number to not be real, you have to start
considering things called complex numbers, which are not our concern right now.

The set of real numbers can be denoted with R for short.

R RN

Natural

Figure 1.5.3: Types of Numbers
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Warning 1.5.4 Rational Numbers in Other Forms. Any number that can be written as a ratio of integers is
rational, even if it’s not written that way at first. For example, these numbers might not look rational to you

at

be written as 3*,

first glance: —4, V9, 07, and V5 +2 -5 - 2. But they are all rational, because they can respectively
. %, (1—), and %

Example 1.5.5 Determine If Numbers Are This Type or That Type. Determine which numbers from
the set {—102, -7.25,0,%,2, %, V19, V25, 10.7} are natural numbers, whole numbers, integers, rational
numbers, irrational numbers, and real numbers.

Explanation. All of these numbers are real numbers, because all of these numbers can be positioned
on the real number line.

Each real number is either rational or irrational, and not both. =102, —7.25, 0, and 2 are rational because
we can see directly that their decimal expressions terminate. 10.7 is also rational, because its decimal

expression repeats. 2 is rational because it is a ratio of integers. And last but not least, V25 is rational,
because that’s the same thing as 5.

This leaves only F and V19 as irrational numbers. Their decimal expressions go on forever without
entering a repetitive cycle.

Only -102, 0, 2, and V25 (which is really 5) are integers.
Of these, only 0, 2, and V25 are whole numbers, because whole numbers excludes the negative integers.

Of these, only 2 and \/2_5 are natural numbers, because the natural numbers exclude 0.

Checkpoint 1.5.6.

Give an example of a whole number that is not an integer.

a.
b. Give an example of an integer that is not a whole number.

]

Give an example of a rational number that is not an integer.

p

Give an example of a irrational number.

e. Give an example of a irrational number that is also an integer.

Explanation.

a. Since all whole numbers belong to integers, we cannot write any whole number which is not an integer.
Type DNE (does not exist) for this question.

b. Any negative integer, like —1, is not a whole number, but is an integer.
¢. Any terminating decimal, like 1.2, is a rational number, but is not an integer.

d. 7 is the easiest number to remember as an irrational number. Another constant worth knowing is
e ~ 2.718. Finally, the square root of most integers are irrational, like V2 and V3.

e. All irrational numbers are non-repeating and non-terminating decimals. No irrational numbers are
integers.

Checkpoint1.5.7. In the introduction, we mentioned that the different types of numbers are appropriate
in different situation. Which number set do you think is most appropriate in each of the following situations?
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The number of people in a math class that play the ukulele.

This number is best considered as a (O natural number O whole number O integer O rational
number O irrational number 0O real number)

The hypotenuse’s length in a given right triangle.

This number is best considered asa (O natural number 0O whole number 0O integer 0O rational
number O irrational number 0O real number)

The proportion of people in a math class that have a cat.

This number is best considered as a (O natural number 0O whole number O integer 0O rational
number O irrational number 0O real number)

The number of people in the room with you who have the same birthday as you.

This number is best considered asa (O natural number O whole number O integer 0O rational
number O irrational number 0O real number)

The total revenue (in dollars) generated for ticket sales at a Timbers soccer game.

This number is best considered as a (O natural number O whole number O integer O rational
number O irrational number 0O real number)

Explanation.

a.

The number of people who play the ukulele could be 0,1, 2, ..., so the whole numbers are the appro-
priate set.

A hypotenuse’s length could be 1, 1.2, V2 (which is irrational), or any other positive number. So the
real numbers are the appropriate set.

This proportion will be a ratio of integers, as both the total number of people in the class and the
number of people who have a cat are integers. So the rational numbers are the appropriate set.

We know that the number of people must be a counting number, and since you are in the room with
yourself, there is at least one person in that room with your birthday. So the natural numbers are the
appropriate set.

The total revenue will be some number of dollars and cents, such as $631,897.15, which is a terminating
decimal and thus a rational number. So the rational numbers are the appropriate set.

1.5.3 Converting Repeating Decimals to Fractions

We have learned that a terminating decimal number is a rational number. It’s easy to convert a terminating
decimal number into a fraction of integers: you just need to multiply and divide by one of the numbers in
the set {10, 100, 1000, . . .}. For example, when we say the number 0.123 out loud, we say “one hundred and
twenty-three thousandths.” While that’s a lot to say, it makes it obvious that this number can be written as
a ratio:

123
0.123 = 1000

Similarly,

2128 532-4 532
A8=300 =254~ 25

demonstrating how any terminating decimal can be written as a fraction.

Repeating decimals can also be written as a fraction. To understand how, use a calculator to find the decimal
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for, say, g and % You will find that

73 = 189 —
9 = 0.73737373...=0.73 999 = 0.189189189... = 0.189.

The pattern is that diving a number by a number from {9, 99,999, ...} with the same number of digits will
create a repeating decimal that starts as “0.” and then repeats the numerator. We can use this observation
to reverse engineer some fractions from repeating decimals.

Checkpoint 1.5.8.
a. Write the rational number 0.772772772 ... as a fraction.
b. Write the rational number 0.69696969 . .. as a fraction.

Explanation.

a. The three-digit number 772 repeats after the decimal. So we will make use of the three-digit denomi-
nator 999. And we have 2.

b. The two-digit number 69 repeats after the decimal. So we will make use of the two-digit denominator
99. And we have §. But this fraction can be reduced to 23.

Converting a repeating decimal to a fraction is not always quite this straightforward. There are complica-
tions if the number takes a few digits before it begins repeating. For your interest, here is one example on
how to do that.

Example 1.5.9 Can we convert the repeating decimal 9.134343434 ... = 9.134 to a fraction? The trick is
to separate its terminating part from its repeating part, like this:

9.1+ 0.034343434. ...

Now note that the terminating part is 2, and the repeating part is almost like our earlier examples,
except it has an extra 0 right after the decimal. So we have:
91

1
0 + 0 0.34343434. ...

With what we learned in the earlier examples and basic fraction arithmetic, we can continue:

91 1
9.134343434 ... = 0 + 0 -0.34343434 . ..

o, 1 34
10 10 99
o1, 34

10 990
91-99+£
10-99 990
o009 | 34 _ 9043
990 990 990

Check that this is right by entering %52 into a calculator and seeing if it returns the decimal we started
with, 9.134343434 . . ..
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Exercises

Review and Warmup

1. Write the decimal number as a fraction.

0.55=| |

3. Write the decimal number as a fraction.

7.65=| |

5. Write the decimal number as a fraction.

0.988 = | |

7. Write the fraction as a decimal number. Do
not round your answers.

o
[63][6¥]

9. Write the mixed number as a decimal number.
Do not round your answers.

[ols] |68}

a. 5
b. 3

P

Set Notation

11. There are two numbers that you can square to
get 36. Express this collection of two numbers
using set notation.

13. There are six two-digit perfect square num-
bers. Express this collection of six numbers
using set notation.

2. Write the decimal number as a fraction.

0.65=| |

4. Write the decimal number as a fraction.

8.25=| |

6. Write the decimal number as a fraction.

0.152=| |

8. Write the fraction as a decimal number. Do
not round your answers.

o
Uil

10. Write the mixed number as a decimal number.
Do not round your answers.

- \
a. 416—

12. There are four positive, even, one-digit num-
bers. Express this collection of four numbers
using set notation.

14. There is a set of three small positive integers
where you can square all three numbers, then
add the results, and get 61. Express this collec-
tion of three numbers using set notation.
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Types of Numbers

50

15.

17.

19.

21.

23.

Which of the following are whole numbers?
There may be more than one correct answer.

0-2.197 O V4 o3 o 39
0 -95159 o-2 05.101001000100001 ...
0 3.521

Which of the following are integers? There
may be more than one correct answer.

o-6 09.101001000100001 ... 069
oVié 04.097 O0-% on
0O —4233

Which of the following are rational numbers?
There may be more than one correct answer.

08.157 05.385 O—6 ©2.101001000100001. ..

oo o3 O —86447 099

Which of the following are irrational num-
bers? There may be more than one correct an-
swer.

0 —68660
043001

o-6 amn 09.077
07.101001000100001 ...

7
U g
oo

Which of the following are real numbers? There
may be more than one correct answer.

o60 OO0 om O-8770 O-%
00.570 0-5 05.101001000100001 . . .

16.

18.

20.

22,

24.

Which of the following are whole numbers?
There may be more than one correct answer.

o-2 o0OvV3 o4 wo-13126
0 —4.101001000100001 . ..

6
O3 _El 0
0 -6.871

Which of the following are integers? There
may be more than one correct answer.

017956 06.267 O —% 0 -95340
o035 0 6.101001000100001 . . .

o-2
mrd

Which of the following are rational numbers?
There may be more than one correct answer.

0 —0.957000000000001 o0 O —%
0O -7.101001000100001. .. O —77554
036 ovVe o-2

Which of the following are irrational num-
bers? There may be more than one correct an-
swer.

0 -59767
o

04.245
ovV3

o-2
oo

5
U-17
095

Which of the following are real numbers? There
may be more than one correct answer.

08.303 0% oo O V4
o-2 o Vi1 on o -41981



27.

28.a.

25. Determine the validity of each statement by
selecting True or False.

(a) The number 7 is rational

(b) The number 98 is an integer, but not a
whole number

(c) The number — & is rational

(d) The number
whole number

55 is an integer, but not a

(e) The number 7t is irrational

number O irrational number 0O real number)

d. Give an example of a irrational number.

1.5 Set Notation and Types of Numbers

26. Determine the validity of each statement by
selecting True or False.

(a) The number % is rational, but not an inte-
ger

(b) The number 0.700700700700700... is ratio-
nal

(c) The number —11 is an integer that is also
a natural number

(d) The number V22 is a real number, but not
a rational number

() The number ,/;—6 is rational, but not an
integer

In each situation, which number set do you think is most appropriate?

a. The number of dogs a student has owned throughout their lifetime.
This number is best considered as a (O natural number O whole number O integer O rational
number O irrational number 0O real number)

b. The difference between the projected annual expenditures and the actual annual expenditures for a
given company.
This number is best considered as a (O natural number O whole number O integer O rational
number O irrational number 0O real number)

¢. The length around swimming pool in the shape of a half circle with radius 10 ft.
This number is best considered asa (O natural number 0O whole number 0O integer 0O rational
number O irrational number 0O real number)

d. The proportion of students at a college who own a car.
This number is best considered asa (O natural number 0O whole number O integer 0O rational
number O irrational number 0O real number)

e. The width of a sheet of paper, in inches.
This number is best considered asa (O natural number O whole number O integer 0O rational
number O irrational number 0O real number)

f. The number of people eating in a non-empty restaurant.
This number is best considered as a (O natural number O whole number O integer O rational

Give an example of a whole number that is not an integer.
Give an example of an integer that is not a whole number.

c. Give an example of a rational number that is not an integer.

Give an example of a irrational number that is also an integer.
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Writing Decimals as Fractions

29. Write the rational number 6.35 as a fraction.

30. Write the rational number 77.162 as a fraction.

31. Write the rational number 0.78 = 0.7878.. . . as a fraction.

32. Write the rational number 0.955 = 0.955955 . . . as a fraction.

33. Write the rational number 4.412 = 4.41212. .. as a fraction.

34. Write the rational number 8.1238 = 8.1238238 . .. as a fraction.

Challenge

35. Imagine making up a number according to the following pattern. After the decimal point, write the
natural numbers 1, 2, 3, 4, 5, etc. The decimal digits will extend infinitely according to my pattern.

0.12345. ..

Is the number a rational number or an irrational number?

(O rational 0O irrational)
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1.6 Comparison Symbols and Notation for Intervals

As you know, 8 is larger than 3; that’s a specific comparison between two numbers. We can also make a
comparison between two less specific numbers, like if we say that average rent in Portland in 2016 is larger
than it was in 2009. That makes a comparison using unspecified amounts. This section will go over the
mathematical shorthand notation for making these kinds of comparisons.

In Oregon, only people who are 18 years old or older can vote in statewide elections.ﬂ Does that seem like a
statement about the number 18? Maybe. But it’s also a statement about numbers like 37 and 62: it says that
people of these ages may vote as well. This section will also get into the mathematical notation for large
collections of numbers like this.

1.6.1 Comparison Symbols

In everyday language you can say something like “8 is larger than 3.” In mathematical writing, it’s not

convenient to write that out in English. Instead the symbol “>" has been adopted, and it’s used like this:
8>3

and read out loud as “8 is greater than 3.” The symbol “>" is called the greater-than symbol.

Checkpoint 1.6.2.
a. Use mathematical notation to write “11.5 is greater than 4.2.”

b. Use mathematical notation to write “age is greater than 20.”

Explanation.
a. 11.5>4.2

b. We can just write the word age to represent age, and write age > 20. Or we could use an abbreviation
like a for age, and write a > 20. Or, it is common to use x as a generic abbreviation, and we could write
x > 20.

Remark 1.6.3. At some point in history, someone felt that > was a good symbol for “is greater than.” In
“8 > 3,” the tall side of the symbol is with the larger of the two numbers, and the small pointed side is with
the smaller of the two numbers.

Alligator Jaws.  Another visual was of

We have to be careful when negative numbers are part of the comparison thinking about the greater-than symbol
though. Is —8 larger or smaller than —3? In some sense -8 is larger, “>" (and, as we will see later, the less-than
because if you owe someone 8 dollars, that’s more than owing them 3 symbol “<”) is “the alligator wants to eat
dollars. But that is not how the > symbol works. This symbol is meant the larger number” as a way of remember-
to tell you which number is farther to the right on a number line. And if ing which direction to write the symbol.

that’s how it goes, then -3 > —8.

lesser -3>-8 8>3 greater
numbers R /\ _ ) _ numbers
-8 -3 0 3 8 X

Figure 1.6.4: How the > symbol works.

1Some other states like Washington allow 17-year-olds to vote in primary elections provided they will be 18 by the general election.
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Checkpoint 1.6.5. Use the > symbol to arrange the following numbers in order from greatest to least.
For example, your answer might look like 4>3>2>1>0.

-76 6 -6 95 8
Explanation. We can order these numbers by placing these numbers on a number line.

-6 g

A

-7.6 & 3.5

And so we see the answeris9.5>8 > 6 > -6 > —-7.6.

Checkpoint 1.6.6. Use the > symbol to arrange the following numbers in order from greatest to least.
For example, your answer might look like 4>3>2>1>0.

=52 m % 46 8

Explanation. We can order these numbers by placing these numbers on a number line. Knowing or com-
puting their decimals helps with this.

0id.6
5.2 9oqo3 g

And so we see the answer is 8 > 4.6 > 3.33333 > 3.14159 > —5.2.

The greater-than symbol has a close relative, the greater-than-or-equal-to symbol, “>.” It means just like it
sounds: the first number is either greater than, or equal to, the second number. These are all true statements:

8>3 3>-8 3>3
but one of these three statements is false:
no
8>3 3>-8 3>3

Remark 1.6.7. While it may not be that useful that we can write 3 > 3, this symbol is quite useful when
specific numbers aren’t explicitly used on at least one side, like in these examples:

(hourly pay rate) > (minimum wage)

(age of a voter) > 18

Sometimes you want to emphasize that one number is less than another number instead of emphasizing
which number is greater. To do this, we have symbols that are reversed from > and >. The symbol “<” is
the less-than symbol and it’s used like this:

3<8
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and read out loud as “3 is less than 8.”

able 1.6.§ gives the complete list of all six comparison symbols. Note that we’ve only discussed three in
this section so far, but you already know the equals symbol and have likely also seen the symbol “#,” which
means “not equal to.”

Symbol Means Examples

= equals 13=13 =125 5%6

> is greater than 13 > 11 n>3 9%9

2 is greater than or equal to 13 > 11 3>3 112102
< is less than 3<8 1<2 22

< is less than or equal to -3<8 3<3 : < 2

# is not equal to 10 # 20 % +12 %’ * 0.375

Table 1.6.8: Comparison Symbols

1.6.2 Set-Builder and Interval Notation

If you say
(age of a voter) > 18

and have a particular voter in mind, what is that person’s age? There’s no way to know for sure. Maybe
they are 18, but maybe they are older. It’s helpful to use a variable a to represent age (in years) and then to
visualize the possibilities with a number line, as in .

I_possibilities for age
T o >
0 18 a

Figure 1.6.9: (age of a voter) > 18

The shaded portion of the number line in is a mathematical interval. For now, that just means
a collection of certain numbers. In this case, it’s all the numbers 18 and above.

The number line in is a graphical representation of a collection of certain numbers. We have
two notations, set-builder notation and interval notation, that we also use to represent such collections of
numbers.

Definition 1.6.10 Set-Builder Notation. Set-builder notation attempts to directly say the condition that
numbers in the interval satisfy. In general, we write set-builder notation like:

{x | condition on x}
and read it out loud as “the set of all x such that ....” For example,
{x|x=>18}
is read out loud as “the set of all x such that x is greater than or equal to 18.” The breakdown is as follows.
{ } the set of
X all x

| such that
x > 18} x is greater than or equal to 18
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Definition 1.6.11 Interval Notation. Interval notation represents a collection of numbers by only stating
where the collection starts and stops, using parentheses and square brackets to show if the end values are
included (or not). For example, in , the interval starts at 18. To the right, the interval extends
forever and has no end, so we use the co symbol (meaning "infinity”). This particular interval is denoted:

[18, o)

Why use “[” on one side and “)” on the other? The square bracket tells us that 18 is part of the interval and
the round parenthesis tells us that oo is not part of the interval.H

In general there are four types of infinite intervals. Take note of the different uses of round parentheses and
square brackets.

# > f -
Figure 1.6.12: An open, infinite interval denoted Figure 1.6.13: A closed, infinite interval de-
by (a, c0) means all numbers a or larger, not noted by [4, o) means all numbers a or larger,
including a. including a.
- % x - ¥ x
Figure 1.6.14: An open, infinite interval denoted Figure 1.6.15: A closed, infinite interval denoted
by (-0, a) means all numbers a or smaller, not by (-0, a] means all numbers a or smaller,
including a. including a.

Checkpoint 1.6.16 Interval and Set-Builder Notation from Number Lines. For each interval expressed
in the number lines, give the interval notation and set-builder notation.

- ] - - ) - - ———
-5-4-3-2-10 1 2 3 4§ -5-4-3-2-10 1 2 3 4§ -5-4-3-2-10 1 2 3 4§

c. Inset-builder notation:

a. Inset-builder notation: ‘ b. Inset-builder notation:

In interval notation: ‘ In interval notation: In interval notation:

Explanation.

a. Since all numbers less than or equal to 2 are shaded, the set-builder notation is { x | x <=2 }. The
shaded interval “starts” at —co and ends at 2 (including 2) so the interval notation is (-infinity,2].

b. Since all numbers less than to 2 are shaded, the set-builder notation is { x | x < 2}. The shaded interval
“starts” at —co and ends at 2 (excluding 2) so the interval notation is (-infinity,2)

c. Since all numbers greater than or equal to 2 are shaded, the set-builder notationis { x | x >=2}. The
shaded interval starts at 2 (including 2) and “ends” at oo, so the interval notation is [2,infinity)

2And how could it be, since o is not even a number?
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Exercises

Review and Warmup

1. Write the decimal number as a fraction. 2. Write the decimal number as a fraction.
0.85 =| | 0.95 =| |
3. Write the decimal number as a fraction. 4. Write the decimal number as a fraction.
1.95 = ‘ ‘ 2.65= ‘ ‘
5. Write the decimal number as a fraction. 6. Write the decimal number as a fraction.
0.332=| | 0.494 = | |
7. Write the fraction as a decimal number. Do 8. Write the fraction as a decimal number. Do
not round your answers. not round your answers.
13 5
a B=| | a & =| |
13 2
b. 3= ‘ ‘ b. £ = ‘ ‘

9. Write the mixed number as a decimal number. 10. Write the mixed number as a decimal number.

Do not round your answers. Do not round your answers.
£= | A= |
a. 355 = a. 85 =
b. 138 = | b. 315 | |

Ordering Numbers Use the > symbol to arrange the following numbers in order from greatest to least.
For example, your answer might look like 4>3>2>1>0.

11. 12.
10 -6 0 3 7 -9 8 9 -3 6
13. 14.
—-6.35 046 -294 -7.79 6.37 —4.18 -6.97 543 6.04 -6.87
15. 16.
5 19 19 9 11 15 41
2 778 "6 5 73 "2 %
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17. 18.
3 n 1 2 4
= = = - = 6 V3 = 5
3 7 3 5 8 V3 3 V3 - T
True/False
19. Decide if each comparison is true or false. 20. Decide if each comparison is true or false.
a. 2# -3 (OTrue O False) a. -7 < -7 (OTrue O False)
b. 2=-4 (OTrue O False) b. -3<4 (OTrue 0O False)
c. 4#4 (OTrue 0OFalse) c. 8> -4 (OTrue 0O False)
d. -3<7 (oTrue 0O False) d. -5> -5 (OoTrue 0O False)
e. -3<-3 (OTrue 0O False) e. 4# -4 (OTrue O False)
f. 6=6 (O0True O False) f. -=6#4 (O0True O False)
21. Decide if each comparison is true or false. 22. Decide if each comparison is true or false.
a. % * % (0 True 0O False) a. —g = —% (O True 0O False)
b. f:) > % (O True 0O False) b. 12—3 > —% (O True 0O False)
C —% # % (O True 0O False) c. % < % (O True 0O False)
d. —% = % (0 True 0O False) d. 13—4 = % (O True 0O False)
e. % < 14—4 (O True 0O False) e. —g * —g (O True 0O False)
f. —% < % (O True 0O False) f. —% > —% (0 True O False)
Comparisons Choose <, >, or = to make a true statement.
1
23. —g (o< O> O=) —Z 24. —g (o< O> O=) ~5
25. 2+% (@< o> oO=) 1+3 2. :+3 (@< o> o= %+3%
27. 5+3 (@< o> o=) $-3 28. Y+ ¥ (@< o> o=) $-8
29. -61 (@< oO> O=) -6 30. -1 (@< o> o=) -1
31. -31 (@< o> o= 3 32. =32 (@< o> oO=) 1

58



1.6 Comparison Symbols and Notation for Intervals
3 3

5 8

33, ’__‘ (@< o> o=) |0.6] 34. ‘——’ (o< o> o=) |0.375]

35. For each interval expressed in the number lines, give the interval notation and set-builder notation.
el )
- % 3+ > + 1 >
-a-4-3-2-10 1 2 3 4 5« -a-4-3-2-10 1 2 3 4 5 5-4-3-2-10 1 2 3 4 &

36.

a. Inset-builder notation: ‘ b. Inset-builder notation: ‘ c. Inset-builder notation: ‘

In interval notation: ‘

In interval notation: ‘

In interval notation:

For each interval expressed in the number lines, give the interval notation and set-builder notation.

 S———— e 0

5-4-3-2-10 1 2 3 4 S5% -5-4-3-2-10 1 2 3 4 5% -5-4-3-2-10 1 2 3 4 5 »

a. Inset-builder notation: ‘

c. Inset-builder notation: ‘

b. Inset-builder notation: ‘

In interval notation: Z In interval notation: ‘ In interval notation: ‘

Set-builder and Interval Notation

37. Here is an interval: 38. Here is an interval: 39. Here is an interval:
3 4 -3.5

- - S— - S - E >

-4 0 4 r -4 0 4 n -4 0 4 &
Write the interval using set- Write the interval using set- Write the interval using set-
builder notation. builder notation. builder notation.
Write the interval using in- Write the interval using in- Write the interval using in-
terval notation. terval notation. terval notation.
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Convert to Interval Notation

60

40.

43.

45

49

53

57

61.

65

Here is an interval:

&
=YY

Write the interval using set-
builder notation.

Write the interval using in-
terval notation.

Here is an interval:

F
= J

Write the interval using set-
builder notation.

Write the interval using in-
terval notation.

. {x|x<5) 16. {(x|x<7) 47, {x|x>9)
Cfxlx<-7) 50. {x | x < -5} 51 (x| x > -2}
Cxl2>x) 54. {x]5> x} 55. {x|7 > x}

(x| -9 <x) 58. {x|-7 <1} 59. (x| 5 <x}

{x|g<x} 62. {x|£<x} 63. {x|xs—§}
C{x]x<0) 66. {x]0<x}

41.

44.

Here is an interval:

42. Here is an interval:

F
=¥

Write the interval using set-
builder notation.

Write the interval using in-
terval notation.

Here is an interval:

Write the interval using set-
builder notation.

Write the interval using in-
terval notation.

F
o¥f

Write the interval using set-
builder notation.

Write the interval using in-
terval notation.

A set is written using set-builder notation. Write it using interval notation.

48. {x|x > -9}

52. {x|x > 10}

56. {x|9 > x}

60. {x|-2<x}
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1.7 Basic Math Chapter Review

1.7.1 Arithmetic with Negative Numbers

Adding Real Numbers with the Same Sign When adding two numbers with the same sign, we can ignore
the signs, and simply add the numbers as if they were both positive.

Example 1.7.1

a. 5+42=7 b. =5+ (=2) = -7

Adding Real Numbers with Opposite Signs When adding two numbers with opposite signs, we find
those two numbers’ difference. The sum has the same sign as the number with the bigger value. If those
two numbers have the same value, the sum is 0.

Example 1.7.2

a. 5+(-2)=3 b. (-5)+2=-3
Subtracting a Positive Number When subtracting a positive number, we can change the problem to
adding the opposite number, and then apply the methods of adding numbers.
Example 1.7.3

a. 5-2=>5+(-2) b. 2-5=2+(-5) c. -5-2=-5+(-2)
=3 =-3 =3

Subtracting a Negative Number When subtracting a negative number, we can change those two negative
signs to a positive sign, and then apply the methods of adding numbers.
Example 1.7.4

a. 5-(-2)=5+2 b. -5—(=2)=-5+2 c. -2—(-5)=-2+5
:7 =—3 :3

Multiplication and Division of Real Numbers When multiplying and dividing real numbers, each pair
of negative signs cancel out each other (becoming a positive sign). If there is still one negative sign left, the
result is negative; otherwise the result is positive.

Example 1.7.5

a. (6)(-2)=-12 d. (=6)(=2)(-1) = -12 g 2-_¢6
b. (-6)(2) = -12 e. (-6)(=2)(-1)(-1) =12 h. 22 =6
c. (-6)(-2)=12 f.12=-6
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Powers When we raise a negative number to a certain power, apply the rules of multiplying real numbers:
each pair of negative signs cancel out each other.

Example 1.7.6

a. (-2)* = (-2)(-2) e (-2 = (-2)(-2)(-2)(-2)
b. (-2)* = (-2)(-2)(-2)
=-8

Difference between (—a)" and —a" For the exponent expression 2%, the number 2 is called the base, and
the number 3 is called the exponent. The base of (—a)" is —a, while the base of —a" is a. This makes a
difference in the result when the power is an even number.

Example 1.7.7

a. (-4 = (-4)(-4) c. (—4)° = (—4)(-4)(-4)
=16 =-64
b. —42 = —(4)(4) d. —4° = —(4)(4)(4)
=-16 = —-64

1.7.2 Fraction Arithmetic

Example 1.7.8 Multiplying Fractions.

When multiplying two fractions, we simply multiply the numera-

tors and denominators. To avoid big numbers, we should reduce 1
fractions before multiplying. If one number is an integer, we can 2
write it as a fraction with a denominator of 1. For example, 2 = 2.

| W N

Example 1.7.9 Dividing Fractions.

When dividing two fractions, we “flip” the second number, and
then do multiplication.

W N
=~ W
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Example 1.7.10 Adding/Subtracting Fractions.

Before adding/subtracting fractions, we need to change each frac-

tion’s denominator to the same number, called the common de- 1 1_13 12
nominator. Then, we add/subtract the numerators, and the de- 2 3 23 3 2
nominator remains the same. _3_2
6 6
_1
6
1.7.3 Absolute Value and Square Root
Example 1.7.11 Absolute Value.
The absolute value of a number is the distance
from that number to 0 on the number line. An
absolute value is always positive or 0. a. 2| =2 c. |0]=0
b |-41=1
Example 1.7.12 Square Root.
The symbol Vb has meaning when b > 0. It
means the positive number that can be squared
to resultin b. a. V9=3 c. % =3
b. V2 ~ 1.414
d. V-1is undefined
1.7.4 Order of Operations
Example 1.7.13 Order of Operations.
When evaluating an expression with multiple
operations, we must follow the order of opera- 4-2(3-(2-4%)=4-2 (3 _ ()2)
tions:
- 2

1. (P)arentheses and other grouping symbols =4-2 (3 -2 )

2. (E)xponentiation =4-2 ( 3-4 )

3. (M)ultiplication, (D)ivision, and Negation =4-[2(-1)

4. (A)ddition and (S)ubtraction =4-(=2)
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1.7.5 Set Notation and Types of Numbers

A set is an unordered collection of items. Braces, {}, are used to show what items are in a set. For example,
the set {1,2, 1} is a set with three items that contains the numbers 1, 2, and 7.

Types of Numbers Real numbers are categorized into the following sets: natural numbers, whole num-

bers, integers, rational numbers and irrational numbers.

Example 1.7.14 Here are some examples of numbers from each set of numbers:

Natural Numbers The natural numbers are all counting numbers larger 1 and larger.
1,251, 3462

Whole Numbers The whole numbers are all counting numbers larger 0 and larger.
0,1,42,953

Integers The integers are all counting numbers both negative and positive.
-263,-10,0,1,834

Rational Numbers The rational numbers are all possible fractions of integers.
1,-3,1.1,0,073

Irrational Numbers The irrational numbers are all numbers that cannot be written as a fraction of inte-
gers.

n,e,V2

1.7.6 Comparison Symbols and Notation for Intervals

The following are symbols used to compare numbers.

Symbol Meaning Examples

= equals 13=13 2125
> is greater than 13 > 11 >3

> is greater than or equalto 13 > 11 323

< is less than -3<8 1<2

< is less than or equal to -3<8 3<3

+ is not equal to 10 # 20 1#12

Table 1.7.15: Comparison Symbols

The following are some examples of set-builder notation and interval notation.
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Graph Set-builder Notation Interval Notation
+ : e
-2 -1 0 1 2 x {(x|x>1} [1, co)
+ + € > ——>
-2 -1 0 1 2 X {x]x>1} (1, )
— - :
2 - 0 1 2 * {x|x<1} (~o0,1]
— )
-2 -1 0 1 2 x (x|x <1} (—c0,1)
Exercises

1. Perform the given addition
and subtraction.

a -19-8+(-2)=| |

b. 2—(=19) + (-14) =

4. Multiply the following.

a. (-2)-(-4)-(-5) =

c. (-98)-(=77)-0 =

7. Evaluate the following.

b. —42 =|

10. Evaluate the following.

a. (—4)3 :‘
b. -3 =|
13. Subtract: —g - (—%)

2. Perform the given addition 3. Multiply the following.

and subtraction.

a —18-5+(-8) = |

a. (=2)-(-6)-(-3) =

5. Evaluate the following.

=25
a — =
10
b._—5:
C_?%:‘ .......................................................... ‘

a (-1p=| |
b. -8 =|
9 5 1 7
11. Add: —E + 8 12. Add: —6 + E
1 5 28
14. Subtract: 0 (_6) 15. Subtract: 2 — )
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25 127 .25
16. Subtract: 4 — 3 17. Multiply: 3 m 18. Multiply: 3 %
19. Multiply: —4~§ 20. Multiply: =5 - 2 21. Divide: A -k
‘ Py =%'% ‘ P70 ‘ 15\ 12
. 1. 5 o9 g
22. Divide: g ° ( 12) 23. Divide: 27 = 1 24. Divide: 9 = 1
25. Evaluate the following. 26. Evaluate the following. 27. Evaluate the following.
a. —[3-10| = | a —|1-7| = | a Vi=| |
b. [-3-10| = b. V81=| |
c. ~2[10-3| =| | . —2|7-1| = | c. V100 = |
28. Evaluate the following. 29. Evaluate the following. 30. Evaluate the following.
a Vi | 16_ 25 _
‘ ‘ a. 29 = a. 31 =
b. V25=
BT e E
c. Vo=| | 64 49
31. Evaluate the following. 32. Evaluate the following. 33. Evaluate the following.
3 .....................................................
—@-sla-(-)=] |  -e-os-@-= | %:\ |
34. Evaluate the following. 35. Evaluate the following. 36. Evaluate the following.
3 — I
27-(2 _ 10-8]-9+@-77 = | 1-6]-5+G-67|=| |
72T i I e B A B A H R R
Compare the following integers:
37. a.2 (o< O> O=) -7 38. a.3 (o< O> O=) -6
b. -2 (o< o> o= -7 b. -1 (o< o> O=) -6
c -7 (o< oO> o= 0 c. 6 (o< O> oO=) 0
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Determine the validity of each statement by selecting True or False.

> (@) The number y(-60)* is irrational 0. (a) The number % is rational, but not an
int
(b) The number /% is an integer, but not a Integer
whole number (b) The number 2 is rational, but not an in-
teger

(c) The number V23 is rational
(c) The number V11 is a real number, but not
an irrational number

(d) The number 0.14404004000400004... is ra-
tional

(d) The number 60 is an integer, but not a
whole number

(e) The number 0 is a natural number

(¢) The number V4 is a real number, but not
a rational number

A set is written using set-builder notation. Write it using interval notation.

41. {x|x > 2} 42, {x | x > 4}

43.  For each interval expressed in the number lines, give the interval notation and set-builder notation.

- ) - - ] - -  ———
5-4-3-2-10 1L ? 34 S -5-4-3-2-10 1 2 3 4 5 5-4-3-2-10 1 2 3 4 5 »

a. Inset-builder notation: ‘ ‘ b. Inset-builder notation: ‘ ‘ c. Inset-builder notation: ‘ ‘

Ininterval notation: Z In interval notation: ‘ In interval notation: ‘

44.  For each interval expressed in the number lines, give the interval notation and set-builder notation.

-

-
-5-d4-3-2-10 1 2 3

> - £ -«
5% -5-4-3-2-10 12 3 4 §

i 3

o = -
w -5-4-3-2-10 12 3 4§

LY
A
d4

a. Inset-builder notation: ‘ b. Inset-builder notation: ‘ c. Inset-builder notation: ‘

In interval notation:

In interval notation: ‘ In interval notation: ‘
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csunrre 2

Variables, Expressions, and Equations

2.1 Variables and Evaluating Expressions

To move past arithmetic to algebra, we begin working with variables. Any combination of numbers and
variables using mathematical operations is called a mathematical expression. Some expressions are simple,
and some are complicated. Some expressions are abstract, whereas some have context and meaning. One
example of a simple mathematical expression with context is “220 — a,” which has one variable, 4, and is
the expression for the maximum heart rate of a person who is a years old.

In this section, we’ll focus on variables and expressions. In we’ll continue with a focus on ge-
ometry formulas. In the remainder of this chapter, we’ll focus on mathematical equations and inequalities
which are also very important in algebra.

2.1.1 Introduction to Variables

When we want to represent an unknown or changing numerical quantity, we use a variable to do so. For
example, if you'd like to discuss the gas mileage of various cars, you could let the symbol “g” represent a
car’s gas mileage. The mileage might be 25 mpg, 30 mpg, or some other quantity. If we agree to use mpg
for the units of measure, g might be a place holder for 25, 30, or some other number. Since we are using a
variable and not a specific number, we can discuss gas mileage for Honda Civics at the same time we discuss

gas mileage for Ford Explorers.

When variables stand for actual physical quantities, it’s good to use letters that clearly correspond to the
quantity they represent. For example, it’s wise to use g to represent gas mileage. This helps the people who
might read your work in the future to understand it better.

It is also important to identify what unit of measurement goes along with each variable you use, and clearly
tell your reader this. For example, suppose you are working with g = 25. A car whose gas mileage is 25 mpg
is very different from a car whose gas mileage is 25 kpg (kilometers per gallon). So it would be important
to tell readers that g represents gas mileage in miles per gallon.

Checkpoint 2.1.2. Identify a variable you might use to represent each quantity. And identify what units
would be most appropriate.

a. Let [‘ be the age of a student, measured in ‘
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Explanation.

a. The unknown quantity is age, which we generally measure in years. So we could define this variable
as:

“Let a be the age of a student, measured in years.”

b. The amount of time passed is the unknown quantity. Since this is a drive from Portland to Boise, it
would make sense to measure this in hours. So we could define this variable as:

“Let t be the amount of time passed since a driver left Portland, Oregon, bound for Boise, Idaho,
measured in hours.”

c. The unknown quantity is area. Apartment area is usually measured in square feet. So we’ll define
this variable as:

7

“Let A be the area of a two-bedroom apartment, measured in ft°.

Unless an algebra problem specifies which letter(s) to use, we may choose which letter(s) to use for our
variable(s). However without any context to a problem, x, y, and z are the most common letters used as
variables, and you may see these variables (especially x) a lot.

Also note that the units we use are often determined indirectly by other information given in an algebra
problem. For example, if we're told that a car has used so many gallons of gas after traveling so many miles,
then it suggests we should measure gas mileage in mpg.

2.1.2 Mathematical Expressions

A mathematical expression is any combination of variables and numbers using arithmetic operations. The
following are all examples of mathematical expressions:

Vx

x+1 20+ 2w
y+1

nRT

Note that this definition of “mathematical expression” does not include anything with signs like these in
them: =, <, <, etc.

Example 2.1.3 The expression:
5
—(F-32
S(F-32)

can be used to convert from degrees Fahrenheit to degrees Celsius. To do this, we need a Fahrenheit
temperature, F. Then we can evaluate the expression. This means replacing its variable(s) with specific
numbers and calculating the result. In this case, we can replace F with a specific number.

Let’s convert the temperature 89 °F to the Celsius scale by evaluating the expression.
5 5
—(F-32)=-(89-32
S(F-32) = 2(89-32)
5
=57
=(57)

285
= — =~ 31.67
9

This shows us that 89 °F is equivalent to approximately 31.67 °C.

Warning 2.1.4 Evaluating Versus Solving. The steps in are not considered “solving” any-
ﬁ

thing. “Solving” is a word you might be tempted to use, because in some sense the steps from
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are “finding an answer.” There is a special meaning in algebra for words like “solve” and “solution” that
will come soon. Instead, when we substitute a value and compute the result, the proper vocabulary is
“evaluating an expression.”

Checkpoint 2.1.5. Try evaluating the temperature expression for yourself.

Use the expression g(F — 32) to evaluate some Celsius temperatures.
a. If a temperature is 50°F what is that temperature measured in Celsius?

b. If a temperature is —20°F what is that temperature measured in Celsius?

Explanation.
5 5 5 5
. =(F-32)=-(50-32 b. —(F—-32) = -(-20-32
a 2(F-32)= 3(50-32) S(F-32) = 2(-20-32)
5 5
=21 = Z(=52
=(18) >(-52)
5 260
=1 CE
=10 ~ —28.89
So 50°F is equavalent to 10°C. So —20°F is equavalent to about —28.89°C.

Example 2.1.6 Target heart rate. According to the American Heart Association, a person’s maximum
heart rate, in beats per minute (bpm), is given by 220 — a, where a is their age in years.

a. Determine the maximum heart rate for someone who is 31 years old.

b. A person’s target heart rate for moderate exercise is 50% to 70% of their maximum heart rate. If they
want to reach 65% of their maximum heart rate during moderate exercise, we’d use the expression
0.65(220 — a), where a is their age in years. Determine the target heart rate at this 65% level for
someone who is 31 years old.

Explanation. Both of these parts ask us to evaluate an expression.
a. Since a is defined to be age in years, we will evaluate this expression by substituting a with 31:
220 -a =220-31
=189
This tells us that the maximum heart rate for someone who is 31 years old is 189 bpm.
b. We'll again substitute a with 31, but this time using the target heart rate expression:
0.65(220 — a) = 0.65(220 — 31)

= 0.65(189)
=122.85

This tells us that the target heart rate for someone who is 31 years old undertaking moderate
exercise is 122.85 bpm.

Checkpoint 2.1.7. The target heart rate for moderate exercise is 50% to 70% of maximum heart rate. We
can use the expression 755(220 — a) to represent a person’s target heart rate when their target rate is p% of
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their maximum heart rate, and they are a years old.

Determine the target heart rate at the 53% level for moderate exercise for someone who is 56 years old.

At the 53% level, the target heart rate for moderate exercise for someone who is 56 years old is E beats
per minute.

Explanation.

p _ 38 5o
75 (220 — @) = 355(220 — 56)

53
= 105169

53
= g(ﬁll)
= 86.92

At the 53% level, the target heart rate for moderate exercise for someone who is 56 years old is 86.92 beats
per minute.

Checkpoint 2.1.8 Rising Rents. An expression estimating the average rent of a one-bedroom apartment
in Portland, Oregon, from January, 2011 to October, 2016, is given by 10.173x +974.78, where x is the number
of months since January, 2011.

a. According to this model, what was the average rent of a one-bedroom apartment in Portland in Jan-
uary, 2011?

b. According to this model, what was the average rent of a one-bedroom apartment in Portland in Jan-
uary, 20167

Explanation.

a. This model uses x as the number of months after January, 2011. So in January, 2011, x is 0:

10.173x +974.48 = 10.173(0) + 974.48
~ 974.48

According to this model, the average monthly rent for a one-bedroom apartment in Portland, Oregon,
in January, 2011, was $974.78.

b. The date we are given is January, 2016, which is 5 years after January, 2011. Recall that x is the number
of months since January, 2011. So we need to use x = 60:

10.173x + 974.48 = 10.173(60) + 974.48
~ 1584.86

According to this model, the average monthly rent for a one-bedroom apartment in Portland, Oregon,
was $1584.86 in January 2016.

2.1.3 Evaluating Expressions with Exponents, Absolute Value, and Radicals

Mathematical expressions will often have exponents, absolute value bars, and radicals. This does not change
the basic approach to evaluating them.
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Example 2.1.9 Tsunami Speed. The speed of a tsunami (in meters per second) can be modeled by v9.84,
where 4 is the depth of the tsunami (in meters). Determine the speed of a tsunami that has a depth of
30 m to four significant digits.

Explanation. Using d = 30, we find:
V9.8d = +/9.8(30)

= V294

four
—

~ 17.14 6428 ...

The speed of tsunami with a depth of 30 m is about 17.15 .

Up to now, we have been evaluating expressions, but we can evaluate formulas in the same way. A formula
usually has a single variable that represents the output of an expression. For example, the expression for
a person’s maximum heart rate in beats per minute, 220 — 4, can be written as the formula, H = 220 — a.
When we substitute a value for 2 we are evaluating the formula. Even though we have an equation, we are
not solving yet. That will come soon.

Checkpoint 2.1.10 Tent Height. While camping, the height (in feet) inside a tent when you are 4 ft from
the north side of the tent is given by the formula & = -2 |d — 3| + 6.

a. When you are 5 ft from the north side, the b. When you are 2.5 ft from the north side, the

height will be . height will be ‘
Explanation.
a. When d = 5, we have: b. When d = 2.5, we have:
h=-2|d-3|+6 h=-2|d-3]+6

=-2[5-3[+6 =-225-3|+6
=-212|+6 =-2]-0.5/+6
=-2(2)+6 =-2(0.5)+6
=-4+6 =-1+6
=2 =5

Thus when you are 5 ft from the north side, the Thus when you are 2.5 ft from the north side,

height in the tent is 2 ft. the height in the tent is 5 ft.

interest rate r, and intend to pay off the loan after n months, then the amount we should pay each month
M, in dollars, is given by the formula

M =

12 ((1 + L) - 1)

If we borrow $200,000 at an interest rate of 6% with the intent to pay off the loan in 30 years, what should
our monthly payment be? (Using a calculator is appropriate here.)
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Explanation. We must use L = 200000. Because the interest rate is a percentage, r = 0.06 (not 6). The
variable # is supposed to be a number on months, but we will pay off the loan in 30 years. Therefore we
take n = 360.

rL(1+%)"  (0.06)(200000) (1+ %%)*"

12((1+ﬁ;"—1) 12((1+5%)™ 1)

_(0.06)(200000)(1 + 0.005)3¢
~12((1 +0.005)360 — 1)

_ (0.06)(200000)(6.022575 ... .)
T 12(6.022575... - 1)

_ (0.06)(200000)(6.022575 ... .)
- 12(5.022575...)
_72270.90...

~ 60.2709.. ..

~ 1199.10

Our monthly payment should be $1,199.10.

Warning 2.1.12 Evaluating Expressions with Negative Numbers. When we substitute negative numbers
into an expression, it’s important to use parentheses around them or else it’s easy to forget that a negative
number is being raised to a power. Let’s look at some examples.

Example 2.1.13 Evaluate x? if x = -2.
We substitute:

x? = (-2)?
=4
If we don’t use parentheses, we would have:
x? = =22 incorrect!
=-4
The original expression takes x and squares it. With —22 = —4, the number -2 is not being squared.

Since the exponent has higher priority than the negation, it’s just the number 2 that is being squared.
With (—2)? = 4 the number -2 is being squared, which is what we would want given the expression x2.

So it is wise to always use some parentheses when substituting in any negative number.

Checkpoint 2.1.14. Evaluate and simplify the following expressions for x = =5 and y = -2:

c. =3x%y =
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Explanation.

a. x*y? = (-5)*(-2)°
= (-125)(4)
= -500

Exercises

Evaluating Expressions

1. Evaluate x — 10 for x = 6.
4. Evaluate 10 — x for x = —8.
7. Evaluate —7c¢ for ¢ = 9.

9. Evaluate the expression r%:

b. Whenr = =5, 12 =E‘

12. Evaluate the expression x>

15. Evaluate — (y +2) for y = 7.

9r -5

17. Evaluate forr = -1.

19. Evaluate —9B + 9A for B = -10 and A = —6. 20.

21. Evaluate _75 - ; forx =7and a = -3. 22,

2.1 Variables and Evaluating Expressions

b. (-2x)® = (-2(-5))°

= (10)°
= 1000

2. Evaluate x + 4 for x = 9.

5. Evaluate 3x + 6 for x = —5.

8. Evaluate —2B for B = 2.

10. Evaluate the expression #:

a. Whent =9, % = ‘

b. Whent = -9, =E‘

13. Evaluate the following ex-
pressions.

a. Evaluate 5x2 when x =
2. 5x% =\

b. Evaluate (53()2 whenx =
2. (5x)° :\

c. —=3x%y = -3(-5)*(-2)
= —3(25)(-2)
=150

3. Evaluate —4 — x for x = —-10.

6. Evaluate —5x — 6 forx = —3.

11. Evaluate the expression t3:

a. Whent =4, 3 = ‘

b. Whent = -3, t3 =[‘

14. Evaluate the following ex-
pressions.

a. Evaluate 3x2 when x =

b. Evaluate (33()2 whenx =
2. (3x)? :\

16. Evaluate —7(y +9) for y = 6.

3r -7

18. Evaluate

forr = -8.

Evaluate -2C —cfor C = -9 and c = 5.

Evaluate _75 - % fory =9 and B = 5.
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-7t +9c —

23. Evaluate 3 fort = —4and c =9.
7t —2¢

1
25. Evaluate the expression i(x +2)* = 7 when

x =-9.

27. Evaluate the expression %h (B+b) whenh =
10, B=8,b=7.

29. Evaluate the expression —16t>+64t+128 when
t=3.

31. Evaluate the following expressions.

a. Evaluate x273 when x = =3 and r = —1.

b. Evaluate x372 when x = -3 and r = —1.

32 :‘

33. Evaluate the following expressions.
a. Bvaluate (-3y)® when y = —1.

(-3y)? = |

b. Evaluate (-3y)’ when y = —1.

(-3y)° =

—2q —
24. Evaluate a-B+9 fora =3and B = -7.

—8a +7B

1
26. Bvaluate the expression 7 (x +3)° — 4 when
x=-7.

28. Evaluate the expression %h(B +b) whenh =
12, B=6, b =5.

30. Evaluate the expression —16t>+64t+128 when
t=-5.

32. Evaluate the following expressions.

a. Evaluate x?y® when x = -1 and y = -2.

N

b. Evaluate x3y? when x = -1 and y = -2.

34. Evaluate the following expressions.

a. Evaluate (-y)° when y = -2.

35. Evaluate each algebraic expression for the given 36. Evaluate each algebraic expression for the given

value(s):

VT —d

,forx =104dand y = —4:
[2x -yl Y

37. Evaluate each algebraic expression for the given 38.

value(s):

Vx vy

y —;,forx=81andy=3:
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value(s):

PV —4
15x — y|

,forx =29andy =7

Evaluate each algebraic expression for the given
value(s):

ﬂ—z forx =100 and y = —6:

y x’
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39. Evaluate 40. Evaluate
Y2—W Y2— 1
X2 — X1 X2 — X1
for x1 = -20,x, =13, 1 =19, and y, = -1: for x;1 = -15,x = -2, y; = =5, and y, = —12:
41. Evaluate 42. Evaluate
\/(Xz - x1)? + (2 — 11)? \/(xz - x1)? + (y2 — 11)?
forx;1 =8,x2=4,y; =8 and y» = 11: forx; =-2,x2=4,y1 = -8,and y, = -16:

43. Evaluate the algebraic expression 3a + b for ~ 44. Evaluate the algebraic expression —8a + b for
a=32andb=3. a=%andb=13.

45. Evaluate each algebraic expression for the given 46. Evaluate each algebraic expression for the given
value(s): value(s):

5+ 5|y — x| 4+ 5|y — x|
W,forx=6andy=—3:_ W,forlelandy:—&_

To convert a temperature measured in degrees Fahrenheit to degrees Celsius, there is a formula:
5
C=-(F-32)
9
where C represents the temperature in degrees Celsius and F represents the temperature in degrees Fahren-

heit.

47. If a temperature is 113°F, what is that temper- ~ 48. If a temperature is 5°F, what is that tempera-
ature measured in Celsius? ture measured in Celsius?

49. If a temperature is 14°F, what is that temper- ~ 50. If a temperature is 122°F, what is that temper-
ature measured in Celsius? ature measured in Celsius?

A formula for converting meters into feet is
F=3.28M

where M is a number of meters, and F is the corresponding number of feet.

51. Use the formula to find the number of feetthat ~ 52. Use the formula to find the number of feet that
corresponds to fourteen meters. corresponds to eight meters.

feet corresponds feet corresponds
to fourteen meters. to eight meters.
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The formula 1
Y= Eat2+vot+y0

gives the vertical position of an object, at time f, thrown with an initial velocity vy, from an initial position yy
in a place where the acceleration of gravity is a. The acceleration of gravity on earth is —9.8 212‘ It is negative,
because we consider the upward direction as positive in this situation, and gravity pulls down.

53. What is the height of a baseball thrown with ~ 54. What is the height of a baseball thrown with

an initial velocity of vg = 78 ?, from an initial an initial velocity of vy = 84 ?, from an initial
position of yy = 97 m, and at time f = 14 s? position of yo = 80 m, and at time t = 5s?
Fourteen seconds after the baseball was thrown, Five seconds after the baseball was thrown, it
it was high in the air. was high in the air.

The percentage of births in the U.S. delivered via C-section can be given by the following formula for the

years since 1996:
p = 0.8(y —1996) + 21

In this formula y is a year after 1996 and p is the percentage of births delivered via C-section for that year.

55. What percentage of births in the U.S. werede- ~ 56. What percentage of births in the U.S. were de-

livered via C-section in the year 2010? livered via C-section in the year 2012?
of births in the U.S. of births in the U.S.
were delivered via C-section in the year 2010. were delivered via C-section in the year 2012.

Target heart rate for moderate exercise is 50% to 70% of maximum heart rate. If we want to represent a
certain percent of an individual’s maximum heart rate, we’d use the formula

rate = p(220 — a)

where p is the percent, and a is age in years.

57. Determine the target heart rate at 51% level =~ 58. Determine the target heart rate at 53% level

for someone who is 43 years old. Round your for someone who is 22 years old. Round your
answer to an integer. answer to an integer.

The target heart rate at 51% level for someone The target heart rate at 53% level for someone
who is 43 years old is ‘ who is 22 years old is

beats per minute. beats per minute.

The diagonal length (D) of a rectangle with side lengths L and W is given by:
D =VL2+W?

59. Determine the diagonal length of rectangles ~ 60. Determine the diagonal length of rectangles

with L =6 ftand W = 8 ft. with L =9 ftand W = 12 ft.
The diagonal length of rectangles with L = 6 ft The diagonal length of rectangles with L = 9 ft
and W = 8 ftis . and W =12 ftis
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61. The height inside a camping tent when you
are d feet from the edge of the tent is given by

h=-11ld-54]+6

where h stands for height in feet.
Determine the height when you are:
a. 6.5 ft from the edge.
The height inside a camping tent when
you 6.5 ft from the edge of the tent is ‘
b. 4.4 ft from the edge.
The height inside a camping tent when

you 4.4 ft from the edge of the tent is ‘

2.1 Variables and Evaluating Expressions

62. The height inside a camping tent when you
are d feet from the edge of the tent is given by

h=-06|d—58|+55

where h stands for height in feet.
Determine the height when you are:
a. 9.7 ft from the edge.
The height inside a camping tent when
you 9.7 ft from the edge of the tent is ‘
b. 2.9 ft from the edge.
The height inside a camping tent when

you 2.9 ft from the edge of the tent is ‘
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2.2 Geometry Formulas

Two- and three- dimensional shapes provide some formulas with variables that we can evaluate.

2.2.1 Evaluating Perimeter and Area Formulas

Rectangles The rectangle in has a length (as measured by the edges on the top and bottom)
and a width (as measured by the edges on the left and right).

-2 cm

width

length = 3cm

Figure 2.2.2: A Rectangle

Perimeter is the distance around the edge(s) of a two-dimensional shape. To calculate perimeter, start from

a point on the shape iusualli a corner), travel around the shape, and add up the total distance traveled. For

the rectangle in the Figure 2.2.2, if we travel around it, the total distance would be:

rectangle perimeter = 3cm +2cm +3cm +2cm

=10 cm.

Another way to compute a rectangle’s perimeter would be to start at one corner, add up the edge length
half-way around, and then double that. So we could have calculated the perimeter this way:

rectangle perimeter = 2(3cm + 2 cm)
=2(5cm)
=10cm.

There is nothing special about this rectangle having length 3 cm and width 2 cm. With a generic rectangle,
it has some length we can represent with the variable £ and some width we can represent with the variable
w. We can use P to represent its perimeter, and then the perimeter of the rectangle will be given by:

P =2(¢ +w).

Area is the number of 1 X 1 squares that fit inside a two-dimensional shape (possibly after morphing them

into non-square shapes). If the edges of the squares are, say, 1 cm long, then the area is measured in “square
cm,” written cm?. In , the rectangle has six 1 cm x 1 cm squares, so its area is 6 square centimeters.

Note that we can find that area by multiplying the length and the width:

rectangle area = (3cm) - (2 cm)

= 6cm?
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Again, there is nothing special about this rectangle having length 3cm and width 2cm. With a generic
rectangle, it has some length we can represent with the variable £ and some width we can represent with
the variable w. We can represent its area with the variable A, and then the area of the rectangle will be given
by:

A={C-w.

Checkpoint 2.2.3. Find the perimeter and area of the rectangle.

u L]
o om
(] 14 m ]
Its perimeter is ‘ and its area is ‘

Explanation. Using the perimeter and area formulas for a rectangle, we have:

P=2(l+w) A={(-w

=2(14+10) =14-10
=2(24) = 140
=48

Since length and width were measured in meters, we find that the perimeter is 28 meters and the area is 140
square meters.

Triangles The perimeter of a general triangle has no special formula — all that is needed is to add the
lengths of its three sides. The area of a triangle is a bit more interesting. In Eiéure 2.2.4, there are three
triangles. From left to right, there is an acute triangle, a right triangle, and an obtuse triangle. Each triangle
is drawn so that there is a “bottom” horizontal edge. This edge is referred to as the “base” of the triangle.
With each triangle, a “height” that is perpendicular to the base is also illustrated.

eigcht*2 cm m;dﬁ_o em @_
reigh£2 eny neighiie 7]
O f =
base=3 cm base=3 cm base=3 am

Figure 2.2.4: Triangles

Each of these triangles has the same base width, 3 cm, and the same height, 2 cm. Note that they each have
the same area as well. illustrates how they each have an area of 3 cm?.

81



Chapter 2 Variables, Expressions, and Equations

ar ~

L

Figure 2.2.5: Triangles

As with the triangles in , you can always rearrange little pieces of a triangle so that the resulting
shape is a rectangle with the same base width, but with a height that’s one-half of the triangle’s height.
With a generic rectangle, it has some base width we can represent with the variable b and some height we
can represent with the variable /.. We can represent its area with the variable A, and then the area of the
triangle will be given by A = b - (3/1), or more conventionally:

1
A= Ebh.

Checkpoint 2.2.6. Find the perimeter and area of the triangle.

Its perimeter is and its area is

Explanation. For perimeter, we just add the three side lengths:

P=13+25+33
=71

For area, we use the triangle area formula:

1
A—Ebh

1
= =(13)(22
5(13)22)
=13(11)
=143
Since length and width were measured in meters, we find that the perimeter is 71 meters and the area is 143
square meters.
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Circles To find formulas for the perimeter and area of a circle, it helps to first know that there is a special
number called 7 (spelled “pi” and pronounced like “pie”) that appears in many places in mathematics. The
decimal value of 7 is about 3.14159265 . . ., and it helps to memorize some of these digits. It also helps to
understand that 7 is a little larger than 3. There are many definitions for 7 that can explain where it comes
from and how you can find all its decimal places, but here we are just going to accept that it is a special
number, and it is roughly 3.14159265.. . ..

The perimeter of a circle is the distance around its edge. For circles, the perimeter has a special name: the cir-
cumference. Imagine wrapping a string around the circle and cutting it so that it makes one complete loop.
If we straighten out that piece of string, we have a length that is just as long as the circle’s circumference.

N

circumference = 1t - diameter

=\\Fi¥.

Figure 2.2.7: Circle Diameter and Circumference

As we can see in , the circumference of a circle is a little more than three times as long as its
diameter. (The diameter of a circle is the length of a straight line running from a point on the edge through
the center to the opposite edge.) In fact, the circumference is actually exactly 7 times the length of the
diameter. With a generic circle, it has some diameter we can represent with the variable 4. We can represent
its circumference with the variable c, and then the circumference of the circle will be given by:

¢ =md.

Alternatively, we often prefer to work with a circle’s radius instead of its diameter. The radius is the distance

from any point on the circle’s edge to its center. (Note that the radius is half the diameter.) From this
perspective, we can see in that the circumference is a little more than 6 times the radius.

\
N\ | /

an)))/
W

%/

circumference = 7 - 2radius

i

4

Figure 2.2.8: Circle Diameter and Circumference

This gives us another formula for a circle’s circumerence that uses the variable r for its radius: ¢ = 7 - 2r.
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Or more conventionally,
c=2mr.

There is also a formula for the area of a circle based on its radius. shows how three squares can
be cut up and rearranged to fit inside a circle. This shows how the area of a circle of radius r is just a little
larger than 372. Since 7t is just a little larger than 3, could it be that the area of a circle is given by nr2?

area 37 - r, or 3r2 area still 372

3r

circle area slightly more than 372

Figure 2.2.9: Circle area is slightly larger than 3r2.

One way to establish this formula is to imagine slicing up the circle into many pie slices as in [Figure 2.2.10.
Then you can rearrange the slices into a strange shape that is almost a rectangle with height equal to the
radius of the original circle, and width equal to half the circumference of the original circle.

half of circumference, tr

radius r radius 7

other half of Circumitrence, r

Figure 2.2.10: Reasoning the circle area formula.

Since the area of the circle is equal to the area of the almost-rectangular shape in [Figure 2.2.10, we have the

circle area formula:

A = nr?.
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Checkpoint 2.2.11. A circle’s diameter is 6 m.

a. This circle’s circumference, in terms of 7, is ‘ ‘

b. This circle’s circumference, rounded to the hundredth place, is ‘ ‘

c. This circle’s area, in terms of 7, is ‘ ‘

d. This circle’s area, rounded to the hundredth place, is ‘ ‘

Explanation. We use r to represent radius and d to represent diameter. In this problem, it’s given that the
diameter is 6 m. A circle’s radius is half as long as its diameter, so the radius is 3 m.

Throughout these computations, all quantities have units attached, but we only show them in the final step.

a. c =mnd c. A=mnr?
=7Z6 :7‘(~32
=6mm =n-9

b. c =nd =97 m?
~ 3.1415926 - 6 d A= nr2

~ 18.85m ~ 3.1415926 - 32

~ 3.1415926 - 9
~ 28.27 m?

2.2.2 Volume

The volume of a three-dimensional object is the number of 1 X 1 X 1 cubes that fit inside the object (possibly
after morphing them into non-cube shapes). If the edges of the cubes are, say, 1 cm long, then the volume

is measured in “cubic cm,” written cm?®.

Rectangular Prisms The 3D shape in is called a rectangular prism.

3ln . z Y ’ ’

5in

Figure 2.2.12: Volume of a Rectangular Prism

The rectangular prism in [Figure 2.2.12 is composed of 1in X 1in X 1in unit cubes, with each cube’s volume
being 1 cubic inch (or in®). The shape’s volume is the number of such unit cubes. The bottom face has
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5 -4 = 20 unit squares. Since there are 3 layers of cubes, the shape has a total of 3 - 20 = 60 unit cubes. In
other words, the shape’s volume is 60 in3 because it has sixty 1in x 1in x 1in cubes inside it.

We found the number of unit squares in the bottom face by multiplying 5 - 4 = 20. Then to find the volume,
we multiplied by 3 because there are three layers of cubes. So one formula for a prism’s volume is

V =wdh
where V stands for volume, w for width, d for depth, and / for height.

Checkpoint 2.2.13. A masonry brick is in the shape of a rectangular prism and is 8 inches wide, 3.5
inches deep, and 2.25 inches high. What is its volume?

Explanation. Using the formula for the volume of a rectangular prism:
V =wdh

= 8(3.5)(2.25)
=63

So the brick’s volume is 63 cubic inches.

Cylinders A cylinder is not a prism, but it has some similarities. Instead of a square base, the base is a
circle. Its volume can also be calculated in a similar way to how prism volume is calculated. Let’s look at
an example.

Example 2.2.14 Find the volume of a cylinder with a radius of 3 meters and a height of 2 meters.

2m

Figure 2.2.15: A Cylinder

Explanation. The base of the cylinder is a circle. We know the area of a circle is given by the formula
A = mr?, so the base area is 97 m? or about 28.27 m?. That means about 28.27 unit squares can fit into

the base. One of them is drawn in [Figure 2.2.1¢ along with two unit cubes above it.

Figure 2.2.16: Finding Cylinder Volume
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For each unit square in the base circle, there are two unit cubes of volume. So the volume is the base
area times the height: 97t m? -2 m, which equals 187 mS. Approximating  with a decimal value, this is
about 56.55 m°.

Example 2.2.14 demonstrates that the volume of a cylinder can be calculated with the formula
V = nr?h

where 7 is the radius and / is the height.

4.8 inches. What is its volume?

Its exact volume in terms of 7t is: ‘

As a decimal approximation rounded to four significant digits, its volume is: ‘

Explanation. Using the formula for the volume of a cylinder:

V = nr?h
= 11(1.3)%(4.8)
=8.112n
~ 25.48

So the can’s volume is 8.1127t cubic inches, which is about 25.48 cubic inches.

Note that the volume formulas for a rectangular prism and a cylinder have something in common: both
formulas first find the area of the base (which is a rectangle for a prism and a circle for a cylinder) and then
multiply by the height. So there is another formula

V =Bh

that works for both shapes. Here, B stands for the base area (which is wd for a prism and 772 for a cylinder.)

2.2.3 Summary

You may be required to memorize the geometry formulas that have been cataloged in this section. Check
that you have each of them memorized here.

Checkpoint 2.2.18. Fill out the table with various formulas as they were given in this section.

Rectangle Perimeter

Rectangle Area

Triangle Area

Circle Circumference

Circle Area

Rectangular Prism Volume

Cylinder Volume

Volume of either Rectangular Prism or Cylinder
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Exercises

Perimeter and Area

88

1. Find the perimeter and area of the rectangle.

2. Find the perimeter and area of the rectangle.

M| L] | | L]
8 m a m
u 18 m ]

=l 16 m ]

Its perimeter is

and

Its perimeter is

and . .
its area is

its area is

3. Find the perimeter of the rect-

angle below.

E i

358 m

1710 m

. Find the area of the rectan-

gle below.

3/8 m

576 m

4. Find the perimeter of the rect-

angle below.
[T T
5]
o
s
—
ul n
5710 m

. Find the perimeter and area

of arectangular table top with
a length of 4 ft and a width
of 27 in.

Its perimeter is

and its area is .

5. Find the area of the rectan-
gle below.

3710 m

657 m

8. Find the perimeter and area
of arectangular table top wit
alength of 4.2 ftand a width
of 36 in.

Its perimeter is

h

and its area is .



9. Find the perimeter and area
of the square.

a. The square’s perimeter

is ‘

b. Thesquare’s areais D

12. Find the perimeter and area
of the triangle.

Its perimeter is

and its area is

15. Find the perimeter and area
of the triangle.

2.2 Geometry Formulas

11. Find the perimeter and area
of the triangle.

10. Find the perimeter and area
of the square.

g cm

Its perimeter is

a. The square’s perimeter and its area is

is ‘

b. Thesquare’s area is [‘

13. Find the perimeter and area  14. Find the perimeter and area

of the right triangle. of the right triangle.
25 com g £
- 32.5 o L‘:
24 cm =
30 cm
Its perimeter is
and its area is Its perimeter is

and its area is ‘

16. Find the perimeter and area  17. The area of the triangle be-

of the triangle.

low is ‘
square feet.

Its perimeter is ‘

and its area is .

Its perimeter is

and its area is
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18. The area of the triangle be-

low is
square feet.

21. A circle’s radius is 6 m.

a. This circle’s circumfer-
ence, in terms of 7, is

b. This circle’s circumfer-
ence, rounded to the hun-

dredth place, is ‘

c. This circle’s area, in terms

of it,is

d. Thiscircle’s area, rounded
to the hundredth place,

is

24. A circle’s diameter is 18 m.

a. This circle’s circumfer-
ence, in terms of 7, is

b. This circle’s circumfer-
ence, rounded to the hun-

dredth place, is ‘

c. Thiscircle’s area, in terms

of it, is

d. Thiscircle’s area, rounded
to the hundredth place,

is ‘

90

19. Find the area of a triangular
flag with a base of 2.6 m and
a height of 60 cm.

Its area is

22. A circle’s radius is 7 m.

a. This circle’s circumfer-
ence, in terms of 7, is

b. This circle’s circumfer-
ence, rounded to the hun-

dredth place, is D

c. Thiscircle’s area, in terms

of 1t, is

d. Thiscircle’s area, rounded
to the hundredth place,

is

25. Find the perimeter and area
of this shape, which is a semi-
circle on top of a rectangle.

14 cm

Its perimeter is

and its area is .

20. Find the area of a triangular
flag with a base of 2.9 m and
a height of 130 cm.

Its area is

23. A circle’s diameter is 16 m.

a. This circle’s circumfer-
ence, in terms of 7, is

b. This circle’s circumfer-
ence, rounded to the hun-

dredth place, is ‘
c. Thiscircle’s area, in terms

d. Thiscircle’s area, rounded
to the hundredth place,

of i, is

is

26. Find the perimeter and area
of this shape, which is a semi-
circle on top of a rectangle.

24 cm

Its perimeter is

and its area is




27. Find the perimeter and area
of this polygon.

28. Find the perimeter and area

of this polygon.

23 ft

Its perimeter is

and its area is .

30. Find the perimeter and area
of this shape.

m
4m|

18 m

Its perimeter is ‘

and its area is .

The formula

25 ft

Its perimeter is

and its area is

31. Find the perimeter and area
of this polygon.

6 m 6 m

m m T

£
[Ty) =
0[] ~
m O

16 m
Its perimeter is

and its area is

1
A==
rns

2.2 Geometry Formulas

29. Find the perimeter and area
of this shape.

16 m

Its perimeter is ‘

and its area is

32. Find the perimeter and area
of this polygon.

4.5 m 4.5 m
u [ | L}
I
r=] =|
w
1 I
1 Il

15 m

Its perimeter is

and its area is

gives the area of a regular polygon with side length s, number of sides n and, apothem r. (The apothem is
the distance from the center of the polygon to one of its sides.)

33. What is the area of a regular pentagon with

s =90inand r = 82 in?

34. What is the area of a regular 28-gon with s =

99 in and r = 90 in?

The area is

The area is ‘

91



Chapter 2 Variables, Expressions, and Equations

A trapezoid’s area can be calculated by the formula A = %(b1 + by)h, where A stands for area, by for the first
base’s length, b, for the second base’s length, and & for height.

35. Find the area of the trapezoid below.

B om

36. Find the area of the trapezoid below.

Volume

37.

40.

92

Find the volume of this rect-
angular prism.

10 in

Find the volume of this rect-
angular prism.

12 in

5 in

38.

41.

Find the volume of this rect-
angular prism.

in

A cube’s side length is 8 cm.

Its volume is

42,

9 m
B
.
16 m
39. Find the volume of this rect-

angular prism.

in

A cube’s sidelength is 9 cm.

Its volume is




44. Find the volume of this cylin-
der.

43. Find the volume of this cylin-
der.

a. This cylinder’s volume, This cylinder’s volume,

in terms of 7, is

in terms of 7, is
b. This cylinder’s volume,

rounded to the hundredth This cylinder’s volume,

rounded to the hundredth
place, is

place, is

46. Find the volume of this cylin-
der.

47. A cylinder’s base’s diame-
ter is 10 ft, and its height is
5 ft.

a. This cylinder’s volume,

in terms of 7, is

b. This cylinder’s volume,
rounded to the hundredth

place, is

a. This cylinder’s volume,

in terms of 7, is |:]

b. This cylinder’s volume,

rounded to the hundredth

place, is

The formula V = 1 - s2 - h gives the volume of a right square pyramid.

49. What is the volume of a right square pyramid
with s =66 inand h = 69 in?

2.2 Geometry Formulas

45. Find the volume of this cylin-

der.

a. This cylinder’s volume,

in terms of 7, is

b. This cylinder’s volume,
rounded to the hundredth

place, is

48. A cylinder’s base’s diame-
ter is 4 ft, and its height is
6 ft.

a. This cylinder’s volume,

in terms of 7, is

b. This cylinder’s volume,
rounded to the hundredth

place, is

50. What is the volume of a right square pyramid
with s =78 inand h = 34 in?
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2.3 Combining Like Terms

In the last section we worked with algebraic expressions. In order to simplify algebraic expressions, it is
useful to identify which quantities we can combine.

2.3.1 Identifying Terms

In an algebraic expression, the terms are the quantities that are added. For example, the expression 3x + 2y
has two terms, which are 3x and 2y. Let’s look at some more examples.

Example 2.3.2 List the terms in the expression 2/ + 2w.

The expression has two terms that are being added, 2/ and 2w.

If there is any subtraction, we will rewrite the expression using addition. Here is an example of that.

Example 2.3.3 List the terms in the expression —3x2 + 5x — 4.

We can rewrite this expression as —3x2 + 5x + (—4) to see that the terms are —3x2, 5x, and —4. The last
term is negative because subtracting is the same as adding the opposite.

Example 2.3.4 List the terms in the expression 3cm + 2cm + 3 cm + 2 cm.

This expression has four terms: 3 cm, 2cm, 3 cm, and 2 cm.

Checkpoint 2.3.5. List the terms in the expression 5x — 4x + 10z.

Explanation. The terms are 5x, —4x, and 10z.

2.3.2 Combining Like Terms

In the examples above, you may have wanted to combine some of the terms. Look at the quantities below
to see which ones you can add or subtract.

a. 5in +20in c.29+5Q0 e. 5& -2
b. 16 ft — 4t d. 5min + 50 ft f. 20m—6m

The terms that we can combine are called like terms. We can combine terms with the same units, but we
cannot combine units such as minutes and feet or cats and dogs. Here are the answers:

a. 5in+20in = 25in . 2Q9+50=7Q e. 5¢ — 2 cannot be simpli-
b. 16 ft — 4 ft* cannot be simpli- d. 5min + 50 ft cannot be sim- fied
fied plified f. 20m — 6m = 14 min

Now let’s look at some examples that have variables in them.
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2.3 Combining Like Terms

Checkpoint 2.3.6. Which expressions have like terms that you can combine?

a. 10x +3y (Ocan 0Ocannot) be combined. d. -6x+17z (Ocan 0Ocannot) be combined.
b. 4x - 8x (ODcan 0Ocannot) be combined. e. 3x—-7x (Ocan Ocannot) be combined.
c. 9y —4y (Ocan 0Ocannot) be combined. f. 5t +8t> (Ocan Ocannot) be combined.

Explanation. The terms that we can combine have the same variable part, including any exponents.

a. 10x + 3y cannot be combined. d. —6x + 17z cannot be combined.
b. 4x — 8x = —4x e. —3x—7x =-10x
c. 9y —4y =5y f. 5t + 8t? cannot be combined.

Example 2.3.7 Simplify the expression 20x — 16x + 4y, if possible, by combining like terms.

This expression has two like terms, 20x and —16x, which we can combine.
20x —16x +4y = 4x +4y

Note that we cannot combine 4x and 4y because x and y represent different quantities.

Example 2.3.8 Simplify the expression 100x + 100x?2, if possible, by combining like terms.

This expression cannot be simplified because the variable parts are not the same. We cannot add x and
x? just like we cannot add feet, a measure of length, and square feet, a measure of area.

Example 2.3.9 Simplify the expression —10r + 2s — 5¢, if possible, by combining like terms.

This expression cannot be simplified because there are not any like terms.

Example 2.3.10 Simplify the expression y + 5y, if possible, by combining like terms.

This expression can be thought of as 1y +5y. When we have a single y, the coefficient of 1 is not usually
written. Now we have two like terms, 1y and 5y. We will add those together:

X +5x =1x+5x
= 6x

So far we have combined terms with whole numbers and integers, but we can also combine like terms when
the coefficients are decimals (or fractions).

Example 2.3.11 Simplify the expression x — 0.15x, if possible, by combining like terms.
Note that this expression can be rewritten as 1.00x — 0.15x, and combined like this:

x —0.15x = 1.00x — 0.15x
= 0.85x
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Checkpoint 2.3.12. Simplify each expression, if possible, by combining like terms.

a. 4x -7y +10x c. x+0.25x
b. y — 8y + 2x? d. 4x +1.5y -9z
Explanation.

a. This expression has two like terms that can be combined to get 14x — 7y.

b. In this expression we can combine the y terms to get =7y + 2x2.

c. Rewrite this expression as 1.00x + 0.25x and simplify to get 1.25x.

d. This expression cannot be simplified further because there are not any like terms.
Remark 2.3.13 The Difference Between Terms and Factors. We have learned that terms are quantities that
are added, such as 3x and —2x in 3x—2x. These are different than factors, which are parts that are multiplied

together. For example, the term 2x has two factors: 2 and x (with the multiplication symbol implied between
them). The term 27tr has three factors: 2, 7, and r.

Exercises

Review and Warmup

1. Add the following. 2. Add the following. 3. Add the following.
a2eo=| |
b. 8+ (-3) = |
coreo=l |
5. Subtract the following. 6. Subtract the following.
o |
b 6-2=| |
co-2=| |
7. Subtract the following. 8. Subtract the following. 9. Subtract the following.
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10. Subtract the following.

Identifying Terms

12. Count the number of terms
in each expression.

11. Count the number of terms
in each expression.

a. 8t> — 6t a. =7t —5x

b. 4x —4 -9y b. —4s2

c. —8z2—z2+2y% +6t c. 2x% —6x2

d. —3s+2t+2z d. —2s% + 8z + 4t?

15. List the terms in each expres-
sion.

14. Count the number of terms
in each expression.

a. =32t —6.6x% +4.2
b. —8.5t +2.55 b. 2t
c. —0.4x — 6.2x — 6.8 + 252
d. -3.6x2+7.6t +2.7 +3.65 d.

a. =2t + 6x +3x —2x2

c. =95 +4+6x

s2 -3z + 22

17. Listthetermsineachexpres- 18. Listthe termsineachexpres-

sion. sion.
a. =5t — 8t +4.4x — 3.6 a. 3.3t
b. 8.3s2 - 5.8z b. 3.4t2 +5.2x
c. 6.7t —4.9s c. —7.9s% —4.4t2 +0.7 - 7.5x
d. 3.9z d. —2.4t +4.5y + 7.5t + 0.8t

20. List the termsin each expres-
sion.

a. 2.9t +6.9s>

b. -3.7x +4.1y + 1.1z
c. —6.6z —5.3z% — 4t
d. -3.9¢

2.3 Combining Like Terms

13. Count the number of terms
in each expression.

a. 1.8t +0.7z2 + x2
b. 8.1s —-8.9s +5.2 + 0.6y
c. 3s2+5.9z

d. 0.1s

16. Listthe terms in each expres-
sion.

a. 6t —1+4x + 82
b. —7s —3z% + 8y?

c. —6s —x — 3y + 12
d. 922 —8s

19. Listthe termsin each expres-
sion.

a. —1.8t2 +0.3y>
b. 7.8t + 3.2t —3 + 8.9y
c. —6.622

d. =2.2s2 - 8.1x +5.2x
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Combining Like Terms Simplify each expression, if possible, by combining like terms.

21.

23.

25.

27.

29.

31.

98

a.

b.

712 + 252

8s2 + 5z

c. 8t2 412

Q.

. —5y?> -5z

a. z+8z22+82

S

Q.

. =322+ 7y?
L9y —y-T7t2+52
. 32+ 6y
-5z -79z -76 - 99z
. —=79x — 51t — 53s
. —89x —44x — 162z
. 22x + 38x2 + 50x% + 90

a. =3.8z - 2.5¢

b. -5.25s — 6.7s — 5.4y — 22
c. —1.5t —4.55% +1.3¢2

d. 8.8y +2.3y

a. 4z — %s

b 2y-3y

c. %y -9y +vy

d 2y+z2-z-322

22,

24.

26.

28.

30.

32.

a. =9z + 5z
b. 7y? — 4s?
c. —s%+8x
d. -2z +5¢

a. =5z + 322 + 272 — 372

n o ®

A

222 -9 +3y2 + 922
—9s5 — 82

722 + y?

—21z + 14s — 18z — 56z
90z — 32

30y2 — 612 + 89t2 + 942
23y? + 53y? — 90>

a. 1.3z - 0.4z

-5.752 = 7.65% + 4.5y>
0.8y —8.8-2.7t -5.1t
5t2 + 2.5t

5 5 4
ZZ+§X+§X

_442 7,2 _ 6,2
5t°+ 2z +1 7Y
1 8.2 _ 8
3y +t3s° -7t

Zy_ 3
3*—7Y
8,,.4,,3
—§Z+§Z+ZZ
9 2
“1yty
fy+3t+2?

9 1
§t+6t+§t+7x



2.4 Equations and Inequalities as True/False Statements
2.4 Equations and Inequalities as True/False Statements

This section introduces the concepts of algebraic equations and inequalities, and what it means for a num-
ber to be a solution to an equation or inequality.

2.4.1 Equations, Inequalities, and Solutions

An equation is two mathematical expressions with an equals sign between them. The two expressions can
be relatively simple or more complicated:

A relatively simple equation: A more complicated equation:

x+1=2 (x2+y2—1)3=x2y3

An inequality is quite similar, but the sign between the expressions is one of these: <, <, >, >, or #.

A relatively simple inequality: A more complicated inequality:

x >15 x2+y2<1

A linear equation in one variable can be written in the form ax + b = 0, where 4, b are real numbers, and
a # 0. The variable doesn’t have to be x. The variable cannot have an exponent other than 1 (x = x'), and
the variable cannot be inside a root symbol (square root, cube root, etc.) or in a denominator.

The following are some linear equations in one variable:

1
4-y=5 4—-z=>5z 0=§p
3-2(7+2) =10 V2.r+3=10 Si3=5

2

(Note that r is outside the square root symbol.) We will see in later sections that all equations above can be
converted into the form ax + b = 0.

The following are some non-linear equations:

1+2=3 (There is no variable.)
4-2y*=5 (The exponent of y is not 1.)
V2r+3=10 (r is inside the square root.)
% +3=5 (s is in a denominator.)

This chapter focuses on linear equations in one variable. We will study other types of equations in later
chapters.

The simplest equations and inequalities have numbers and no variables. When this happens, the equation
is either true or false. The following equations and inequalities are true statements:

2=2 -4 =-4 2>1 -2<-1 3>3
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The following equations and inequalities are false statements:
2=1 —-4=4 2<1 -2>-1 0+0
When equations and inequalities have variables, we can consider substituting values in for the variables.

If replacing a variable with a number makes an equation or inequality true, then that number is called a
solution to the equation.

Example 2.4.2 A Solution. Consider the equation y + 2 = 3, which has only one variable, y. If we
substitute in 1 for y and then simplify:

y+2=3
1+2;3
343

we get a true equation. So we say that 1 is a solution to y + 2 = 3. Notice that we used a question mark
at first because we are unsure if the equation is true or false until the end.

If replacing a variable with a value makes a false equation or inequality, that number is not a solution.

Example 2.4.3 Not a Solution. Consider the inequality x + 4 > 5, which has only one variable, x. If we
substitute in 0 for x and then simplify:

x+4>5
04435
no
4 >5

we get a false equation. So we say that 0 is not a solution to x + 4 > 5.

2.4.2 Checking Possible Solutions

Given an equation or an inequality (with one variable), checking if some particular number is a solution is
just a matter of replacing the value of the variable with the specified number and determining if the resulting
equation/inequality is true or false. This may involve some amount of arithmetic simplification.

Example 2.4.4 Is 8 a solution to x2 — 5x = V2x + 20?

To find out, substitute in 8 for x and see what happens.
x% = 5x = V2x + 20
82 — 5(8) = 2(8) + 20
64 — 5(8) = V16 + 20
64 — 40 = 4 + 20
24% 24
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So yes, 8 is a solution to x> — 5x = V2x + 20.

Example 2.4.5 Is —5 a solution to 4/169 — y2 = y? — 2y?

To find out, substitute in -5 for y and see what happens.

169 -2 = 2 -2y
V169 = (=5)2 £ (-5)2 - 2(-5)
V169 — 25 £ 25 — 2(-5)
V144 £ 25 - (-10)

12235

So no, —5 is not a solution to /169 — y2 = y2 — 2y.

But is —5 a solution to the inequality /169 — y2 < y* — 2y? Yes, because substituting —5 in for y would
give you
12 < 35,

which is true.

sides gives:

2x — 3 5—(4+x)

I~ 1l

So-3 (Ois Oisnot) asolutionto2x —3=5-(4+ x).

Explanation. We will substitute x with —3 in the equation and simplify each side of the equation to deter-
mine if the statement is true or false:

2x-3=5-(4+x)
2(=3) =3 25— (4+(-3))
—6-325-(1)
—94&y
Since —9 = 4 is not true, —3 is not a solution for x in the equation 2x -3 =5 - (4 + x).

Checkpoint 2.4.7. Is 1 a solution for ¢ in the equation 2t = 4 (t — 1) ? Evaluating the left and right sides
gives:

2t

I~ 1l

Sol (ois Disnot) asolutionto2t=4(t-1).
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Checkpoint 2.4.8. Is —2 a solution to y? + y — 5 < y — 1? Evaluating the left and right sides gives:

Yy +y-5 y-1

IA~IA

So-3 (mis Oisnot) asolutiontoy?+y—-5<y—1.

Checkpoint 2.4.9. Is 2 a solution to 2 = V18z? Evaluating the left and right sides gives:

3
Y0 VisZ

z-1

11~

So2 (mis Oisnot) asolution to % = V18z.

Checkpoint 2.4.10. Is —3 a solution to x? + x + 1 < 3#2? Evaluating the left and right sides gives:

2 3x +2
x*+x+1 <
x+2
?
J— < —
So-3 (Ois 0Oisnot) asolutiontox2+x+1s%.

A cylinder’s volume is related to its radius and its height by:
V = nr?h,

where V is the volume, r is the base’s radius, and / is the height. If we
know the volume is 967 cm® and the radius is 4 cm, then we have:

967t = 167h

Is 4cm the height of the cylinder? In other words, is 4 a solution to
967 = 167th? We will substitute h in the equation with 4 to check:

967 = 167h
967 = 167 - 4
967 = 64n

Since 96m = 647 is false, h = 4 does not satisfy the equation 967t =
16mth.

Figure 2.4.12: A cylinder
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Example 2.4.11 Cylinder Volume. Next, we will try I = 6:
961 = 167th
967 = 167 - 6
967 < 967

When h = 6, the equation 967 = 167h is true. This tells us that 6 is a solution to 967 = 167th.
Remark 2.4.13. Note that we did not approximate 7t with 3.14 or any other approximation. We often leave

7t as  throughout our calculations. If we need to round, we do so as a final step.

Example 2.4.14 Jaylen has budgeted a maximum of $300 for an appliance repair. The total cost of the
repair can be modeled by 89 + 110(/ — 0.25), where $89 is the initial cost and $110 is the hourly labor
charge after the first quarter hour. Is 2 hours a solution for / in the inequality 89 + 110(h — 0.25) < 300?

To determine if i = 2 satisfies the inequality, we will replace /1 with 2 and check if the statement is true:
89 + 110(h — 0.25) < 300
?
89 +110(2 - 0.25) < 300
?
89 +110(1.75) < 300
?
89 +192.5 < 300
v
281.5 < 300

Thus, 2 hours is a solution for / in the inequality 89 + 110(h — 0.25) < 300. In context, this means that
Jaylen would stay within their $300 budget if 2 hours of labor were performed.

Exercises

Review and Warmup

1. Evaluate -9 — x for x = —4. 2. Evaluate 5 — x for x = -2.

3. Evaluate —2x + 7 for x = 1. 4. Evaluate —10x — 5 for x = 3.

5. Evaluate —4(r + 2) for r = 4. 6. Evaluate —10(¢t +9) for = -3.

7. Evaluate the expression %(x +4)° —2when 8. Evaluate the expression }L(x +1)? = 7 when
x=-7. x =-b.

9. Evaluate the expression —16¢2+64t+128 when ~ 10. Evaluate the expression —16++64t+128 when
t=-3. t =-5.
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Identifying Linear Equations and Inequalities

11. Are the equations below linear equations in ~ 12. Are the equations below linear equations in

104

one variable?

a. V9-5.5r=7 (Ois 0Oisnot) alinear
equation in one variable.

b.2-3r>=18 (Ois DOisnot) a linear
equation in one variable.

c. x—6g>=27 (Ois Oisnot) a linear
equation in one variable.

d. 2nr =2 (Ois DOisnot) alinear equa-
tion in one variable.

e. 859y = -9 (Ois Oisnot) a linear
equation in one variable.

f.12-3z =4 (Ois 0Oisnot) a linear
equation in one variable.

13. Are the equations below linear equations in

one variable?

a. 46lg = 14 (ois Oisnot) a linear
equation in one variable.

b. 59Vx = -42 (Ois Oisnot) a linear
equation in one variable.

c. V2+y?=-68 (Ois Oisnot) alinear
equation in one variable.

d. mr*> = 48m  (Ois O is not) a linear
equation in one variable.

e.7-2r =17 (Ois Oisnot) a linear
equation in one variable.

f. ¥Vv12 = -84 (Ois Oisnot) a linear
equation in one variable.

15. Are the inequalities below linear inequalities

in one variable?

a. 4p>—y > -51 (Ois Oisnot) alinear
inequality in one variable.

b. -1 >1-5p (Ois 0Oisnot) a linear
inequality in one variable.

c. -3z22-7y> <1 (mis DOisnot) alinear
inequality in one variable.

one variable?

a. -5-4y?>=-21 (Ois Oisnot) alin-
ear equation in one variable.

b. V1-47x=2 (Ois 0Oisnot) alinear

equation in one variable.

c.99-y*>*=1 (ois Oisnot) a linear
equation in one variable.

d. 2nr = 12 (Ois O is not) a linear
equation in one variable.

e.—r—11 =3 (Ois Oisnot) a linear
equation in one variable.

f. 6.6y =6 (Ois DOisnot) alinearequa-
tion in one variable.

14. Are the equations below linear equations in

one variable?

a. q\/ﬂ = 63 (Ois Oisnot) a linear
equation in one variable.

b. mr> = 351 (O is O is not) a linear
equation in one variable.

c. —2.96x =-22 (Ois Oisnot) alinear
equation in one variable.

d. -8prz =52 (Ois Oisnot) a linear
equation in one variable.

e. 15x -4=28 (Ois Oisnot) a linear
equation in one variable.

f.g>?+y*>=4 (Ois Oisnot) a linear
equation in one variable.

16. Are the inequalities below linear inequalities

in one variable?

a. 3x2+6z>>1 (Ois Oisnot) alinear
inequality in one variable.

b. 9V2+6p >51 (Ois Oisnot) alinear
inequality in one variable.

c.4>-5-3y (Ois Oisnot) alinear
inequality in one variable.



17. Are the inequalities below linear inequalities
in one variable?

a. -5.8x > 96 (Ois Ois not) a linear
inequality in one variable.
b. -1 > —4878r —2301p (O is O is not)

a linear inequality in one variable.

C. \/%—9 < -6 (Ois Oisnot)
inequality in one variable.

a linear

Checking a Solution for an Equation

19. Is -3 asolution for x in the equation x +7 = 3?

(O Yes 0O No)

21. Is -9 a solution for r in the equation -3 — r =
5? (oYes 0O No)

23. Is —1 a solution for r in the equation —~7r — 8 =
-1? (oYes 0O No)

25. Is 5 a solution for t in the equation —10t +2 =
-9t -3? (OYes 0ONo)
27. Is -9 asolution for x in the equation 9(x — 11) =
20x? (OYes 0O No)
29. Is —3asolution for y in the equation —3(y — 13) = 30.
16(y +6)? (oYes ONo)
31. Is 75 asolution for x in the equation 10x — 1 =
-8? (OYes 0O No)
33. Is4asolution for f in the equation —%t - % =

_175

57 (O Yes

o No)

2.4 Equations and Inequalities as True/False Statements

18. Are the inequalities below linear inequalities
in one variable?

a. -6y < —43 (Ois 0Oisnot) a linear
inequality in one variable.
b. VOr+6 < -6 (Ois Oisnot) alinear

inequality in one variable.

c. 198 < 4182y-9693x (Ois Oisnot) a
linear inequality in one variable.

20. Is 2 a solution for x in the equation x +9 = 77?

(O0Yes 0O No)

22. Is6asolution for r in the equation 5 — r = —1?
(O Yes O No)

24. Is -9 a solution for ¢ in the equation 2¢ + 8 =

-10? (o Yes 0O No)

26. Is 2 a solution for x in the equation —2x — 4 =
-9x -18? (OYes ONo)

28. Is3asolution for y in the equation 2(y + 14) =
9y? (OYes 0ONo)

Is —10asolution for r in the equation 19(r + 1) =

9(r—9)? (@aYes 0ONo)
32. Is 15—4 a solution for x in the equation 5x — 4 =
9? (OYes ONo)

34. Is -3 asolution for t in the equation £f — 15 =

—%? (0 Yes 0O No)

105



Chapter 2 Variables, Expressions, and Equations

Checking a Solution for an Inequality Decide whether each value is a solution to the given inequality.

35. 2x+9>7

a. x=-5 (Ois 0Oisnot) a solution.
b. x=6 (Ois Oisnot) a solution.
c. x=0 (Ois DOisnot) a solution.
d. x=1 (Ois DOisnot) a solution.
37. 3x-82>-5
a. x=0 (Ois Oisnot) asolution.
b. x=8 (Ois Oisnot) a solution.
c. x=1 (Ois Oisnot) asolution.
d. x=-5 (Ois DOisnot) asolution.
39. 4x—16<4
a. x=0 (Ois Oisnot) a solution.
b. x=10 (ois Oisnot) a solution.
c. x=5 (Ois Oisnot) a solution.
d. x=3 (Ois DOisnot) a solution.

36. 2x-5>1
a. x=3 (Ois 0Oisnot) asolution.
b. x=0 (Ois 0Oisnot) a solution.
c. x=13 (Ois Oisnot) a solution.
d. x=2 (Ois Oisnot) asolution.
38. -3x+19>10
a. x=2 (Ois Oisnot) asolution.
b. x=0 (Ois Oisnot) asolution.
c. x=3 (Ois Oisnot) a solution.
d. x=13 (ois Oisnot) a solution.

40. 4x-10< -2

a. x=1 (gis 0Oisnot) asolution.
b. x=2 (Ois Oisnot) asolution.
c. x=12 (Ois 0Oisnot) a solution.
d. x=0 (Ois Oisnot) asolution.

Checking Solutions for Application Problems

41.

106

A triangle’s area is 99 square meters. Its height
is 11 meters. Suppose we wanted to find how
long is the triangle’s base. A triangle’s area
formula is

1
A—Ebh

where A stands for area, b for base and h for
height. If we let b be the triangle’s base, in me-
ters, we can solve this problem using the equa-
tion:

1
99 = (b)(11)

Check whether 36 is a solution for b of this
equation. (O Yes 0O No)

42,

A triangle’s area is 95 square meters. Its height
is 10 meters. Suppose we wanted to find how
long is the triangle’s base. A triangle’s area
formula is

1
A—Ebh

where A stands for area, b for base and & for
height. If we let b be the triangle’s base, in me-
ters, we can solve this problem using the equa-
tion:

1
95 = 2 (b)(10)

Check whether 38 is a solution for b of this
equation. (O Yes 0O No)



2.4 Equations and Inequalities as True/False Statements

43. When a plant was purchased, it was 2 inches ~ 44. When a plant was purchased, it was 1.2 inches

tall. It grows 1 inches per day. How many days tall. It grows 0.2 inches per day. How many
later will the plant be 17 inches tall? days later will the plant be 5.2 inches tall?
Assume the plant will be 17 inches tall d days Assume the plant will be 5.2 inches tall d days
later. We can solve this problem using the equa- later. We can solve this problem using the equa-
tion: tion:

1d+2=17 02d+12=52
Check whether 17 is a solution for d of this Check whether 21 is a solution for d of this
equation. (O Yes 0O No) equation. (O Yes 0O No)

45. A water tank has 163 gallons of waterinit,and  46. A water tank has 171 gallons of water init, and

it is being drained at the rate of 7 gallons per it is being drained at the rate of 9 gallons per
minute. After how many minutes will there minute. After how many minutes will there
be 37 gallons of water left? be 45 gallons of water left?

Assume the tank will have 37 gallons of water Assume the tank will have 45 gallons of water
after m minutes. We can solve this problem after m minutes. We can solve this problem
using the equation: using the equation:

163 —7m =37 171 -9m =45

Check whether 19 is a solution for m of this Check whether 17 is a solution for m of this
equation. (OYes 0O No) equation. (OYes 0O No)

47. A cylinder’s volume is 1267 cubic centime-  48. A cylinder’s volume is 9607 cubic centime-

ters. Its height is 14 centimeters. Suppose we ters. Its height is 15 centimeters. Suppose we
wanted to find how long is the cylinder’s ra- wanted to find how long is the cylinder’s ra-
dius. A cylinder’s volume formula is dius. A cylinder’s volume formula is

V = nr’h V = nr’h
where V stands for volume, r for radius and where V stands for volume, r for radius and
h for height. Let r represent the cylinder’s ra- h for height. Let r represent the cylinder’s ra-
dius, in centimeters. We can solve this prob- dius, in centimeters. We can solve this prob-
lem using the equation: lem using the equation:

1267 = nr?(14) 9607 = mr*(15)

Check whether 3 is a solution for 7 of this equa- Check whether 64 is a solution for r of this
tion. (OYes 0ONo) equation. (O Yes 0O No)
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49.

51.

53.

A country’s national debt was 140 million dol-

lars in 2010. The debt increased at 50 million
dollars per year. If this trend continues, when
will the country’s national debt increase to 640
million dollars?

Assume the country’s national debt will be-
come 640 million dollars y years after 2010.
We can solve this problem using the equation:

50y + 140 = 640

Check whether 10 is a solution for y of this
equation. (OYes 0ONo)

A school district has a reserve fund worth 41.1
million dollars. It plans to spend 2.9 million
dollars per year. After how many years, will
there be 15 million dollars left?

Assume there will be 15 million dollars left af-
ter y years. We can solve this problem using
the equation:

411-29y =15

Check whether 11 is a solution for y of this
equation. (O Yes 0O No)

A rectangular frame’s perimeter is 6 feet. If
its length is 2 feet, suppose we want to find
how long is its width. A rectangle’s perimeter
formula is

P =2(+w)
where P stands for perimeter,  for length and

w for width. We can solve this problem using
the equation:

6=22+w)

Check whether 4 is a solution for w of this equa-
tion. (OYes 0O No)

50.

52.

54.

A country’s national debt was 100 million dol-
lars in 2010. The debt increased at 60 million
dollars per year. If this trend continues, when
will the country’s national debt increase to 1180
million dollars?

Assume the country’s national debt will be-
come 1180 million dollars y years after 2010.
We can solve this problem using the equation:

60y +100 = 1180

Check whether 20 is a solution for y of this
equation. (O Yes 0O No)

A school district has a reserve fund worth 32
million dollars. It plans to spend 3 million dol-
lars per year. After how many years, will there
be 11 million dollars left?

Assume there will be 11 million dollars left af-
ter y years. We can solve this problem using
the equation:

32-3y =11

Check whether 8 is a solution for y of this equa-
tion. (OYes 0ONo)

A rectangular frame’s perimeter is 7 feet. If
its length is 2.1 feet, suppose we want to find
how long is its width. A rectangle’s perimeter
formula is

P=2(1+w)
where P stands for perimeter, [ for length and

w for width. We can solve this problem using
the equation:

7=2(2.1+w)

Check whether 1.4 is a solution for w of this
equation. (O Yes 0O No)



2.5 Solving One-Step Equations
2.5 Solving One-Step Equations

We have learned how to check whether a specific number is a solution to an equation or inequality. In this
section, we will begin learning how to find the solution(s) to basic equations ourselves.

2.5.1 Imagine Filling in the Blanks

Let’s start with a very simple situation — so simple, that you might have success entirely in your head
without writing much down. It’s not exactly the algebra we want you to learn, but the example may serve
as a good warm-up.

Example 2.5.2 A number plus 2 is 6. What is that number?

You may be so familiar with basic arithmetic that you know the answer already. The algebra approach
would be to start by translating “A number plus 2 is 6” into a math statement — in this case, an equation:

x+2=6
where x is the number we are trying to find. In other words, what should be substituted in for x...
x+2=6

... to make the equation true?

Now, how do you determine what x is? One valid option is to just imagine what number you could put
in place of x that would result in a true equation. Would 0 work? No, that would mean 0+2 = 6. Would
17 work? No, that would mean 17 + 2 2 6. Would 4 work? Yes, because 4 + 2 = 6 is a true equation.

So one solution to x + 2 = 6 is 4. No other numbers are going to be solutions, because when you add 2
to something smaller or larger than 4, the result is going to be smaller or larger than 6.

This approach might work for you to solve very basic equations, but in general equations are going to be too
complicated to solve in your head this way. So we move on to more systematic approaches.

2.5.2 The Basic Principle of Algebra

2.5.2.1 Opposite Operations

Let’s revisit , thinking it through differently.

Example 2.5.3 If a number plus 2 is 6, what is the number?

One way to solve this riddle is to use the opposite operation. If a number plus 2 is 6, we should be able
to subtract 2 from 6 and get that unknown number. So the unknown number is 6 — 2 = 4.

Let’s try this strategy with another riddle.

Example 2.5.4 If a number minus 2 is 6, what is the number? This time, we should be able to add 2 to 6
to get the unknown number. So the unknown number is 6 +2 = 8.

Does this strategy work with multiplication and division?
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Example 2.5.5 If a number times 2 is 6, what is the number? This time, we should be able to divide 6 by
2 to get the unknown number. So the unknown number is 6 +2 = 3.

Example 2.5.6 If a number divided by 2 equals 6, what is the number? This time, we can multiply 6 by
2, and the unknown numberis 6 -2 = 12.

These examples explore an important principle for solving an equation — applying an opposite arithmetic
operation.

2.5.2.2 Balancing Equations Like a Scale

We can revisit with yet another strategy. If a number plus 2 is 6, what is the number? As is
common in algebra, we can use x to represent the unknown number. The question translates into the math
equation

x+2=6.

Try to envision the equals sign as the middle of a balanced scale. The left side has 2 one-pound objects and
a block with unknown weight x lb. Together, the weight on the left is x + 2. The right side has 6 one-pound

objects. shows the scale.

11b

11b

11b 11b
11b 11b 11b
11b 11b 11b
x1b 11b x b 11b

A A
Figure 2.5.7: Scale to represent x +2 =6 Figure 2.5.8: Scale to represent the solution to

X +2 = 6, after taking away 2 from each side

To find the weight of the unknown block, we can take away 2 one-pound blocks from both sides of the scale
(to keep the scale balanced). shows the solution.

An equation is like a balanced scale, as the two sides of the equation are equal. In the same way that we
can take away 2 Ib from both sides of a balanced scale, we can subtract 2 on both sides of the equals sign. So
instead of two pictures of balance scales, we can use algebra symbols and solve the equation x 4+ 2 = 6 in the
following manner:

xX+2=6 a balanced scale
x+2-2=6-2 remove the same quantity from each side
x=4 still balanced; now it tells you the solution
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It’s important to note that each line shows what is called an equivalent equation. In other words, each
equation shown is algebraically equivalent to the one above it and the one below it and will have exactly
the same solution(s). The final equivalent equation x = 4 tells us that the solution to the equation is 4. The
solution set to this equation is the set that lists every solution to the equation. For this example, the solution
set is {4}.

We have learned we can add or subtract the same number on both sides of the equals sign, just like we
can add or remove the same amount of weight on a balanced scale. Can we multiply and divide the same
number on both sides of the equals sign?

Let’s look at again: If a number times 2 is 6, what is the number? Another balance scale can
help visualize this.

11b
11b
11b
11b 11b
x lb 11b 11b
x1b 11b x1b 11b
A A
Figure 2.5.9: Scale to represent the equation Figure 2.5.10: Scale to represent the equation the
2x =6 solution to 2x = 6, after cutting each side in half

Currently, the scale is balanced. If we cut the weight in half on both sides, the scale should still be balanced.

We can see from the scale that x = 3 is correct. Removing half of the weight on both sides of the scale is like
dividing both sides of an equation by 2:

The equivalent equation in this example is x = 3, which tells us that the solution to the equation is 3 and
the solution set is {3}.

Remark 2.5.11. Note that when we divide each side of an equation by a number, we use the fraction line in
place of the division symbol. The fact that § = 6 + 2 is a reminder that the fraction line and division symbol
have the same purpose. The division symbol is rarely used in later math courses.

Similarly, we could multiply both sides of an equation by 2, just like we can keep a scale balanced if we
double the weight on each side. We will summarize these properties.

Fact 2.5.12 Properties of Equivalent Equations. If there is an equation A = B, we can do the following to obtain
an equivalent equation:

® add the same number to each side: A+c =B +c
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* subtract the same number from each side: A —c =B —c
* multiply each side of the equation by the same non-zero number: A-c =B - c
B

o divide each side of the equation by the same non-zero number: 4 = &

With practice, you will learn when it is helpful to use each of these properties.

2.5.3 Solving One-Step Equations and Stating Solution Sets

Notice that when we solved equations in Eubsection 2.5.2.1, the final equation looked like x = number,
where the variable x is separated from other numbers and stands alone on one side of the equals sign. The
goal of solving any equation is to isolate the variable in this same manner.

Putting together both strategies (applying the opposite operation and balancing equations like a scale) that
we just explored, we will summarize how to solve a one-step linear equation.

Process 2.5.13 Steps to Solving Simple (One-Step) Linear Equations.

Apply Apply the opposite operation to both sides of the equation. If a number was added to the variable, subtract that
number, and vice versa. If a number was multiplied by the variable, divide by that number, and vice versa.

Check Check the solution. This means, verify that what you think is the solution actually solves the equation. For
one reason, it's human to have made a simple arithmetic mistake, and by checking you will protect yourself from
this. For another reason, there are situations where solving an equation will tell you that certain numbers are
possible solutions, but they do not actually solve the original equation. Checking solutions will catch these
situations.

Summarize State the solution set, or in the case of application problems, summarize the result using a complete
sentence and appropriate units.

Let’s look at a few examples.

Example 2.5.14 Solve for y in the equation7 + y = 3.

Explanation.
To isolate y, we need to remove 7 from the left We should always check the solution when we
side. Since 7 is being added to y, we need to sub- solve equations. For this problem, we will sub-
tract 7 from each side of the equation. stitute y in the original equation with —4:
7+y=3 7+y=3
7+y—7=3—7 7+(_4);3
y=-4
323

The solution —4 is checked, so the solution set is

(—4).

Checkpoint 2.5.15. Solve for z in the equation —7.3 + z = 5.1.

The solution is ‘ ‘

The solution set is ‘ ‘
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Explanation. To remove the —7.3 from the left side, we need to add 7.3 to each side of the equation. (If
we make the mistake of subtracting 7.3 from each side, we would have -7.3 + z = 7.3 = 5.1 — 7.3, which
simplifies to z — 14.3 = —2.2, which would not isolate z.)

-73+z=51
-73+z+73=51+73
z=12.4

We will check the solution by substituting z in the original equation with 12.4:

-73+z=>51
73+ (124) £5.1
51451
The solution 12.4 is checked and the solution set is {12.4}.

Checkpoint 2.5.16. Solve for a in the equation 10 = —2a4.

The solution is ‘ ‘

The solution set is ‘ ‘

Explanation. To isolate the variable a, we need to divide each side by —2 (because a is being multiplied by
—2). One common mistake is to add 2 to each side. This would not isolate a, but would instead leave us
with the expression —2a + 2 on the right-hand side.

10 = -2a
10  -2a
2 -2
-5=a

We will check the solution by substituting a in the original equation with —5:

10 = —2a
?

T0==2(=5

10£10

The solution -5 is checked and the sqlution set is {—5}.

Note that in solving the equation in & Checkpoint 2.5.1§ we found that -5 = a, which is equivalent to
a = —5. We did not write a = -5 as an extra step though, as —5 = a identified the solution.

Example 2.5.17 The formula for a circle’s circumference is C = ntd, where C stands for circumference,
d stands for diameter, and 7 is a constant with the value of 3.1415926. . .. If a circle’s circumference is
127 ft, find this circle’s diameter and radius.

Explanation. The circumference is given as 127 feet. Approximating 7 with 3.14, this means the cir-
cumference is approximately 37.68 ft. It is nice to have a rough understanding of how long the circum-
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114

ference is, but if we use 3.14 instead of 71, we are using a slightly smaller number than 7, and the result
of any calculations we do would not be as accurate. This is why we will use the symbol 7 throughout
solving this equation and round only at the end in the conclusion summary (if necessary).

We will substitute C in the formula with 127t and solve for d:

C=mnd
127t = 7id
12n  md
n T n
12=d

So the circle’s diameter is 12 ft. And since radius is half of diameter, the radius is 6 ft.

Example 2.5.18 Solve for b in —b = 2.

Explanation. Note that b is not yet isolated as there is a negative sign in front of it. One way to solve
for b is to recognize that multiplying on both sides by —1 would clear away that negative sign:

-b=2
1 L 1. 1 L
=T—=t)=—=1-(2
b=-2

We removed the negative sign from —p using the fact that +1 - (-b) = b. A second way to remove the
negative sign —1 from —b is to divide both sides by —1. If you view the original —b as —1 - b, then this

approach resembles the solution from P Checkpoint 2.5.16.
-b=2
-1-b=2
-1-b 2
A
b=-2

A third way to remove the original negative sign, is to recognize that the opposite operation of negation
is negation. So negating both sides will work out too:

—b=2
~(=b)=-2
b=-2

We will check the solution by substituting b in the original equation with —2:
-b=2
(-2)%2
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IRN

The solution -2 is checked and the solution set is {-2}.

2.5.4 Solving One-Step Equations Involving Fractions

When equations have fractions, solving them will make use of the same principles. You may need to use
fraction arithmetic, and there may be special considerations that will make the calculations easier. So we
have separated the following examples.

Example 2.5.19 Solve for g in % +g= %

Explanation.
In , we will learn a skill to avoid frac- We will check the solution by substituting g in
tion operations entirely in equations like this one. the original equation with —3:

For now, let’s solve the equation by using sub-

traction to isolate g: 2 _ 1
37973

2 1 2 1\ 21
~tg=53 “+l-=]==

3 2 3+(6) 2
2,0-2-1_2 s (1)1
379737273 -+(——)é—
3 1 6 6] 2
72676 321

1 6 2
7=7% 1/1
272

The solution —% is checked and the solution set

is {—% .

* . . . 3 _3
B Checkpoint 2.5.20. Solve for g in the equation g — 2 = 5.

The solution is ‘ ‘

The solution set is ‘ ‘

Explanation. To remove the 2 from the left side, we need to add 2 to each side of the equation.
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. . . . . .. . .1 27.
We will check the solution by substituting g in the original equation with £7:

»—\ll\)
BN o

»—\ll\)
RN
|

—
N

IRElo G

1O N W

The solution %—Z is checked and the solution set is { %—Z .
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£ =4,

Example 2.5.21 Solve for c in £

Explanation.

Note that the fraction line here implies division,
so our variable c is being divided by 5. The op-
posite operation is to multiply by 5:

4

5-4

a Il gla

N
o

Example 2.5.22 Solve for d in —%d =6.

11> 11> II-~

<
NIWNIWNIWNIWNIW

We will check the solution by substituting ¢ in
the original equation with 20:

C
~ =4
5
20 »
=iy
5
4%y

The solution 20 is checked and the solution set is
{20}.

Explanation. It’s true that in this example, the variable d is multiplied by —%. This means that dividing

each side by —1 would be a valid strategy for solving this equation. However, dividing by a fraction
could lead to human error, so consider this alternative strategy.

Another way to be rid of the —1 is to multiply by —3. Indeed, —1d is the same as _13, and when we view
the expression this way, d is being divided by —3. So multiplying by —3 would be the opposite operation.

1

—2d =
3 6

- (-32) = 96

d=-18
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If you choose to divide each side by —31, that will work out as well:

1
——d=6
3
1
34 _ 6
_1 7 _1
3 3
6 -3
=17
d=-18

This gives the same solution.

We will check the solution by substituting d in the original equation with —18:
1
--d=6
3

1 ?
~3 (-18) =6

IR

6=6

The solution —18 is checked and the solution set is {—18}.

Example 2.5.23 Solve for x in %‘ =10.

Explanation. The variable x appears to have two operations that apply to it: first multiplication by 3,
and then division by 4. But note that

If we view the left side this way, we can get away
with solving the equation in one step, by multi-
plying on each side by the reciprocal of %.

We will check the solution by substituting x in
the original equation with %:

(O8]

X

3 i
4 3(%) 2
3 =10
-x =10 4
4 40 -
13,4 T
3 47 3 7
4 10 10 =10
Y737
40 The solution %0 is checked and the solution set is
= 40
=3 {3
Checkpoint 2.5.24. Solve for H in the equation =4 = 2.

The solution is ‘

The solution set is ‘
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Explanation. The left side is effectively the same things as —% H, so multiplying by —% will isolate H.

WIN WIN

|
LS
N —

|
I~

T
S —

I

|
NS
S —
WM

N 0o N\ v~
—1N

We will check the solution by substituting H in the original equation with —5:

-7H 2
12 3
-7(-%) 22
12 3
8 22
12 3
2,2
33

The solution —% is checked and the solution set is {—g} .

Exercises

Review and Warmup

1. Add the following. 2. Add the following. 3. Add the following. 4. Add the following.

ing. ing.
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9. Do the following mul- 10. Do the following mul- 11. Evaluate the follow- 12. Evaluate the follow-

tiplications: tiplications:
PR e— R —
a 15'g=‘ ______________________ | a36‘§=‘ _____________________ |
5 ......................
4
¢ 25-z=[ c 54 g=

1ng.

. 2.
==
7

b. — =
-1
. 130
" 130
d.
e.
f.

Solving One-Step Equations with Addition/Subtraction Solve the equation.

13. x+7=10 14. x+5=12 15.
17. 5=y +8 18. -2=r+6 19.
21. t+78=0 22. x+50=0 23.
25. -l6=y -7 26. -9=y-4 27.
29. -1=t-(-5) 30. -8=t-(-1) 31.
33. 3=-3+y 34. 4=-6+y 35.
37. —;+r=—15—4 38. —§+t=—§ 39.

Solving One-Step Equations with Multiplication/Division
41. 2x =22

45. 0=13B

42. 8y =56 43.

46. 0= -22C 47.

y+1=-9
-9=r-7
x—=3=2

r—(=5)=7
3+x=-4

3

Y+1%3
2 o1
7 8

Solve the equation.

40 = -8y

16.

24.

32.

36.

40.

44.

48.

ing.
-2
e
4 —
==
180
C. 180 =

y+8=1

. —14=t-9

y—-10=-2

. r=(=7)=10

1+x=-9
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49.

53.

57.

61.

65.

Comparisons Solve the equation.

69.

73.

77.

81.

a. 4y =32
A+r=32
—r=5
—-t=-5

9
9
-36=->
30 = —6r
64 = —12x

50.

54.

58.

62.

66.

70.

74.

78.

82.

Geometry Application Problems

7
57—28
3__B
26
25 =-10x
e _7
24 8
x_3
50 10
a. 8y =16
b. 8+t =16
-t=13
b. —r=-13
4
16 = ——=t
a. 16 9
b. —16:—%1’
a. 40 = -10r
b. 80 = -35¢

83. A circle’s circumference is 187t mm.
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b. This circle’s radius is ‘

a. This circle’s diameter is ‘

51.

55.

59.

63.

67.

71.

75.

79.

3C=-8

a. 8y =32
b. 12t =68

52.

56.

60.

64.

68.

72.

76.

h=2
3
9n = -2
_t_8
30 5
_7_7C
279
2_x
3721
18 = —3r
b. 18 = -3 +x
a —%sz
b —%nz—S
a. 4y =16
b. 21x =51

84. A circle’s circumference is 207t mm.

a. This circle’s diameter is ‘

b. This circle’s radius is ‘




85.

87.

89.

91.

93.

95.

97.

A circle’s circumference is 30 cm. Find the fol-
lowing values. Round your answer to at least
2 decimal places.

a. This circle’s diameter is

b. This circle’s radius is ‘

A circle’s circumference is 87t mm.

a. This circle’s diameter is

b. This circle’s radius is ‘

A circle’s circumference is 39 cm. Find the fol-
lowing values. Round your answer to at least
2 decimal places.

a. This circle’s diameter is

b. This circle’s radius is ‘

A cylinder’s base’s radius is 7 m, and its vol-
ume is 3927 m>.

This cylinder’s height is

A rectangle’s area is 570 mm?. Its height is
19 mm.

Its base is

A rectangular prism’s volume is 3822 ft>. The

prism’s base is a rectangle. The rectangle’s length

is 21 ft and the rectangle’s width is 13 ft.

This prism’s height is ‘ ‘

A triangle’s area is 187.5 m2. Its base is 25 m.

Its height is ‘ ‘

86.

88.

90.

92.

94.

96.

98.

2.5 Solving One-Step Equations

A circle’s circumference is 32 cm. Find the fol-
lowing values. Round your answer to at least
2 decimal places.

a. This circle’s diameter is

b. This circle’s radius is ‘

A circle’s circumference is 10t mm.

a. This circle’s diameter is

b. This circle’s radius is ‘

A circle’s circumference is 42 cm. Find the fol-
lowing values. Round your answer to at least
2 decimal places.

a. This circle’s diameter is

b. This circle’s radius is ‘

A cylinder’s base’s radius is 4 m, and its vol-
ume is 1447 m>.

This cylinder’s height is

A rectangle’s area is 300 mm?. Its height is
15 mm.

Its base is

A rectangular prism’s volume is 10450 ft>. The

prism’s base is a rectangle. The rectangle’s length

is 22 ft and the rectangle’s width is 19 ft.

This prism’s height is ‘ ‘

A triangle’s area is 162.5 m?. Its base is 25 m.

Its height is ‘ ‘

121



Chapter 2 Variables, Expressions, and Equations

Challenge

99. Write a linear equation whose solution is x = 5. You may not write an equation whose left side is

just “x” or whose right side is just “x.”

There are infinitely many correct answers to this problem. Be creative. After finding an equation that
works, see if you can come up with a different one that also works.

100. Fill in the blanks with the numbers 38 and 77 (using each number only once) to create an equation
where x has the greatest possible value.
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2.6 Solving One-Step Inequalities

We have learned how to check whether a specific number is a solution to an equation or inequality. In this
section, we will begin learning how to find the solution(s) to basic inequalities ourselves.

With one small complication, we can use very similar properties to [Fact 2.5.12 when we solve inequalities
(as opposed to equations).

Here are some numerical examples.

Add to both sides If2 < 4,then2+1 é 4+1.

Subtract from both sides If 2 < 4,then2 -1 é 4-1.

Multiply on both sides by a positive number If2 < 4, then 3-2 % 3 - 4.

v
Divide on both sides by a positive number If 2 < 4, then % < %.

However, something interesting happens when we multiply or divide by the same negative number on both
sides of an inequality: the direction reverses! To understand why, consider , where the numbers
2 and 4 are multiplied by the negative number —1.

-2>-4 2<4
-3 -1 0 1 3
Multiply by >

Multiply by -1

Figure 2.6.2: Multiplying two numbers by a negative number, and how their relationship changes

So even though 2 < 4, if we multiply both sides by —1, we have -2 Py (The true inequality is =2 > —4.)
In general, we must apply the following property when solving an inequality.

Fact 2.6.3 Changing the Direction of the Inequality Sign. When we multiply or divide each side of an inequality
by the same negative number, the inequality sign must change direction. Do not change the inequality sign when
multiplying/dividing by a positive number, or when adding/subtracting by any number.

Example 2.6.4 Solve the inequality —2x > 12. State the solution set graphically, using interval notation,
and using set-builder notation. (Interval notation and set-builder notation are discussed in .

Explanation. To solve this inequality, we will divide each side by —2:
—2x > 12

-2x 12

e =

-2 7 2

x < -6

Note the change in direction.

Note that the inequality sign changed direction at the step where we divided each side of the inequality
by a negative number.

When we solve a linear equation, there is usually exactly one solution. When we solve a linear inequality,
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there are usually infinitely many solutions. For this example, any number smaller than —6 or equal to
—6 is a solution.

There are at least three ways to represent the solution set for the solution to an inequality: graphically,
with set-builder notation, and with interval notation. Graphically, we represent the solution set as:

——] : : : : : : :
-0 8 -6 -4 -2 0 2 4 6 § 10 X

Using interval notation, we write the solution set as (—oo, —6]. Using set-builder notation, we write the
solution set as {x | x < —6}.

As with equations, we should check solutions to catch both human mistakes as well as for possible
extraneous solutions (numbers which were possible solutions according to algebra, but which actually
do not solve the inequality).

Since there are infinitely many solutions, it’s impossible to literally check them all. We found that all
values of x for which x < —6 are solutions. One approach is to check that —6 satisfies the inequality, and
also that one number less than —6 (any number, your choice) is a solution.

—2x > 12 —2x > 12
? ?

—2(=6) > 12 —2(=7) > 12
Vv v

12> 12 14> 12

Thus both —6 and -7 are solutions. It’s important to note this doesn’t directly verify that all solutions
to this inequality check. But it is evidence that our solution is correct, and it’s valuable in that making
these two checks would likely help us catch an error if we had made one. Consult your instructor to see
if you're expected to check your answer in this manner.

Example 2.6.5 Solve the inequality ¢ + 7 < 5. State the solution set graphically, using interval notation,
and using set-builder notation.

Explanation. To solve this inequality, we will subtract 7 from each side. There is not much difference
between this process and solving the equation t + 7 = 5, because we are not going to multiply or divide
by negative numbers.

t+7<5
t+7-7<5-7
r< =2

Note again that the direction of the inequality did not change, since we did not multiply or divide each
side of the inequality by a negative number at any point.

Graphically, we represent this solution set as:

i
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Using interval notation, we write the solution set as (—co, —2). Using set-builder notation, we write the
solution set as {t | t < —2}.

We should check that —2 is not a solution, but that some number less than -2 is a solution.

t+7<5 t+7<5

247%5 _10+7 <5
no v
5<5 -3<5

So our solution is reasonably checked.

Checkpoint 2.6.6. Solve the inequality x — 5 > —4. State the solution set using interval notation and
using set-builder notation.

In interval notation, the solution set is ‘ ‘

In set-builder notation, the solution set is ‘ ‘

Explanation. To solve this inequality, we will add 5 to each side.

x—5>-4
x—5+5>-4+5
x>1

Note again that the direction of the inequality did not change, since we did not multiply or divide each side
of the inequality by a negative number at any point.

Graphically, we represent this solution set as:

- t t + + t :E: t + 3
-5-4-3-2-10 1 2 3 4 &

Using interval notation, we write the solution set as (1, o). Using set-builder notation, we write the solution
setas {x | x > 1}.

We should check that 1 is not a solution, but that some number greater than 1 is a solution.
x-5>-4 x-5>-4
? ?
1-5<-4 10-5<-4
no v
-4<-4 5<—4
So our solution is reasonably checked.

Checkpoint 2.6.7. Solve the inequality —3z > —1.74. State the solution set using interval notation and
using set-builder notation.

In interval notation, the solution set is ‘ ‘

In set-builder notation, the solution set is ‘ ‘
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Explanation. To solve this inequality, we will multiply by -2 to each side.

1
_EZ > -1.74

(-2) (—%z) <(-2)(-1.74)
z <3.48

In this exercise, we did multiply by a negative number and so the direction of the inequality sign changed.
Graphically, we represent this solution set as:
d.48

-1-‘: + t t t t t :]: =
-5-4-3-2-10 1 &2 3 4 &

Using interval notation, we write the solution set as (-0, 3.48]. Using set-builder notation, we write the
solution set as {z | z < 3.48}.

We should check that 3.48 is a solution, and also that some number less than 3.48 is a solution.

1 1
——z > —1. ——z > —=1.
5% 2 1.74 5% 2 1.74

1 ? 1 ?
~5(3.48) > 174 —(0) > ~1.74

-1.74 é -1.74 0 é -1.74

So our solution is reasonably checked.

Exercises

Review and Warmup

1. Add the following. 2. Add the following. 3. Add the following.

a-w0+2=l | acwoeey=l | a2een=[ |
b -5+(-3)= | bo7+(-4= | bosr(3= |
. _3+(_10)=‘ ................................... ‘ . _3+(_8):’ ....................................... ‘ . 3+(_3)=‘ ............................................. ‘
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7. Evaluate the following.

8. Evaluate the following.

2.6 Solving One-Step Inequalities

9. Do the following multipli-

G ‘ g | s
* T = atez=[ |
28 50
> 5] I — TS S — |
e 22 <| | ==l | el |
’ 8

10. Do the following multipli-

11. Evaluate the following.

12. Evaluate the following.

cations: 9 .
S B o a3 |
b. 20 b- —_1=‘ | b. _—1=‘ |

. ﬂ_{ .................................................... ‘ ﬂ_’ ...................................................... ‘
c. 25- - -190 Y4 130
v I \
e g:‘ ‘ e. g:‘ ‘
£ 35 =] I |

Solving One-Step Inequalities using Addition/Subtraction Solve this inequality.

13. x+2>7

In set-builder notation, the solution set is ‘

In interval notation, the solution set is

15. x-3<8

In set-builder notation, the solution set is ‘ ‘

In interval notation, the solution set is ‘

17. 4<x+10

In set-builder notation, the solution set is

In interval notation, the solution set is

14. x+3>10
In set-builder notation, the solution set is ‘

In interval notation, the solution set is

16. x—-4<7

In set-builder notation, the solution set is ’ ‘

In interval notation, the solution set is ‘

18. 5<x+8

In set-builder notation, the solution setis ‘

In interval notation, the solution set is
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19.

1>x-7

In set-builder notation, the solution set is

In interval notation, the solution set is ‘

20.

1>x-10

In set-builder notation, the solution set is

In interval notation, the solution set is ‘

Solving One-Step Inequalities using Multiplication/Division Solve this inequality.
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21.

23.

25.

27.

29.

31.

2x <6

In set-builder notation, the solution set is

In interval notation, the solution set is ‘

9x > 5

In set-builder notation, the solution set is

In interval notation, the solution set is ‘

—4x > 8

In set-builder notation, the solution set is

In interval notation, the solution set is ‘

15 > -5x

In set-builder notation, the solution set is

In interval notation, the solution set is

3<—x
In set-builder notation, the solution set is ‘ ‘

In interval notation, the solution set is ‘

—-x <5

In set-builder notation, the solution set is

In interval notation, the solution set is

22,

24.

26.

28.

30.

32.

3x <6

In set-builder notation, the solution set is

In interval notation, the solution set is ‘

1x > 6

In set-builder notation, the solution set is

In interval notation, the solution set is ‘

—5x > 20

In set-builder notation, the solution set is

In interval notation, the solution set is ‘

4 > —2x

In set-builder notation, the solution set is

In interval notation, the solution set is

4<—x

In set-builder notation, the solution set is ‘ ‘

In interval notation, the solution set is ‘

—-x<6

In set-builder notation, the solution set is

In interval notation, the solution set is




33.

35.

37.

39.

41.

43.

45.

6
-x>6
5x

In set-builder notation, the solution set is

In interval notation, the solution set is

—gx <32

In set-builder notation, the solution set is ‘ ‘

In interval notation, the solution set is

1
—3<Ex

In set-builder notation, the solution set is

In interval notation, the solution set is ‘

-9 < —Zx

In set-builder notation, the solution set is

In interval notation, the solution set is ‘

3x > -9

In set-builder notation, the solution set is

In interval notation, the solution set is

-16 < —4x

In set-builder notation, the solution set is ‘ ‘

In interval notation, the solution set is

3 X
- > =
10 — 20

In set-builder notation, the solution set is ‘

In interval notation, the solution set is

34.

36.

38.

40.

42.

44.

46.

2.6 Solving One-Step Inequalities

%x>14

In set-builder notation, the solution set is ‘

In interval notation, the solution set is

—Zx <18

In set-builder notation, the solution setis ‘

In interval notation, the solution set is

2
2 < =
7X

In set-builder notation, the solution setis ‘

In interval notation, the solution set is

-8 < —gx

In set-builder notation, the solution set is

In interval notation, the solution set is

4x > -8

In set-builder notation, the solution set is|

In interval notation, the solution set is

-15 < -5x

In set-builder notation, the solution set is

In interval notation, the solution set is

N[O

X
> —
8

In interval notation, the solution set is
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In interval notation, the solution set is

Challenge
49. Choose the correct inequality or equal sign to make the relation true.

a. Let x and y be integers, such that x < y.
Thenx-y (@O< O> O=) y-—x.

b. Let x and y be integers, such that 1 < x < y.
Thenxy (@< O> O=) x+y.

c. Let x and y be rational numbers, such that 0 < x <y < 1.
Thenxy (O< O> O=) x+y.

d. Let x and y be integers, such that x < y.

Thenx+2y (O< O> 0O=) 2x+y.
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2.7 Percentages

Percent-related problems arise in everyday life. This section reviews some basic calculations that can be
made with percentages.

In many situations when translating from English to math, the word “of” translates as multiplication. Also
the word “is” (and many similar words related to “to be”) translates to an equals sign. For example:

One third of thirty is ten.
1

=-30=10
3

Here is another example, this time involving a percentage. We know that “2 is 50% of 4,” so we can say:

21is 50% of 4
2=05-4

Example 2.7.2 Translate each statement involving percents below into an equation. Define any variables
used. (Solving these equations is an exercise).

a. How much is 30% of $24.00?
b. $7.20 is what percent of $24.00?

c. $7.20 is 30% of how much money?

Explanation. Each question can be translated from English into a math equation by reading it slowly
and looking for the right signals.

a. The word “is” means about the same thing as the equals sign. “How much” is a question phrase,
and we can let x be the unknown amount (in dollars). The word “of” translates to multiplication,

as discussed earlier. So we have:
how much is 30% of $24

| [ N
x =030-24
b. Let P be the unknown value. We have:
$7.20 is what percent of $24

| [ ]
72 = p - 24

With this setup, P is going to be a decimal value (0.30) that you would translate into a percentage
(30%).
c. Let x be the unknown amount (in dollars). We have:
$7.20 is 30% of how much

L |
72 =030 - «x

Checkpoint 2.7.3. Solve each equation from .
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a. How much is 30% of $24.00? b. $7.20 is what percent of c. $7.20 is 30% of how much

$24.00? money?
¥=03-24 72=P .24 72=03 x
x is . Pis A x is
Explanation.
a. x=03-24 b. 72=P-24 c. 72=03-x

x=28 B_P-M B_O.3-x
24 24 03 03
03=P 24 = x

2.7.1 Setting up and Solving Percent Equations

An important skill for solving percent-related problems is to boil down a complicated word problem into a
simple form like “2 is 50% of 4.” Let’s look at some further examples.

132

Example 2.7.4

In Fall 2016, Portland Community College had
89,900 enrolled students. According to ,
how many black students were enrolled at PCC in
Fall 2016?

Hispanic

White

Figure 2.7.5: Racial breakdown of PCC
students in Fall 2016

Explanation. After reading this word problem and the chart, we can translate the problem into “what

is 6% of 89,900?” Let x be the number of black students enrolled at PCC in Fall 2016. We can set up and
solve the equation:

what is 6% of 89,900

Lol
x =0.06 - 89900

x = 5394

There was not much “solving” to do, since the variable we wanted to isolate was already isolated.

As of Fall 2016, Portland Community College had 5394 black students. Note: this is not likely to be
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perfectly accurate, because the numbers we started with (89,900 enrolled students and 6%) appear to be

rounded.
Example 2.7.6
The bar graph in displays how many 140+ 134
students are in each class at a local high school. Ac- 0l
cording to the bar graph, what percentage of the 103
school’s student population is freshman? £ 10 % 86
E 80
n
B
3 60
Q
§ 40
20
0 1 1 ‘\ 1
& & $ &
0 ’@%\\& 03“0& & &

Figure 2.7.7: Number of students at a high
school by class

Explanation. The school’s total number of students is:
134 + 103 + 96 + 86 = 419

With that calculated, we can translate the main question:

“What percentage of the school’s student population is freshman?”
into:

“What percent of 419 is 134?”

Using P to represent the unknown quantity, we write and solve the equation:

what percent of 419 is 134

\ [
P - 419 =134

P-419 _ 134
419 419
P ~0.3198

P ~ 31.98%

Approximately 31.98% of the school’s student population is freshman.

Remark 2.7.8. When solving equations that do not have context we state the solution set. However, when

solvini an ei uation or inequality that arises in an application problem (such as the context of the high school

in Example 2.7.€)), it makes more sense to summarize our result with a sentence, using the context of the
application. This allows us to communicate the full result, including appropriate units.
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Example 2.7.9 Carlos just received his monthly paycheck. His gross pay (the amount before taxes and
related things are deducted) was $2,346.19, and his total tax and other deductions was $350.21. The rest
was deposited directly into his checking account. What percent of his gross pay went into his checking
account?

Explanation. Train yourself to read the word problem and not try to pick out numbers to substitute
into formulas. You may find it helps to read the problem over to yourself three or more times before you
attempt to solve it. There are three dollar amounts to discuss in this problem, and many students fall
into a trap of using the wrong values in the wrong places. There is the gross pay, the amount that was
deducted, and the amount that was deposited. Only two of these have been explicitly written down.
We need to use subtraction to find the dollar amount that was deposited:

2346.19 — 350.21 = 1995.98

Now, we can translate the main question:

“What percent of his gross pay went into his checking account?”
into:

“What percent of $2346.19 is $1995.98?”

Using P to represent the unknown quantity, we write and solve the equation:

what percent of  $2346.19 is $1995.98

| \
P - 2346.19 = 1995.98

P-2346.19 1995.98

2346.19 ~ 2346.19
P ~ 0.8507

P = 85.07%

Approximately 85.07% of his gross pay went into his checking account.

Checkpoint 2.7.10. Alexis sells cars for a living, and earns 28% of the dealership’s sales profit as com-
mission. In a certain month, she plans to earn $2200 in commissions. How much total sales profit does she
need to bring in for the dealership?

Alexis needs to bring in in sales profit.

Explanation. Be careful that you do not calculate 28% of $2200. That might be what a student would do
who doesn’t thoroughly read the question. If you have ever trained yourself to quickly find numbers in
word problems and substitute them into formulas, you must unlearn this. The issue is that $2200 is not the
dealership’s sales profit, and if you mistakenly multiply 0.28 - 2200 = 616, then $616 makes no sense as an
answer to this question. How could Alexis bring in only $616 of sales profit, and be rewarded with $2200
in commission?

We can translate the problem into “$2200 is 28% of what?” Letting x be the sales profit for the dealership
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(in dollars), we can write and solve the equation:

$2200 is 28% of what

[
2200=0.28 - «x

2200  0.28x
0.28  0.28
7857.14 ~ x

x ~ 7857.14

To earn $2200 in commission, Alexis needs to bring in approximately $7857.14 of sales profit for the dealer-
ship.

Example 2.7.11
According to e-Literate, the average cost of a new $79.00
80+
college textbook has been increasing. Find the $69.00
percentage of increase from 2009 to 2013. . $62.00 $72.00
601 $65.00

40 +

20+

Average New Textbook Price

N S > ¥
P 3 ®

® ®

Figure 2.7.12: Average New Textbook Price
from 2009 to 2013

Explanation. The actual amount of increase from 2009 to 2013 was 79 — 62 = 17, dollars. We need to
answer the question “$17 is what percent of $62?” Note that we are comparing the 17 to 62, not to 79.
In these situations where one amount is the earlier amount, the earlier original amount is the one that
represents 100%. Let P represent the percent of increase. We can set up and solve the equation:

$17 is what percent of $62

7= P -6
17 = 62P
17 _ 62P
62 62

0.2742 ~ P

From 2009 to 2013, the average cost of a new textbook increased by approximately 27.42%.

Checkpoint 2.7.13. Last month, a full tank of gas for a car you drive cost you $40.00. You hear on the
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news that gas prices have risen by 12%. By how much, in dollars, has the cost of a full tank gone up?

A full tank of gas now costs more than it did last month.

Explanation. Let x represent the amount of increase. We can set up and solve the equation:

12% of old cost is how much

I
012 40 = «x

48=x

A full tank now costs $4.80 more than it did last month.

Example 2.7.14 Enrollment at your neighborhood’s elementary school two years ago was 417 children.
After a 15% increase last year and a 15% decrease this year, what’s the new enrollment?

Explanation. It is tempting to think that increasing by 15% and then decreasing by 15% would bring
the enrollment right back to where it started. But the 15% decrease applies to the enrollment after it had
already increased. So that 15% decrease is going to translate to more students lost than were gained.

Using 100% as corresponding to the enrollment from two years ago, the enrollment last year was 100% +
15% = 115% of that. But then using 100% as corresponding to the enrollment from last year, the enroll-
ment this year was 100% — 15% = 85% of that. So we can set up and solve the equation

this year’s ‘enrollment ils 85‘% olf 11?% olf enrollment tho years ago
x =0.85-1.15" 417
x=0.85-1.15-417
x =407.6175

We would round and report that enrollment is now 408 students. (The percentage rise and fall of 15%
were probably rounded in the first place, which is why we did not end up with a whole number.)

Exercises

Review and Warmup

1. Change the follow- 2. Change the follow- 3. Convertthefollow- 4. Convertthe follow-

ing percentages into ing percentages into ing decimals into per- ing decimals into per-
decimals: decimals: centages: centages:
17% =‘ 18% =‘ ‘ 0.29 = _ 0.21 :‘

ol | o
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5.

16.

19.

22,

25.

28.

2.7 Percentages

Change the follow- 6. Change the follow- 7. Convert the follow- 8. Convert the follow-
ing percentages into ing percentages into ing decimals into per- ing decimals into per-
decimals: decimals: centages: centages:

3% =| | 4% =| 0.05=| 0.06 =|

. Convert the follow-  10.

ing decimals into per-
centages:

40% =|

100% =

400(70 =

Convert the follow-  11. Change thefollow-  12. Change the follow-

176 is

21.6is

23.

26.

29.

720 1is

|of 800.

Answer with a percent.

12 is about

72% of|

is 424.8.

420% of |

is 3738.

24.

ing decimals into per- ing percentages into ing percentages into
centages: decimals: decimals:
895% = 959% =
89.5% = 95.9% =
8.95% = 9.59% =
______ 19 8%o0f300is| |15 soworsonis| |
17. 780% of 590 is 18. 530% of 690 is
20. Answer with a percent. 21. Answer with a percent.

of 49.

8 is about

. 4% of | lis

27.6.

. 250% of | |

is 2450.
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Applications
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31.

33.

35.

37.

39.

41.

A town has 1400 registered residents. Among
them, 39% were Democrats, 38% were Repub-
licans. The rest were Independents. How many
registered Independents live in this town?

There are
residents in this town.

registered Independent

Martha is paying a dinner bill of $29.00. Martha
plans to pay 12% in tips. How much tip will
Martha pay?

Martha will pay in tip.

Ashley is paying a dinner bill of $36.00. Ash-
ley plans to pay 16% in tips. How much in to-
tal (including bill and tip) will Ashley pay?

Ashley will pay
bill and tip).

in total (including

A watch’s wholesale price was $440.00. The
retailer marked up the price by 40%. What's
the watch’s new price (markup price)?

The watch’s markup price is ‘ ‘

In the past few seasons’ basketball games, Tim-
othy attempted 170 free throws, and made 153
of them. What percent of free throws did Tim-
othy make?

Timothy made of free throws
in the past few seasons.

A painting is on sale at $360.00. Its original
price was $450.00. What percentage is this off
its original price?

The painting was
price.

off its original

32

34.

36.

38.

40.

42,

. Atown has 1800 registered residents. Among
them, 36% were Democrats, 27% were Repub-
licans. The rest were Independents. How many
registered Independents live in this town?

There are registered Independent
residents in this town.

Evan is paying a dinner bill of $33.00. Evan
plans to pay 20% in tips. How much tip will
Evan pay?

Evan will pay in tip.

Rita is paying a dinner bill of $40.00. Rita
plans to pay 12% in tips. How much in total
(including bill and tip) will Rita pay?

Rita will pay in total (including
bill and tip).

A watch’s wholesale price was $460.00. The
retailer marked up the price by 30%. What's
the watch’s new price (markup price)?

The watch’s markup price is ‘ ‘

In the past few seasons’ basketball games, Nina
attempted 430 free throws, and made 86 of them.
What percent of free throws did Nina make?

Nina made of free throws
in the past few seasons.

A painting is on sale at $450.00. Its original
price was $500.00. What percentage is this off
its original price?

The painting was off its original

price.



2.7 Percentages

43. The pie chart represents a collector’s collec-  44. The pie chart represents a collector’s collec-

tion of signatures from various artists. tion of signatures from various artists.
Collection of Signatures from Different Artists Collection of Signatures fronm Different Artists
Beatles

Rolling Stones

| e

Michael Jackson Michael Jackson Sting

Beatles

Four Seaso

Sting

Four Seasons

If the collector has a total of 1050 signatures, If the collector has a total of 1250 signatures,

there are signatures by Sting. there are signatures by Sting.

45. Inthelastelection, 34% of a county’sresidents,  46. Inthelastelection, 59% of a county’s residents,

or 12240 people, turned out to vote. How many or 23836 people, turned out to vote. How many
residents live in this county? residents live in this county?
This county has ‘ residents. This county has residents.

47. 70.68 grams of pure alcohol was used to pro-  48. 43.6 grams of pure alcohol was used to pro-
duce a bottle of 18.6% alcohol solution. What duce a bottle of 10.9% alcohol solution. What
is the weight of the solution in grams? is the weight of the solution in grams?

The alcohol solution weighs ‘ The alcohol solution weighs ‘

49. Connor paid adinner and left 17%, or $3.74,in ~ 50. Sydney paid a dinner and left 13%, or $3.38, in

tips. How much was the original bill (without tips. How much was the original bill (without
counting the tip)? counting the tip)?
The original bill (not including the tip) was [‘ The original bill (not including the tip) was [‘
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51.

53.

55.

Rebecca sells cars for a living. Each month,
she earns $2,000.00 of base pay, plus a certain
percentage of commission from her sales.

One month, Rebecca made $52,500.00 in sales,
and earned a total of $3,186.50 in that month
(including base pay and commission). What
percent commission did Rebecca earn?

Rebecca earned _ in commission.

The following is a nutrition fact label from a
certain macaroni and cheese box.

@tr‘ition Facts

Serving Size 1 cup

Servings Per Container 2

Amnount Per Serving

Calories 368 Calories fron Fat 118

#* Daily Yalue

Total Fat 7.8 ¢ 12%
Saturated Fat 2 o 15%
Trans Fat 2 g

Cholesterol 38 ng 18%

Sodiun 488 ng 28%

Total Carbohydrate 38 g 11%
Dietary Fiber 8 ¢ ax
Sugars 5 g

Protein 5 g

Yitamin A 2 mg 3%

Vitanin C 2 ng 2.9%

Calciun 2 ng 28%

Iron 3 ng 4%

The highlighted row means each serving of mac-
aroni and cheese in this box contains 7.8 g of
fat, which is 12% of an average person’s daily
intake of fat. What'’s the recommended daily
intake of fat for an average person?

The recommended daily intake of fat for an av-

erage person is

Sydney earned $278.07 of interest from a mu-
tual fund, which was 0.69% of his total invest-
ment. How much money did Sydney invest
into this mutual fund?

in this mutual

Sydney invested
fund.

52.

54.

56.

Ryan sells cars for a living. Each month, he
earns $2,000.00 of base pay, plus a certain per-
centage of commission from his sales.

One month, Ryan made $57,000.00 in sales, and
earned a total of $4,644.80 in that month (in-
cluding base pay and commission). What per-
cent commission did Ryan earn?

Ryan earned ‘ in commission.

The following is a nutrition fact label from a
certain macaroni and cheese box.

Etr‘ition Facts

Serving Size 1 cup

Servings Per Container 2

Anount Per Serving

Calories 308 Calories fron Fat 118

% Daily VYalue

Total Fat 14 g 20%
Saturated Fat 2 ¢ 15%
Trans Fat 2 g

Cholesterol 38 ng 18%

Sodiun 488 ng 20%

Total Carbohydrate 38 g 11%
Dietary Fiber 8 g Bz
Sugars 5 g

Protein 5 g

Yitanin A 2 ng 3%

Vitanin C 2 ng 2.5%

Calciun 2 kg 207

Iron 3 ng 4%

The highlighted row means each serving of mac-
aroni and cheese in this box contains 14 g of
fat, which is 20% of an average person’s daily
intake of fat. What’s the recommended daily
intake of fat for an average person?

The recommended daily intake of fat for an av-

erage person is

Shane earned $102.81 of interest from a mu-
tual fund, which was 0.23% of his total invest-
ment. How much money did Shane invest into
this mutual fund?

Shane invested in this mutual

fund.




57. A town has 5000 registered residents. Among
them, there are 1950 Democrats and 1750 Re-
publicans. The rest are Independents. What
percentage of registered voters in this town are
Independents?

In this town,
voters are Independents.

of all registered

2.7 Percentages

58. A town has 1300 registered residents. Among
them, there are 468 Democrats and 299 Repub-
licans. The rest are Independents. What per-
centage of registered voters in this town are In-
dependents?

In this town,
voters are Independents.

of all registered

59. A community college conducted a survey about 60. A community college conducted a survey about

the number of students riding each bus line
available. The following bar graph is the re-
sult of the survey.

number of people

What percent of students ride Bus #1?

Approximately of students

ride Bus #1.

Percent Increase/Decrease

61. The population of cats in a shelter decreased
from 100 to 75. What is the percentage de-
crease of the shelter’s cat population?

The percentage decrease is

63. The population of cats in a shelter increased
from 55 to 73. What is the percentage increase
of the shelter’s cat population?

The percentage increase is approximately

the number of students riding each bus line
available. The following bar graph is the re-
sult of the survey.

number of people

00T 177

164

150 +

100 +

a0 T

What percent of students ride Bus #1?

Approximately of students

ride Bus #1.

62. The population of cats in a shelter decreased
from 120 to 108. What is the percentage de-
crease of the shelter’s cat population?

The percentage decrease is

64. The population of cats in a shelter increased
from 63 to 75. What is the percentage increase
of the shelter’s cat population?

The percentage increase is approximately
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65. Last year, a small town’s population was 760.

67.

69.

142

71.

This year, the population decreased to 753. What
is the percentage decrease?

The percentage decrease of the town’s popu-

lation was approximately

Your salary used to be $39,000 per year.
You had to take a 2% pay cut. After the cut,

your salary was ‘ ‘ per year.

Then, you earned a 2% raise. After the raise,

your salary was ‘ ‘ per year.

This line graph shows a certain stock’s price
change over a few days.

stock price in dollars

¥2.0

£1.50

#1.33

1.07
F1.00 07

£0.50

£0.00

1171 1172 1173 1174 1175 Rag

From 11/1 to 11/5, what is the stock price’s
percentage change?

From 11/1 to 11/5, the stock price’s percent-

age change was approximately

Ahouse was bought two years ago at the price
of $110,000. Each year, the house’s value de-
creased by 5%. What's the house’s value this
year?

The house’s value this year is ‘

66.

68.

70.

72.

Last year, a small town’s population was 800.
This year, the population decreased to 798. What
is the percentage decrease?

The percentage decrease of the town’s popu-

lation was approximately

Your salary used to be $31,000 per year.
You had to take a 2% pay cut. After the cut,

your salary was ‘ ‘ per year.

Then, you earned a 2% raise. After the raise,

your salary was ‘ ‘ per year.

This line graph shows a certain stock’s price
change over a few days.

stock price in dollars

$2.0
£1.504+
¥1.00+  <0.80
20.61 £0.74
%0.504 .28
$0.12
F0. 00

1171 1172 1173 1174 1175 %Eig

From 11/1 to 11/5, what is the stock price’s
percentage change?

From 11/1 to 11/5, the stock price’s percent-

age change was approximately

Ahouse was bought two years ago at the price
of $380,000. Each year, the house’s value de-
creased by 6%. What's the house’s value this
year?

The house’s value this year is



2.8 Modeling with Equations and Inequalities
2.8 Modeling with Equations and Inequalities

One purpose of learning math is to be able to model real-life situations and then use the model to ask and
answer questions about the situation. In this lesson, we will examine the basics of modeling to set up an
equation (or inequality).

2.8.1 Setting Up Equations for Rate Models

To set up an equation modeling a real world scenario, the first thing we need to do is identify what variable
we will use. The variable we use will be determined by whatever is unknown in our problem statement.
Once we’ve identified and defined our variable, we’ll use the numerical information provided to set up our
equation.

Example 2.8.2 A savings account starts with $500. Each month, an automatic deposit of $150 is made.
Write an equation that represents the number of months it will take for the balance to reach $1,700.

Explanation.

To determine this equation, we might start by Months Since  Total Amount Saved

making a table in order to identify a general pat- Saving Started _ (in Dollars)
tern for the total amount in the account after m 0 500
months. 500 + 150 = 650

1
2 500 + 150(2) = 800
3 500 + 150(3) = 950
4 500 + 150(4) = 1100

Using this pattern, we can determine that an
equation showing the unknown number of
months, m, when the total savings equals $1700
would look like this:

500 + 150m = 1700 m 500 + 150m

Table 2.8.3: Amount in Savings Account

Remark 2.8.4. To determine the solution to the equation in , we could continue the pattern in
-i-able 2.8.3:

We can see that the value of m that makes the equa- Months Since  Total Amount Saved
tion true is 8 as 500 + 150(8) = 1700. Thus it would Saving Started  (in Dollars)

take 8 months for an account starting with $500 to 5 500 + 150(5) = 1250
reach $1,700 if $150 is saved each month. 6 500 + 150(6) = 1400
7 500 + 150(7) = 1550
8 500 + 150(8) = 1700

Table 2.8.5: Amount in Savings Account

Here we are able to determine the solution by creating a table and using inputs that were whole numbers.
Often the solution will not be something we can find this way. We will need to solve the equation using
algebra, as we’ll learn how to do in later sections. For this section, we’ll only focus on setting up the equation.
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Example 2.8.6 A bathtub contains 2.5 ft3 of water. More water is being poured in at a rate of 1.75 ft> per
minute. Write an equation representing when the amount of water in the bathtub will reach 6.25 ft*.

Explanation.

Minutes Water Total Amount

Since this problem refers to when the amount of
Has Been Poured  of Water (in ft3)

water will reach a certain amount, we immedi-

ately know that the unknown quantity is time. 0 2.5

As the volume of water in the tub is measured 1 25+1.75=4.25
in ft> per minute, we know that time needs to 2 25+1.75(2) =6
be measured in minutes. We'll define ¢ to be the 3

2.5+1.75(3) =7.75
number of minutes that water is poured into the .
tub. To determine this equation, we’ll start by ‘ :
making a table of values: t 25+1.75¢

Table 2.8.7: Amount of Water in the Bathtub

Using this pattern, we can determine that the equation representing when the amount will be 6.25 ft? is:

25+1.75t =6.25

2.8.2 Setting Up Equations for Percent Problems

reviewed some basics of working with percentages, and even solved some one-step equations
that were set up using percentages. Here we look at some scenarios where there is an equation to set up
based on percentages, but it is slightly more involved than a one-step equation.

Example 2.8.8 Jakobi’s annual salary as a nurse in Portland, Oregon, is $73,290. His salary increased by
4% from last year. Write a linear equation modeling this scenario, where the unknown value is Jakobi’s
salary last year.

Explanation. We need to know Jakobi’s salary last year. So we’ll introduce s, defined to be Jakobi’s
salary last year (in dollars). To set up the equation, we need to think about how he arrived at this year’s
salary. To get to this year’s salary, his employer took last year’s salary and added 4% to it. Conceptually,
this means we have:

(last year’s salary) + (4% of last year’s salary) = (this year’s salary)

We'll represent 4% of last year’s salary with 0.04s since 0.04 is the decimal representation of 4%. This
means that the equation we set up is:

s+ 0.04s = 73290

Checkpoint 2.8.9. Kirima offered to pay the bill and tip at a restaurant where she and her freinds had
dinner. In total she paid $150, which made the tip come out to a little more than 19%. We’d like to know
what was the bill before tip. Set up an equation for this situation.

Explanation. A common mistake is to translate a question like this into “what is 19% of $150?” as a way
to calculate the tip amount, and then subtract that from $150. But that is not how tipping works. The tip
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percentage is applied to the original bill, not the final total. If we let x represent the original bill, then:

bill plus 19% of bill is $150

N
x +019- x =150

Example 2.8.10 The price of a refrigerator after a 15% discount is $612. Write a linear equation mod-
eling this scenario, where the original price of the refrigerator (before the discount was applied) is the
unknown quantity.

Explanation. We'll let ¢ be the original price of the refrigerator. To obtain the discounted price, we
take the original price and subtract 15% of that amount. Conceptually, this looks like:

(original price) — (15% of the original price) = (discounted price)

Since the amount of the discount is 15% of the original price, we’ll represent this with 0.15¢. The equation
we set up is then:
c—0.15c = 612

Checkpoint 2.8.11. A shirt is on sale at 20% off. The current price is $51.00. Write an equation based on
this scenario where the variable represents the shirt’s original price.

Explanation. Let x represent the original price of the shirt. Since 20% is removed to bring the cost to $51,
we can set up the equation:

original minus 20% of original s $51
| | [ N
x —-020- x =51

2.8.3 Setting Up Equations for Geometry Problems

With geometry problems and algebra, there is often the possibility to draw some picture to help understand
the scenario better. Additionally it is often necessary to rely on some formula from geometry, such as the

formulas from .

Example 2.8.12 An Olympic-size swimming pool is rectangular and 50 m in length. We don’t know its
width, but we do know that it required 150 m of painter’s tape to outline the edge of the pool during
recent renovations. Use this information to set up an equation that models the width of the pool.

Explanation.

Since the pool’s shape is a rectangle, it helps to sketch a rect-
angle representing the pool as in . Since we know
its length is 50 m, it is a good idea to label that in the sketch. w

The width is our unknown quantity, so we can use w as a vari-
able to represent the pool’s width in meters and label that too.

50

Figure 2.8.13: An Olympic-size
pool
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Since it required 150 m of painter’s tape to outline the pool, we know the perimeter of the pool is 150 m.

This suggests using the perimeter formula for a rectangle: P = 2(¢ + w). (This formula was discussed in
Subsection 2.2.1).

With this formula, we can substitute 150 in for P and 50 in for ¢:
150 = 2(50 + w)

and this equation models the width of the pool.

Checkpoint 2.8.14. One sail on a sail boat is approximately shaped like a triangle. If the base length is
10 feet and the total sail area is 125 square feet, we can wonder how tall is the sail. Set up an equation to
model the sail’s height.

Explanation. Since the sail’s shape is (approximately) a triangle, it helps to sketch a triangle representing

the
our

sail. Since we know its base width is 10 feet, it is a good idea to label that in the sketch. The heigth is
unknown quantity, so we can use h as a variable to represent the sail’s height in feet and label that too.

10

Since the total area is known to be 125 square feet, this suggests using the area formula for a triangle: A =
ibh
>bh.

With this formula, we can substitute 125 in for A and 100 in for b:

125 = %(10);1

and this equation models the height of the pool.

2.8.4 Setting Up Inequalities for Models

In general, we’ll model using inequalities when we want to determine a maximum or minimum value. To
identify that an inequality is needed instead of an equality, we’ll look for phrases like at least, at most, at a
minimum or at a maximum.
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Example 2.8.15 The car share company car2go has a one-time registration fee of $5 and charges $14.99
per hour for use of their vehicles. Hana wants to use car2go and has a maximum budget of $300. Write
a linear inequality representing this scenario, where the unknown quantity is the number of hours she
uses their vehicles.

Explanation. We'll let 1 be the number of hours that Hana uses car2go. We need the initial cost and
the cost from the hourly charge to be less than or equal to $300, which we set up as:

5+ 14.99h < 300
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Example 2.8.16 When an oil tank is decommissioned, it is drained of its remaining oil and then re-filled
with an inert material, such as sand. A cylindrical oil tank has a volume of 275 gal and is being filled
with sand at a rate of 700 gal per hour. Write a linear inequality representing this scenario, where the
time it takes for the tank to overflow with sand is the unknown quantity.

Explanation. The unknown in this scenario is time, so we’ll define ¢ to be the number of hours that
sand is poured into the tank. (Note that we chose hours based on the rate at which the sand is being
poured.) We'll represent the amount of sand poured in as 700t as each hour an additional 700 gal are
added. Given that we want to know when this amount exceeds 275 gal, we set this equation up as:

700t > 275

2.8.5 Translating Phrases into Mathematical Expressions and Equations/Inequalities

The following table shows how to translate common phrases into mathematical expressions:

English Phrases Math Expressions
the sum of 2 and a number xX+2o0r2+x
2 more than a number xX+2o0r2+x
a number increased by 2 x+2or2+x
a number and 2 together x+20r2+x
the difference between a number and 2 x—=2

the difference of 2 and a number 2-x

2 less than a number x—2 (not2 - x)
a number decreased by 2 x—-2

2 decreased by a number 2-x

2 subtracted from a number x—2

a number subtracted from 2 2—-x

the product of 2 and a number 2x
twice a number 2x

a number times 2 x-2or2x
two thirds of a number %x

25% of a number 0.25x

the quotient of a number and 2 /2

the quotient of 2 and a number 2/x

the ratio of a number and 2 xf

the ratio of 2 and a number 2/x

Table 2.8.17: Translating English Phrases into Math Expressions

We can extend this to setting up equations and inequalities. Let’s look at some examples. The key is to break
a complicated phrase or sentence into smaller parts, identifying key vocabulary such as “is,” “of,” “greater
than,” “at most,” etc.

147



Chapter 2 Variables, Expressions, and Equations

English Sentences Math Equations
and Inequalities

The sum of 2 and a number is 6. xX+2=6

2 less than a number is at least 6. x-2>6

Twice a number is at most 6. 2x <6

6 is the quotient of a number and 2. 6=7%

4 less than twice a number is greater than 10. 2x -4 >10

Twice the difference between 4 and a number is 10. 24-x)=10

The product of 2 and the sum of 3 and a number is less than 10. 2(x +3) <10

The product of 2 and a number, subtracted from 5, yields 8. 5-2x=8

Two thirds of a number subtracted from 10 is 2. 10 - %x =2

25% of the sum of 7 and a number is 2. 0.25(x+7)=2

Table 2.8.18: Translating English Sentences into Math Equations

Exercises

Review and Warmup

1. Identify a variable you might use to represent each quantity. And identify what units would be
most appropriate.

Oregon, measured in ‘

2. Identify a variable you might use to represent each quantity. And identify what units would be
most appropriate.
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3.

11.

Chris’s annual salary as a radiography tech-
nician is $39,858.00. His salary increased by
2.2% from last year. What was his salary last
year?

Assume his salary last year was s dollars. Write
an equation to model this scenario. There is no
need to solve it.

. Abicycle for sale costs $194.04, which includes

7.8% sales tax. What was the cost before sales
tax?

Assume the bicycle’s price before sales tax is
p dollars. Write an equation to model this sce-
nario. There is no need to solve it.

. The price of a washing machine after 10% dis-

count is $216.00. What was the original price
of the washing machine (before the discount
was applied)?

Assume the washing machine’s price before
the discount is p dollars. Write an equation to
model this scenario. There is no need to solve
it.

. The price of a restaurant bill, including an 15%

gratuity charge, was $115.00. What was the
price of the bill before gratuity was added?

Assume the bill without gratuity is b dollars.
Write an equation to model this scenario. There
is no need to solve it.

In May 2016, the median rent price for a one-
bedroom apartment in a city was reported to
be $908.10 per month. This was reported to be
an increase of 0.9% over the previous month.
Based on this reporting, what was the median

price of a one-bedroom apartment in April 2016?

Assume the median price of a one-bedroom
apartment in April 2016 was p dollars. Write
an equation to model this scenario. There is
no need to solve it.

4.

10.

12.

2.8 Modeling with Equations and Inequalities

Sherial’s annual salary as a radiography tech-

nician is $42,630.00. Her salary increased by
1.5% from last year. What was her salary last
year?

Assume her salary last year was s dollars. Write
an equation to model this scenario. Thereis no
need to solve it.

. Abicycle for sale costs $224.07, which includes

6.7% sales tax. What was the cost before sales
tax?

Assume the bicycle’s price before sales tax is
p dollars. Write an equation to model this sce-
nario. There is no need to solve it.

. The price of a washing machine after 30% dis-

count is $189.00. What was the original price
of the washing machine (before the discount
was applied)?

Assume the washing machine’s price before
the discount is p dollars. Write an equation to
model this scenario. There is no need to solve
it.

The price of a restaurant bill, including an 11%
gratuity charge, was $11.10. What was the price
of the bill before gratuity was added?

Assume the bill without gratuity is b dollars.
Write an equation to model this scenario. There
is no need to solve it.

In May 2016, the median rent price for a one-
bedroom apartment in a city was reported to
be $1,006.00 per month. This was reported to
be an increase of 0.6% over the previous month.
Based on this reporting, what was the median
price of a one-bedroom apartment in April 2016?

Assume the median price of a one-bedroom
apartment in April 2016 was p dollars. Write
an equation to model this scenario. There is
no need to solve it.
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13.

15.

17.

Izabelle is driving an average of 42 miles per
hour, and she is 58.8 miles away from home.
After how many hours will she reach his home?

Assume Izabelle will reach home after /1 hours.
Write an equation to model this scenario. There
is no need to solve it.

Uhaul charges an initial fee of $32.65 and then
$0.68 per mile to rent a 15-foot truck for a day.
If the total bill is $116.29, how many miles were
driven?

Assume m miles were driven. Write an equa-
tion to model this scenario. There is no need
to solve it.

A cat litter box has a rectangular base that is
24 inches by 24 inches. What will the height
of the cat litter be if 4 cubic feet of cat litter is
poured? (Hint: 1 ft® = 1728 in?)

Assume & inches will be the height of the cat
litter if 4 cubic feet of cat litter is poured. Write
an equation to model this scenario. There is no
need to solve it.

Modeling with Linear Inequalities
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19.

21.

A truck that hauls water is capable of carrying

amaximum of 1500 Ib. Water weighs 8.3454%,
and the plastic tank on the truck that holds
water weighs 531b. Assume the truck can carry
a maximum of g gallons of water. Write an
inequality to model this scenario. There is no

need to solve it.

Grant’s maximum lung capacity is 5.2 liters.
If his lungs are full and he exhales at a rate of
0.8 liters per second, write an inequality that
models when he will still have at least 0.4 liters
of air left in his lungs. There is no need to solve
it.

14.

16.

18.

20.

22.

Blake is driving an average of 46 miles per
hour, and he is 156.4 miles away from home.
After how many hours will he reach his home?

Assume Blake will reach home after / hours.
Write an equation to model this scenario. There
is no need to solve it.

Uhaul charges an initial fee of $34.85 and then
$0.53 per mile to rent a 15-foot truck for a day.
If the total bill is $132.90, how many miles were
driven?

Assume m miles were driven. Write an equa-
tion to model this scenario. There is no need
to solve it.

A cat litter box has a rectangular base that is
24 inches by 18 inches. What will the height
of the cat litter be if 6 cubic feet of cat litter is
poured? (Hint: 1 ft* = 1728 in?)

Assume h inches will be the height of the cat
litter if 6 cubic feet of cat litter is poured. Write
an equation to model this scenario. There is no
need to solve it.

A truck that hauls water is capable of carrying

amaximum of 2600 Ib. Water weighs 8.3454%,
and the plastic tank on the truck that holds
water weighs 59 1b. Assume the truck can carry
a maximum of g gallons of water. Write an
inequality to model this scenario. There is no

need to solve it.

Izabelle’s maximum lung capacity is 5.6 liters.
If her lungs are full and she exhales at a rate
of 0.8 liters per second, write an inequality that
models when she will still have at least 2.8 liters
of air left in his lungs. There is no need to solve
it.



23.

25.

A swimming pool is being filled with water
from a garden hose at a rate of 8 gallons per
minute. If the pool already contains 60 gallons
of water and can hold up to 276 gallons, set
up an inequality modeling how much time can
pass without the pool overflowing. There is
no need to solve it.

An engineer is designing a cylindrical spring-
form pan (the kind of pan a cheesecake is baked
in). The pan needs to be able to hold a volume
atleast 398 cubic inches and have a diameter of
13 inches. Write an inequality modeling possi-
ble height of the pan. There is no need to solve
it.

24.

26.

2.8 Modeling with Equations and Inequalities

A swimming pool is being filled with water
from a garden hose at a rate of 6 gallons per
minute. If the pool already contains 70 gallons
of water and can hold up to 154 gallons, set
up an inequality modeling how much time can
pass without the pool overflowing. There is
no need to solve it.

An engineer is designing a cylindrical spring-
form pan (the kind of pan a cheesecake is baked
in). The pan needs to be able to hold a volume
atleast 338 cubic inches and have a diameter of
14 inches. Write an inequality modeling possi-
ble height of the pan. There is no need to solve
it.

Translating English Phrases into Math Expressions and Equations Translate the following phrase or
sentence into a math expression or equation (whichever is appropriate).

27.

30.

33.

36.

39.

42,

45.

three more than a number 28. ten less than a number 29. the sum of anumber and six
the difference betweenanum- 31. the difference betweennine  32. the difference between six
ber and three and a number and a number

two subtracted fromanum-  34. nine added to a number 35. five decreased by a number
ber

two increased by a number  37. anumber decreased by eight 38. a number increased by five
two times a number, increased 40. eight times a number, de-  41. five less than four times a
by five creased by ten number

one less than eight times a  43. eightmore thanthe quotient  44. four less than the quotient
number of three and a number of seven and a number

Two times a number is six-  46. Seventimesanumberistwenty47. The sum of fifty-six and a
teen. eight. number is seventy-three.
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48. Thedifference between thirty- 49. The quotient of anumber and

51.

54.

57.

60.

63.

66.

69.

three and a number is twenty-
eight.

The quotient of twenty-six
and a number is thirteen twenty-
fifths.

The sum of eight times a num-
ber and twenty-three is thirty-
one.

The product of seven and a
number, increased by eight,
yields ninety-nine.

The product of seven and a
number added to three, yields
168.

twenty-three thirty-eighths
of a number

anumber decreased by seven
thirtieths of itself

One more than the product
of three elevenths and anum-
ber yields three tenths of that
number.

Challenge
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52.

55.

58.

61.

64.

67.

70.

50
seventeen is fourteen seven-
teenths.

The quotient of eighteen and
anumber is nine twenty-thirds.

One less than five times a
number yields fifty-nine.

The product of five and a
number, added to four, yields
234.

one sixth of a number

thirteen forty-firsts of anum-
ber

A number increased by two
ninths is one ninth of that num-
ber.

Five more than the product
of one fifth and anumber gives
two sevenths of that number.

53.

56.

59.

62.

65.

68.

. The quotient of anumber and
twenty-five is one twenty-fifth.

The sum of three times a num-
ber and eleven is fifty-six.

Two less than three times a
number yields ninety-one.

The product of three and a
number increased by seven,
yields 123.

one half of a number

a number decreased by one

eleventh of itself

A number decreased by one
sixth is one eighth of that num-
ber.

71. Last year, Joan received a 2.5% raise. This year, she received a 4% raise. Her current wage is $11.46
an hour. What was her wage before the two raises?



2.9 Introduction to Exponent Rules
2.9 Introduction to Exponent Rules

In this section, we will look at some rules or properties we use when simplifying expressions that involve
multiplication and exponents.

2.9.1 Exponent Basics

Before we discuss any exponent rules, we need to quickly remind ourselves of some important concepts and
vocabulary.

When working with expressions with exponents, we have the following vocabulary:

exponent

base = power

For example, when we calculate 82 = 64, the base is 8, the exponent is 2, and the expression 82 is called the
2nd power of 8.

The other foundational concept is that if an exponent is a positive integer, the power can be rewritten as
repeated multiplication of the base. For example, the 4th power of 3 can be written as 4 factors of 3 like so:

3*=3.3.3.3

2.9.2 Exponent Rules

Product Rule If we write out 3° - 32 without using exponents, we’d have:
3°.32=(3-3-3-3.3)-(3-3)
If we then count how many 3s are being multiplied together, we find we have 5 + 2 = 7, a total of seven 3s.

35 . 32 — 35+2
=37

Example 2.9.2 Simplify x? - x3.
To simplify x? - x>, we write this out in its expanded form, as a product of x’s, we have
o= (x-x)(x-x-x)
=X X "X'X'X

Note that we obtained the exponent of 5 by adding 2 and 3.

This is our first rule, the Product Rule: when multiplying two expressions that have the same base, we can
simplify the product by adding the exponents.

=y (2.9.1)
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Checkpoint 2.9.3. Use the properties of exponents to simplify the expression.

19 13

x - x
Explanation. We add the exponents as follows:
x19. 413 — 19413
32

Power to a Power Rule The second rule is an extension of the first rule. If we write out (35)2 without
using exponents, we'd have 3° multiplied by itself:

(3= (39 ()
=(3-3.3.3.3)-(3-3-3-3-3)

If we again count how many 3s are being multiplied, we have a total of two groups each with five 3s. So
we’d have 2 - 5 = 10 instances of a 3.

Example 2.9.4 Simplify (xz)g.
To simplify (x2)°, we write this out in its expanded form, as a product of x’s, we have
(x2)° = (%) - (%) - (%)

=(x-x)-(x-x)-(x-x)

Note that we obtained the exponent of 6 by multiplying 2 and 3.

We have our second rule, the Power to a Power Rule: when a base is raised to an exponent and that expres-
sion is raised to another exponent, we multiply the exponents.

(xm)ﬂ — xm~n
Checkpoint 2.9.5. Use the properties of exponents to simplify the expression.
()
Explanation. We multiply the exponents as follows:

(r2)5 — 25

— 10

Product to a Power Rule The third exponent rule deals with having multiplication inside a set of paren-
theses and an exponent outside the parentheses. If we write out (315)5 without using an exponent, we’d have

3t multiplied by itself five times:
(3t)° = (3t)(3t)(3t)(3)(3t)

154
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Keeping in mind that there is multiplication between every 3 and ¢ and multiplication between all of the
parentheses, we can reorder and regroup the factors:

Bt =@3-1)- B t)-3-1)-(3-1)- (31
=(3-3:3:3:3)-(t-t-t-t-t)
=3%¢°

We essentially applied the outer exponent to each factor inside the parentheses.

Example 2.9.6 Simplify (xy)°.
To simplify (xy)°, we write this out in its expanded form, as a product of x’s and y’s, we have
(y)’ =y () (xy)-(xy)-(x-y)

:(x:x.x.x-x)-(y.y-y-y.y)
= x50

Note that the exponent on xy can simply be applied to both x and y.

This is our third rule, the Product to a Power Rule: when a product is raised to an exponent, we can apply
the exponent to each factor in the product.

(xoy)"=x"y"
Checkpoint 2.9.7. Use the properties of exponents to simplify the expression.
(5x)°
Explanation. We multiply the exponents and apply the rule (ab)™ = a™ - b™ as follows:
(5x)” = (5x?
= 25x?

If a and b are real numbers, and n and m are positive integers, then we have the following
rules:

Product Rule 4" - a™ = g"*"

Power to a Power Rule (a")" =ga™"™

Product to a Power Rule (ab)" =a" - b"

List 2.9.8: Summary of the Rules of Exponents for Multiplication

Many examples we’ll come across will make use of more than one exponent rule. In deciding which expo-
nent rule to work with first, it’s important to remember that the order of operations still applies.

Example 2.9.9 Simplify the following expressions.
a. (37r%)*

b. (£) (14)°
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Explanation.

a. Since we cannot simplify anything inside the parentheses, we’ll begin simplifying this expression
using the Product to a Power Ruld. We'll apply the outer exponent of 4 to each factor inside the
parentheses. Then we'll use the Power to a Power Ruld to finish out simplification process:

(@r) = @) ()’
_ 374, 54

_ 328,20

b. According to the order of operations, we should first simplify any exponents before carrying out
any multiplication. Therefore, we'll begin simplifying this by applying the Power to a Power Ruld

and then finish using the Eroduct Rule:

(t3)2 . (t4)5 _ 32,445
_ 46420

— 46+20

— 426

Remark 2.9.10. We cannot simplify an expression like x2 y3 using the , as the factors x2 and y3
do not have the same base.

Exercises

Review and Warmup Evaluate the following.

. 3. a1 = |
b. el
C. c (_1)14 ‘ .................................................... ‘
d. o ‘
4. a 6. a (-12=| ‘
b. o ‘
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Exponent Rules Use the properties of exponents to simplify the expression.

9. 3.3 10. 4-4° 11. 5257 12. 5%.52
13. r13.49 14. 5.8 15. y'7-y15.y8 16. x!9-x8 . x16
17. (22)° 18. (48) 19. (%)’ 20. (y°)"°
21. (4t)° 2. (3y)° 23. (5rx)* 24. (4xt)*
25. (4r12)? 26. (542)* 27. (5r%) - (10r12) 28. (9t7) - (=4t5)

29. (—%9)(%18) 30. (—%ﬂ)-(—%l) 31. (-10¢8)° 32. (-7/%)°

Use the properties of exponents to simplify the expression.

33. (=3y"7)- (=9y") - (=" 34. (-2r") - (=5r%) - (4r%)
35. a. (—2x2)2=‘ ‘ 36. a. (—6r3)2=‘ ‘
b. — (29(2)2 :‘ ‘ b. - (6”3)2 :‘ ‘
Challenge

37. a. Letx” - x" = x7. Let’s say that a is a natural number. How many possibilities are there for a?

b. Let x? - x° = x7. Let’s say that b and c are natural numbers. How many possibilities are there
for b?

c. Letx? - x® = x800. Let’s say that d and e are natural numbers. How many possibilities are there
for d?

38. Choose the correct inequality or equal sign to make the relation true.

250 (o< o> o=) 52
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2.10 Simplifying Expressions

We know that if we have two apples and add three more, then our result is the same as if we’d had three
apples and added two more. In this section, we’ll formally define and extend these basic properties we
know about numbers to variable expressions.

2.10.1 Identities and Inverses

We will start with some definitions. The number 0 is called the additive identity. If the sum of two numbers
is the additive identity, 0, these two numbers are called additive inverses. For example, 2 is the additive
inverse of —2, and the additive inverse of -2 is 2.

Similarly, the number 1 is called the multiplicative identity. If the product of two numbers is the multiplica-
tive identity, 1, these two numbers are called multiplicative inverses. For example, 2 is the multiplicative
inverse of 3, and the multiplicative inverse of —3 is —3. The multiplicative inverse is also called reciprocal.

2.10.2 Introduction to Algebraic Properties

Commutative Property When we compute the area of a rectangle, we generally multiply the length by
the width. Does the result change if we multiply the width by the length?

A=3-4
A=4-3 =12 (cm?) 4em
2 3 cm
=12 (cm?)
4 cm 3 cm

Figure 2.10.2: Horizontal and Vertical Rectangles

We can see 3 -2 = 2 - 3. If we denote the length of a rectangle with ¢ and the width with w, this implies
tw = w{. This is referred to as the commutative property of multiplication. The commutative property
also applies to addition, asin 1+2 = 2+1, where it is called the commutative property of addition. However,
there is no commutative property of subtraction or division,as2 -1 # 1 -2, and % # %.

Associative Property Let’s extend that example to a rectangular prism with width w = 4cm, depth d =
3cm, and height & = 2cm. To compute the volume of this solid, we multiply the width, depth and height,
which we write as wdh.

In the following figure, on the left side, we multiply the length and width first, and then multiply the height;
on the right side, we multiply the width and height first, and then multiply the length. Let’s compare the
products.
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'béo ’béo
4cm 4cm
g =
o] o
[q] (q\]
Figure 2.10.3: (4-3)-2 =24 Figure 2.10.4: 4 - (3-2) =24

We can see (wd)h = w(dh). This is known as the associative property of multiplication. The associative
property also applies to addition, as in (1 +2) + 3 = 1 + (2 + 3), which is called the associative property of
addition. However, there is no associative property of subtraction, as 3-2)-1#3 - (2-1).

Distributive Property The final property we'll explore is called the distributive property, which involves
both multiplication and addition. To conceptualize this property, let’s consider what happens if we buy 3
boxes that each contain one apple and one pear. This will have the same total cost as if we’d bought 3 apples
and 3 pears. We write this algebraically:

3(a+p)=3a+3p.

Visually, we can see that it’s just a means of re-grouping: 3(@ + &) = 3(@) + 3(&).

2.10.3 Summary of Algebraic Properties

Let a, b, and c represent real numbers, variables, or algebraic expressions. Then the following
properties hold:

Commutative Property of Multiplication a-b=0-a
Associative Property of Multiplication a-(b-c)=(a-b)-c
Commutative Property of Addition a +b=b+a
Associative Property of Addition a + (b+c)=(a+b)+c

Distributive Property a(b + ¢) = ab + ac

List 2.10.5: Algebraic Properties

Let’s practice these properties in the following exercises.

Checkpoint 2.10.6.
a. Use the commutative property of multiplication to write an equivalent expression to 531.
b. Use the associative property of multiplication to write an equivalent expression to 3(51).

c. Use the commutative property of addition to write an equivalent expression to q + 84.
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d. Use the associative property of addition to write an equivalent expression to x + (20 + c).

e. Use the distributive property to write an equivalent expression to 3(r + 7) that has no grouping sym-
bols.

Explanation.

a. To use the commutative property of multiplication, we change the order in which two factors are
multiplied:

53m
=m -53.

b. To use the associative property of multiplication, we leave factors written in their original order, but
change the grouping symbols so that a different multiplication has higher priority:

3(5n)
=(3-5)n.

You may further simplify by carrying out the multiplication between the two numbers:

3(5n)
=(B-5)n
= 15n.

c. To use the commutative property of addition, we change the order in which two terms are added:

q+84
=84 +g.

d. To use the associative property of addition, we leave terms written in their original order, but change
the grouping symbols so that a different addition has higher priority:

x+(20+¢)
=(x+20)+c.

e. To use the distributive property, we multiply the number outside the parentheses, 3, with each term
inside the parentheses:

3(r+7)
=3-r+3-7
=3r +21.

2.10.4 Applying the Commutative, Associative, and Distributive Properties
Like Terms One of the main ways that we will use the commutative, associative, and distributive p
DeC:

erties is to simplify expressions. In order to do this, we need to recognize like terms, as discussed in
. We combine like terms when we take an expression lilke 24 + 34 and write the result as 5a. The
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formal process actually involves using the distributive property:

2a+3a=(2+3)a
=5a

In practice, however, it’s more helpful to think of this as having 2 of an object and then an additional 3 of
that same object. In total, we then have 5 of that object.

Example 2.10.7 Where possible, simplify the following expressions by combining like terms.

a. 6c +12c —5¢ b. —5112—3!12 c. x -5y +4x d. 2x =3y + 4z

Explanation.

a. All three terms are like terms, so they may combined. We combine them two at a time:

6¢c +12c — 5¢ = 18¢ — 5¢
=13c

b. The two terms —5¢% and —34? are like terms, so we may combine them:

542 - 34% = 842

c. The two terms x and 4x are like terms, while the other term is different. Using the associative and
commutative properties of addition in the first step allows us to place the two like terms next to
each other, and then combine them:

x =5y +4x = x +4x + (-5y)
=1x +4x + (-5y)
=5x -5y

Note the expression x is the same as 1x. Usually we don’t write the “1” as it is implied. However,
it’s helpful when combining like terms to remember that x = 1x. (Similarly, —x is equal to —1x,
which can be helpful when combining —x with like terms.)

d. The expression 2x — 3y + 4z cannot be simplified as there are no like terms.

Adding Expressions When we add an expression like 4x — 5 to an expression like 3x — 7, we write them as

follows:
(4x —5)+(Bx =7)

In order to remove the given sets of parentheses and apply the commutative property of addition, we will
rewrite the subtraction operation as “adding the opposite”:

4x + (=5) + 3x + (-7)

At this point we can apply the commutative property of addition and then combine like terms. Here’s how
the entire problem will look:

(4x =5)+(Bx =7)=4x + (-5) +3x + (-7)
=4x +3x + (-5) + (-7)
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=7x +(-12)
=7x-12
Remark 2.10.8. Once we become more comfortable simplifying such expressions, we will simply write this

kind of simplification in one step:
4x-5)+Bx-7)=7x-12

Example 2.10.9 Use the associative, commutative, and distributive properties to simplify the following
expressions as much as possible.

a. 2x+3)+(4x +5) b. (-5x +3)+ (4x -7)

Explanation.
a. We will remove parentheses, and then combine like terms:
2x+3)+(@4x+5)=2x+3+4x+5

=2x+4x+3+5
=6x+8

b. We will remove parentheses, and then combine like terms:
(-5x+3)+(@4x—-7)=-b5x+3+4x +(-7)
=—x+(-4)
=-—x—-4

Applying the Distributive Property with Negative Coefficients Applying the distributive property in an
expression such as 2(3x +4) is fairly straightforward, in that this becomes 2(3x)+2(4) which we then simplify
to 6x + 8. Applying the distributive property is a little trickier when subtraction or a negative constant is
involved, for example, with the expression 2(3x — 4). Recalling that subtraction is defined as “adding the
opposite,” we can change the subtraction of positive 4 to the addition of negative 4:

2(3x + (—4))

Now when we distribute, we obtain:
2(3x) +2(—4)

As a final step, we see that this simplifies to:
6x — 8

Remark 2.10.10. We can also extend the distributive property to use subtraction, and state that a(b — ¢) =
ab — ac. With this property, we would simplify 2(3x — 4) more efficiently:

2(8x —4) = 2(3x) — 2(4)
=6x—-8

In general, we will use this approach.
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Example 2.10.11 Apply the distributive property to each expression and simplify it as much as possible.
a. -36x+7) b. 2(—4x —1)
Explanation.
a. We will distribute —3 to the 5x and 7: b. We will distribute 2 to the —4x and —1:
—3(5x +7) = =3(5x) + (-3)(7) 2(—4x — 1) = 2(—4x) — 2(1)
=-15x -21 =_8x -2

Checkpoint 2.10.12. Use the distributive property to write an equivalent expression to —4(x — 2) that
has no grouping symbols.

Explanation. To use the distributive property, we multiply the number outside the parentheses, —4, with
each term inside the parentheses:
—4(x-2)=—-4-x—-4(-2)
=—4x +8

Subtracting Expressions To subtract one expression from another expression, such as (5x + 9) — (3x +2),
we will again rely on the fact that subtraction is defined as “adding the opposite.” To add the opposite of an
expression, we will technically distribute a constant factor of —1 and simplify from there:

BGx+9)—Bx+2)=05Bx+9)+(-1)(Bx +2)
=5x +9+ (-1)(3x) + (-1)(2)
=5x +9+ (-3x) + (-2)
=2x+7

Remark 2.10.13. The above example demonstrates how we apply the distributive property in order to sub-
tract two expressions. But in practice, it can be pretty cumbersome. A shorter (and often clearer) approach
is to instead subtract every term in the expression we are subtracting, which is shown like this:

B5x+9)—(Bx+2)=5x+9—-3x -2
=2x+7

In general, we’ll use this approach.

Example 2.10.14 Use the associative, commutative, and distributive properties to simplify the following
expressions as much as possible.

a. (-6x+4)—Bx-7) b. (-2x = 5) — (—4x - 6)

Explanation.

a. We will remove parentheses using the distributive property, and then combine like terms:

(—6x+4)—(Bx—-7)=—-6x+4—-3x—(-7)
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=—6x+4-3x+7
=-9x +11

b. We will remove parentheses using the distributive property, and then combine like terms:

(=2x = 5) — (—4x = 6) = =2x — 5 — (—4x) - (~6)
=-2x—-5+4+4x+6
=2x+1

2.10.5 The Role of the Order of Operations in Applying the Commutative,
Associative, and Distributive Properties

When simplifying an expression such as 3 + 4(5x + 7), we need to respect the order of operations. Since the
terms inside the parentheses are not like terms, there is nothing to simplify there. The next highest priority
operation is multiplying the 4 by (5x + 7). This must be done before anything happens with the adding of
that 3. We cannot say 3 + 4(5x +7) = 7(5x + 7), because that would mean we treated the addition as having

higher priority than the multiplication.

So to simplify 3 + 4(5x + 7), we will first examine the multiplication of 4 with (5x + 7), and here we may

apply the distributive property. After that, we will use the commutative and associative properties:

3+4(5x+7)=3+4(5x)+4(7)
=3+20x +28
=20x+3+28
=20x + 31

tive properties.
a. 4-Bx-9) b. 5x +9(-2x + 3) c. 5(x—=9)+4(x +4)

Explanation.
a. We will remove parentheses using the distributive property, and then combine like terms:
4-(83x-9)=4-3x-(-9)

=4-3x+9
=-3x+13

b. We will remove parentheses using the distributive property, and then combine like terms:

5x +9(-2x + 3) = 5x + 9(—2x) + 9(3)
=5x —18x + 27
= —13x +27
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c. We will remove parentheses using the distributive property, and then combine like terms:

5(x —9)+4(x +4) =5x—45+4x + 16
=9x -29

Checkpoint 2.10.16. Use the distributive property to simplify 3 — 9(9 — 8r) completely.
Explanation. We first use distributive property to get rid of parentheses, and then combine like terms:

3-9(9—8r)=3+(-9)(9 - 8r)
=3+ (-9)(9) + (-9)(-8r)
=3-81+72r
=78+ 72r
=72r - 78

Note that either of the last two expressions are acceptable final answers.

2.10.6 Rules of Exponents and Simplifying

In , we introduced three exponent rules. We continue to use these rules when simplifying expres-
sions. Sometimes though, students incorrectly apply “rules” of exponents where they have misremembered
the actual rule. Let’s summarize what we can and cannot do.

When we add/subtract two expressions, we can only combine like terms. For example:

® 3x—x=2x o 12 +12 =22 * 42 + g cannot be combined.

However, we can multiply two expressions regardless of whether or not they are like terms. For example:

o xox=22 o 2.3 =45 * (1*)(q) =4¢°

Consider:
* When we combine like terms that have a variable, the exponent doesn’t change, as in x> + x2 = 2x2.

* When we multiply powers of a variable that use the same variable, the exponent will change, as in
(x2)(x?) = x*.

* We cannot combine “unlike terms,” as something like x? + x is as simplified as it can be.
* We can multiply powers with different exponents, as in (x?)(x) = x°.

The next few examples test your understanding of these concepts.

Example 2.10.17 Simplify the following expressions using the rules of exponents and the distributive

property.

a. 3x% +2x + x? b. (3x%)(2x)(x?) c. 2x(3x +4) d. x® —3x2(5x - 2)
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Explanation.

Exercises

Review and Warmup

1. Count the number of terms
in each expression.

a. —6x — 7+ 3t — 822
b. -6t +1

c. 452 — 6y — 652

d. 2s =2z - 5y% +7s

4. Listthe termsineachexpres-

sion.
a. —0.4x*-0.3
b. -3.2¢t + 6.8t
c. =02y +0.2s —2.6x +8.3s
d. -3.5y2
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a. We will combine like terms 3x2 and x2:

3x2 4+ 2x + x% = 4x% + 2x

b. We will apply the :

(3x%)(2x)(x?) = 6x°

2x(3x + 4) = 2x(3x) + 2x(4)

= 6x2 + 8x

=x3 - 15x% + 6x2

= —14x3 + 6x2

2. Count the number of terms
in each expression.

a. —4x>+z+y -9t
b. 8x% — 6t +2s% + 5t
c. —7x2

d. -8z +5y -5

5. List the terms in each expres-
sion.

a. 1.2x +7.9¢
b. =52y +5.6 —4.35> — 6
c. 4.8y +09z

d. 8.4y —0.1z — 8.5¢

c. To simplify 2x(3x + 4), we want to first distribute 2x, and then we can apply the :

d. We will use the distributive property first, apply the , and combine like terms:
x% = 3x%(5x — 2) = x° — 3x%(5x) — (-3x%)(2)

3. List the termsin each expres-
sion.

a. —2x

b. —8.55% — 1.25 + 8t2
c. 3.8t +6.4—-0.3x
d. —23y-78

6. List the terms in each expres-
sion.

a. 2.8x% —2x?

b. —7.25 +4.3t> - 8.3z

c. 585 -7.1-65x+7.4z
d. 8.4x% -z



7.

Simplify each expression, if
possible, by combining like
terms.

a. 5x +6y% +9y
b. 3s +6s
c. —z +5z22

d. x2 +4x2

8.

Simplify each expression, if
possible, by combining like
terms.

a. 6x2 —4s2 +7s2
b. 252 +2y* -7+ 7y
c. =3y +6z +8z

—45 — 2x — 852 + 252

A

2.10 Simplifying Expressions

These exercises involve the concepts of like terms and the commutative, associative, and distributive prop-

erties.

9.

12.

15.

18.

21.

24.

27.

The additive inverse of 4 is

]

The multiplicative inverse of

=10 is‘

Use the associative property
of addition to write an equiv-
alentexpression to 10 + (9 + b).

Use the associative property
of multiplication to write an
equivalent expression to 8(3b).

Use the commutative prop-
erty of addition to write an
equivalent expression to 10x + 38.

Use the commutative prop-
erty of addition to write an
equivalent expression to 3(b + 34).

Use the commutative prop-
erty of multiplication to write
an equivalent expression to
43 +7a.

10.

13.

16.

19.

22.

25.

28.

The additive inverse of 7 is

]

Use the associative property
of addition to write an equiv-
alentexpressiontor + (38 + ¢).

Use the associative property
of addition to write an equiv-
alent expressionto 3 + (17 + ¢).

Use the commutative prop-
erty of addition to write an
equivalent expressionton + 8.

Use the commutative prop-
erty of addition to write an
equivalent expression to 5y + 3.

Use the commutative prop-
erty of multiplication to write
an equivalent expression to
99c.

Use the commutative prop-
erty of multiplication to write
an equivalent expression to
95 +9n.

11.

14.

17.

20.

23.

26.

29.

The multiplicative inverse of

9is ‘

Use the associative property
of addition to write an equiv-
alentexpressiontot + (2 + n).

Use the associative property
of multiplication to write an
equivalent expression to 4(5m).

Use the commutative prop-
erty of addition to write an
equivalent expression to p + 73.

Use the commutative prop-
erty of addition to write an
equivalent expression to 8(t + 69).

Use the commutative prop-
erty of multiplication to write
an equivalent expression to
92x.

Use the commutative prop-
erty of multiplication to write
an equivalent expression to

4(p + 60).
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30.

33.

36.

39.

42,

45.

48.

49.

Use the commutative prop-
erty of multiplication to write
an equivalent expression to
8(x + 25).

Use the distributive property
to write an equivalent expres-
sion to —9(b + 9) that has no
grouping symbols.

Use the distributive property
to write an equivalent expres-
sion to — (r — 7) that has no
grouping symbols.

Use the distributive property ~ 40.

to simplify 3 — 7(—4 + 3x) com-
pletely.

Use the distributive property
to simplify 2 — (4 + 2a) com-
pletely.

Use the distributive property
to simplify (2 - 5x) com-
pletely.

Use the distributive property
to simplify 4 (7 + 3x) com-
pletely.

The expression y + ¢ + ¢ would be ambiguous
if we did not have a left-to-right reading con-
vention. Use grouping symbols to emphasize
the order that these additions should be car-

ried out.

Use the associative property of addition to write
an equivalent (but different) algebraic expres-

sion.

31.

34.

37.

43.

46.

Use the distributive property
to write an equivalent expres-
sion to 10(y + 2) that has no
grouping symbols.

Use the distributive property
to write an equivalent expres-
sion to —3(c¢ — 3) that has no
grouping symbols.

Use the distributive property
to simplify 9 + 7(9 + 8n) com-
pletely.

Use the distributive property

32

35.

38.

41.

to simplify 8 — 3(—10 + 3y) com-

pletely.

Use the distributive property
to simplify 8 — (—6¢ — 8) com-
pletely.

Use the distributive property

44.

47.

to simplify %(—3 + 1) completely.

ried out.

sion.

. Use the distributive property
to write an equivalent expres-
sion to 6(f + 6) that has no
grouping symbols.

Use the distributive property
to write an equivalent expres-
sion to — (m — 2) that has no
grouping symbols.

Use the distributive property
to simplify 6 + 2(7 + 7p) com-
pletely.

Use the distributive property
to simplify 5 — (=5 + 5¢) com-
pletely.

Use the distributive property
to simplify 6 — (2b + 9) com-
pletely.

Use the distributive property
to simplify 3 (-9 + 3p) com-
pletely.

50. The expressiont + a + x would be ambiguous
if we did not have a left-to-right reading con-
vention. Use grouping symbols to emphasize
the order that these additions should be car-

Use the associative property of addition to write
an equivalent (but different) algebraic expres-
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51. A student has (correctly) simplified an algebraic expression in the following steps. Between each pair
of steps, identify the algebraic property that justifies moving from one step to the next.

9(a +5) +9a

(O commutative property of addition O commutative property of multiplication O associative prop-
erty of addition O associative property of multiplication 0O distributive property)

= (9a +45) +9a

(O commutative property of addition O commutative property of multiplication 0O associative prop-
erty of addition O associative property of multiplication 0O distributive property)

= (45+9a) +9a

(O commutative property of addition O commutative property of multiplication 0O associative prop-
erty of addition O associative property of multiplication 0O distributive property)

=45+ (9a +9a)

(O commutative property of addition O commutative property of multiplication 0O associative prop-
erty of addition O associative property of multiplication 0O distributive property)

=45+ (9+9)a

=45+ 18a

(O commutative property of addition O commutative property of multiplication 0O associative prop-
erty of addition O associative property of multiplication O distributive property)

=18a + 45

52. A student has (correctly) simplified an algebraic expression in the following steps. Between each pair
of steps, identify the algebraic property that justifies moving from one step to the next.

6(c +8)+7c

(O commutative property of addition 0O commutative property of multiplication 0O associative prop-
erty of addition O associative property of multiplication 0O distributive property)

=(6c +48) +7c

(O commutative property of addition O commutative property of multiplication O associative prop-
erty of addition 0O associative property of multiplication O distributive property)

= (48 +6¢) +7c
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(O commutative property of addition O commutative property of multiplication 0O associative prop-
erty of addition 0O associative property of multiplication 0O distributive property)

=48 + (6¢ + 7¢c)

(O commutative property of addition O commutative property of multiplication 0O associative prop-
erty of addition 0O associative property of multiplication 0O distributive property)

=48+ (6+7)c

=48+ 13c

(O commutative property of addition O commutative property of multiplication 0O associative prop-
erty of addition 0O associative property of multiplication 0O distributive property)

=13c +48

53. The number of students enrolled in math courses at Portland Community College has grown over the
years. The formulas

M=047x+37 W=038x+43 N =0.02x +0.1

describe the numbers (of thousands) of men, women, and gender-non-binary students enrolled in math
courses at PCC x years after 2005. (Note this is an exercise using randomized numbers, not actual data.)
Give a simplified formula for the total number T of thousands of students at PCC taking math classes x
years after 2005. Be sure to give the entire formula, starting with T=.

54. The number of students enrolled in math courses at Portland Community College has grown over the
years. The formulas

M=051x+57 W=051x+34 N =0.02x +0.2

describe the numbers (of thousands) of men, women, and gender-non-binary students enrolled in math
courses at PCC x years after 2005. (Note this is an exercise using randomized numbers, not actual data.)
Give a simplified formula for the total number T of thousands of students at PCC taking math classes x
years after 2005. Be sure to give the entire formula, starting with T=.

Multiply the polynomials.

55. 6x(x—6):‘

58. 3x (-5x +5) =

61. 6y° (—-3y*+4y) = 62. —3r%(-10r> +8r) =
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Simplify the following expressions if possible.

63. a. m>+m?=

6. axex=l |

69. a.

20% + 4a” = ‘

b. (20%)(4a?) =|

c. 2a% +4a =

d. (24%)(4a) =

72. a.

b. (—3r3)(—2r4)(2r3) =[‘

Simplify the following expression.

=
|

73. 2n

76. —3y5t4(—2yt5)4 =

79. (=2¢°) (—2c4)3 — (c)(4c®) =U

82. (3m?) (2m4)4 + (m?

67.

74.

7

80.

)2 (@3m'7) = 83.

N

b. (~c)(~c) =|

c. —c+2c% = ‘

2
5p°(—4p?) =\

(=563)(-4t*) + (#)(-5¢%) =

@ph) (%) -

(3p%)°n® +3(p*n%) =

2.10 Simplifying Expressions

[=))}
a
S

SN

(»)(p) =‘

C. p+p2=

d peh= |

L —A43 283 =

c. —4t3 -2t =

(—4r)(-21) = |

&

20-9°-2q9 =
- 2)(-4)(-2q) =

o

o

75. 2x%c2(4xc?)’ :‘ ‘

78. (3a°)(=3a”) — (4a*)(2a°) :U

81. (49%) (-24%)" + (¢7)° (54) =

| |
=l

84. (3x%)°c12 4+ 4(x3c%)
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85. Use the distributive property ~ 86. Use the distributive property

88.

91.

94.

95. Fully simplify 3(7x — 8) + 6(3x - 7).

97. Fully simplify —4(9x — 6) + 7(—x — 4).

to write an equivalent expres-
sion to =9y (7y + 2) that has
no grouping symbols.

Use the distributive property
to write an equivalent expres-
sion to —10c*(c + 8) that has
no grouping symbols.

Use the distributive property ~ 92.

to simplify 2m — 9m (8 + 10m?)
completely.

Use the distributive property
to simplify 10y° — 7y3 (-9 + 93)
completely.

Challenge

172

89.

to write an equivalent expres-
sion to —4¢(4t — 10) that has
no grouping symbols.

Use the distributive property
to simplify 4 + 6m(2 + 3m) com-
pletely.

Use the distributive property ~ 93.

to simplify 8p — 6p (3 + 10p°)
completely.

87.

90.

Use the distributive property
to write an equivalent expres-
sion to —7a%(a — 1) that has
no grouping symbols.

Use the distributive property
to simplify 8 + 3b(10 + 7b) com-
pletely.

Use the distributive property
to simplify 5x° — 2x3 (-3 + 9x?)
completely.

96. Fully simplify 4(3x +2) — 6(7x —1).

98. Fully simplify 5(6x + 1) — 8(4x — 6).

99. Fill in the blanks with algebraic expressions that make the equation true. You may not use 0 or 1 in
any of the blank spaces.Here is an example: ? + ? = 8x.

One possible answer is: 3x + 5x = 8x.

There are infinitely many correct answers to this problem. I encourage you to be creative. After
finding a correct answer, see if you can come up with a different answer that is also correct.

a.| | +] = —13x
b. | [+] = —132%
T e
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2.11 Variables, Expressions, and Equations Chapter Review

2.11.1 Variables and Evaluating Expressions

In we covered the definitions of variables and expressions, and how to evaluate an expression
with a particular number. We learned the formulas for perimeter and area of rectangles, triangles, and

circles.

Evaluating Expressions When we evaluate an expression’s value, we substitute each variable with its given

value.

Example 2.11.1 Evaluate the value of g(F —32)if F = 212.

5 5
5(F—32) = 5(212-32)

5
= 5(180)

=100

Substituting a Negative Number When we substitute a variable with a negative number, it’s important

to use parentheses around the number.

Example 2.11.2 Evaluate the following expressions if x = —3.

a. x2 =(-3)% b. x3 = (-3)3 c. —x?=—(=3)
=9 = (-3)(=3)(-3) =-9
=-27

2.11.2 Geometry Formulas

In we established the following formulas.

Perimeter of a Rectangle P = 2(¢ + w)
Area of a Rectangle A = (w

Area of a Triangle A = %bh
Circumference of a Circle ¢ =2nr
Area of a Circle A = ntr?

Volume of a Rectangular Prism V = wdh

Volume of a Cylinder V = nir?h

Volume of a Rectangular Prism or Cylinder V = Bh

2.11.3 Combining Like Terms

In we covered the definitions of a term and how to combine like terms.

d. —x% = —(-3)°
= —(-27)
=27
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Example 2.11.3 List the terms in the expression 5x — 3y + 2%

Explanation. The expression has three terms that are being added, 5x, -3y and 22.

Example 2.11.4 Simplify the expression 5x — 3x2 + 2x + 5x2, if possible, by combining like terms.

Explanation. This expression has four terms: 5x, —3x2,2x, and 5x2. Both 5x and 2x are like terms; also
—3x2 and 5x? are like terms. When we combine like terms, we get:

5x — 3x2 + 2x + 5x2 = 7x + 2x?

Note that we cannot combine 7x and 2x? because x and x? represent different quantities.

2.11.4 Equations and Inequalities as True/False Statements

In we covered the definitions of an equation and an inequality, as well as how to verify if a
particular number is a solution to them.

Checking Possible Solutions Given an equation or an inequality (with one variable), checking if some
particular number is a solution is just a matter of replacing the value of the variable with the specified
number and determining if the resulting equation/inequality is true or false. This may involve some amount
of arithmetic simplification.

Example 2.11.5 Is —5 a solution to 2(x +3) —2 =4 — x?
Explanation. To find out, substitute in —5 for x and see what happens.
2(x+3)-2=4-x
2((-5)+3) -2 24— (-5)

2(-2)-229
?

4-229

-6=9

So no, -5 is not a solution to 2(x +3) —2 =4 — x.

2.11.5 Solving One-Step Equations

In we covered to to add, subtract, multiply, or divide on both sides of an equation to isolate
the variable, summarized in [Fact 2.5.12. We also learned how to state our answer, either as a solution or a
solution set. Last we discussed how to solve equations with fractions.

Solving One-Step Equations _When we solve linear equations, we use lProperties of Equivalent Equationsj
and follow an algorithm to [solve a linear equation|.
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Example 2.11.6 Solve for g in 1 = 5+9.

N W N
Nl N WIN N =

NI NI~ NP N- N=

The solution —%

2.11.6 Solving One-Step Inequalities

2.11 Variables, Expressions, and Equations Chapter Review

Explanation. We will subtract 3 on both sides of the equation:

|
+
{

1l
+
Q

{ WIN WIN
WIN

Q

We will check the solution by substituting g in the original equation with —%:

z%+(_1)
3 6
£
6 6
2 3
T 6
v 1
T2

is checked and the solution set is {—%}.

In Eection 2.4 we covered how solving inequalities is very much like how we solve equations, except that if
we multiply or divide by a negative! we switch the inequality sign.

Solving One-Step Inequalities When we solve linear inequalities, we also use IProperties of Equivalenﬂ
with one small complication: When we multiply or divide by the same negative number on both

sides of an inequality, the direction reverses!

Example 2.11.7 Solve the inequality —2x
set-builder notation.

—2x > 12
—2x 12
- S -
-2 -2

x < -6

> 12. State the solution set with both interval notation and

Explanation. To solve this inequality, we will divide each side by —2:

Note the change in direction.

* The inequality’s solution set in interval notation is (—co, —6].
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| ¢ The inequality’s solution set in set-builder notation is {x | x < —6}.

2.11.7 Percentages

In we covered how to translate sentences with percentages into equations that we can solve.

Solving One-Step Equations Involving Percentages An important skill for solving percent-related prob-
lems is to boil down a complicated word problem into a simple form like “2 is 50% of 4.”

Example 2.11.8 What percent of 2346.19 is 1995.98?

Using P to represent the unknown quantity, we write and solve the equation:

what percent  of  $2346.19 is  $1995.98
—

P . 2346.19 = 1995.98
P-2346.19  1995.98
2346.19  2346.19

P =0.85073...

P =~ 85.07%

In summary, 1995.98 is approximately 85.07% of 2346.19.

2.11.8 Modeling with Equations and Inequalities

In we covered how to translate phrases into mathematics, and how to set up equations and
inequalities for application models.

Modeling with Equations and Inequalities To set up an equation modeling a real world scenario, the
first thing we need to do is identify what variable we will use. The variable we use will be determined by
whatever is unknown in our problem statement. Once we’ve identified and defined our variable, we'll use
the numerical information provided in the equation to set up our equation.

Example 2.11.9 A bathtub contains 2.5 ft> of water. More water is being poured in at a rate of 1.75 ft3
per minute. When will the amount of water in the bathtub reach 6.25 ft3?

Explanation. Since the question being asked in this problem starts with “when,” we immediately know
that the unknown is time. As the volume of water in the tub is measured in ft3 per minute, we know
that time needs to be measured in minutes. We'll defined ¢ to be the number of minutes that water is
poured into the tub. Since each minute there are 1.75 ft> of water added, we will add the expression
1.75t to 2.5 to obtain the total amount of water. Thus the equation we set up is:

2.5+1.75t =6.25

2.11.9 Introduction to Exponent Rules

In we covered the fules of exponents for multiplicatior|.
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Example 2.11.10 Simplify the following expressions using the rules of exponents:

a. =213 445 b. 5 (04)2 c. —(3u)? d. (-3z)2
Explanation.

a. —2t3 - 445 = —8¢8 b. 5 (04)2 — 58 c. —(3u)? = -9u* d. (-3z)? = 9z*

2.11.10 Simplifying Expressions

In Bection 2.1(J we covered the definitions of the identities and inverses, and the various blgebraic propertiesl.
We then learned about the order of operations.

Example 2.11.11 Use the associative, commutative, and distributive properties to simplify the expres-
sion 5x + 9(—2x + 3) as much as possible.

Explanation. We will remove parentheses by the distributive property, and then combine like terms:

5x +9(-2x + 3) =5x + 9(-2x + 3)
=5x +9(-2x) + 9(3)
=5x —18x + 27
=—-13x +27

Exercises

A trapezoid’s area can be calculated by the formula A = %(bl + by)h, where A stands for area, by for the first
base’s length, b, for the second base’s length, and / for height.

1. Find the area of the trapezoid below. 2. Find the area of the trapezoid below.

14 m 11 m

=

Ml
=
[]7 7T

18 m

TR

17 m
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To convert a temperature measured in degrees Fahrenheit to degrees Celsius, there is a formula:

5
C=5(F-32)

where C represents the temperature in degrees Celsius and F represents the temperature in degrees Fahren-

heit.

3. If a temperature is 122°F, what is that temper-
ature measured in Celsius?

5. Evaluate the expression x2:

a. Whenx:6,x2=‘

b. When x = -6, x* =

7. Evaluate the expression y*:

a. Wheny =5,1° =

b. When y = -3, y° = \

9. List the terms in each expression.
a. 4t+2z+6
b. 722

0

9t +y
L2t + 7t

Q.

11. Simplify each expression, if possible, by com-
bining like terms.

a. 8t —t+3t+9t
b. —8z% + 522 + 622
c. 3z-3z

d. —3x2-2-7x
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4. If a temperature is 14°F, what is that temper-
ature measured in Celsius?

6. Evaluate the expression y:

o Wheny=3y'=| |

8. Evaluate the expression r3:

b. When r = =5, 1% = ‘

10. List the terms in each expression.
a. 8t2+6+2x2—t2
b. 5x% = 6y* + 7y
c. =522 +3t2 - 7y?
d. —2y2+4-3s+2t

12. Simplify each expression, if possible, by com-
bining like terms.

a. 5t2 —8y* +4 + 2t

b. 7t — 212
c. =772 222 4+ 8x2
d. —6s5 +x



13.

15.

17.

23.

2.11 Variables, Expressions, and Equations Chapter Review

Simplify each expression, if possible, by com-
bining like terms.
a. %t + %
b —3y7+y = 3y* + 3
c —3y+3z2-322+2x

2
d -2t-s

Is —2 a solution for x in the equation 2x +2 =
2 — (5 + x)? Evaluating the left and right sides
gives:

2x+2 = 2-05+x)
?
So-2 (ois 0Oisnot) asolutionto2x +2 =
2—(5+x).
Is1asolution for x in the inequality —4x? +5x <

2x — 7? Evaluating the left and right sides gives:

—4x>+5x < 2x-7
2
— <
Sol (Ois Oisnot) asolutionto—4x? +5x <
2x - 7.

Solve the equation.

19.

t+7=2 20. t+4=1

96 = —8x 24, 24=-3y

14.

18.

21.

25.

Simplify each expression, if possible, by com-
bining like terms.

a. s i
_3c_,_2
b. g5 —2— %8
1
¢ 3Y
2
9

d -3y -3y>+1y

. Is =1 a solution for x in the equation 4x — 4 =

-3 — (4 + x)? Evaluating the left and right sides
gives:

4x -4 = -3-(4+x)
?
So-1 (mis 0Oisnot) asolutionto4x —4 =
-3 -4+ x).
Is 2 a solution for x in the inequality —2x2 +5x <

2x — 12? Evaluating the left and right sides gives:

-2x>+5x < 2x-12
2

— <
So2 (Ois Oisnot) asolutionto—2x?+5x <
2x —12.
-10=t-6 22, -9=x-7

5 4

1—3C =25 26. §A =12
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27. The pie chart represents a collector’s collec-
tion of signatures from various artists.

Collection of Signatures fron Different Artists

Beatles

Rolling Stong

Sting

Four Seasons

Michael Jackson

If the collector has a total of 1450 signatures,

there are signatures by Sting.

29. A community college conducted a survey about
the number of students riding each bus line
available. The following bar graph is the re-
sult of the survey.

number of people

200 +

164

What percent of students ride Bus #1?

Approximately of students

ride Bus #1.
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28. The pie chart represents a collector’s collec-
tion of signatures from various artists.

Collection of Signatures from Different Artists

Rolling Stones Beatles

Four Seasong

Sting

Michael Jackson

If the collector has a total of 1650 signatures,

there are signatures by Sting.

30. A community college conducted a survey about
the number of students riding each bus line
available. The following bar graph is the re-
sult of the survey.

number of people

200 +

1739 174
158

150 1

100 4

bus
line

What percent of students ride Bus #1?

Approximately of students

ride Bus #1.




31.

33.

35.

2.11 Variables, Expressions, and Equations Chapter Review

The following is a nutrition fact label from a
certain macaroni and cheese box.

mutrition Facts

Serving Size 1 cup

Servings Per Container 2

Anount. Fer Serving

Calories 3688 Calories from Fat 118

#* Daily Yalue

Total Fat 7 ¢ 14%
Saturated Fat 2 ¢ 15%
Trans Fat 2 g

Cholesterol 38 mg 18%

Sodiun 488 ng 28%

Total Carbohuydrate 38 g 11%
Dietary Fiber 8 g [:5]
Sugars 5 g

Protein 5 g

Yitanin A 2 ng 3%

Vitanin C 2 ng 2, 5%

Calciun 2 ng 20%

Iron 3 ng 4%

The highlighted row means each serving of mac-

aroni and cheese in this box contains 7 g of fat,
which is 14% of an average person’s daily in-
take of fat. What's the recommended daily in-
take of fat for an average person?

The recommended daily intake of fat for an av-

erage person is

Jerry used to make 13 dollars per hour. After
he earned his Bachelor’s degree, his pay rate
increased to 48 dollars per hour. What is the
percentage increase in Jerry’s salary?

The percentage increase is

After a 10% increase, a town has 550 people.
What was the population before the increase?

Before the increase, the town’s population was

32.

34.

36.

The following is a nutrition fact label from a
certain macaroni and cheese box.

Hutrition Facts

Serving Size 1 cup

Servings Per Container 2

Anount Fer Serving

Calories 368 Calories from Fat 118

#* Daily Yalue

Total Fat 5.5 g 18%
Saturated Fat 2 ¢ 15%
Trans Fat 2 g

Cholesterol 38 ng 18%

Sodiun 488 ng 208%

Total Carbohydrate 38 g 11%
Dietary Fiber 8 g B
Sugars 5 g

Protein 5 g

Vitanin A 2 ng 3%

Witanin C 2 ng 2,.5%

Calciun 2 ng 20%

Iron 3 ng 4%

The highlighted row means each serving of mac-
aroni and cheese in this box contains 5.5 g of
fat, which is 10% of an average person’s daily
intake of fat. What’s the recommended daily
intake of fat for an average person?

The recommended daily intake of fat for an av-

erage person is

Eileen used to make 14 dollars per hour. After
she earned her Bachelor’s degree, her pay rate
increased to 49 dollars per hour. What is the
percentage increase in Eileen’s salary?

The percentage increase is

After a 70% increase, a town has 1020 people.
What was the population before the increase?

Before the increase, the town’s population was
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37.

39.

41.

43.

46.

49.

52.

A bicycle for sale costs $254.88, which includes
6.2% sales tax. What was the cost before sales
tax?

Assume the bicycle’s price before sales tax is
p dollars. Write an equation to model this sce-
nario. There is no need to solve it.

The property taxes on a 2100-square-foot house
are $4,179.00 per year. Assuming these taxes
are proportional, what are the property taxes
on a 1700-square-foot house?

Assume property taxes on a 1700-square-foot
house is t dollars. Write an equation to model
this scenario. There is no need to solve it.

A swimming pool is being filled with water
from a garden hose at a rate of 5 gallons per
minute. If the pool already contains 30 gallons
of water and can hold 135 gallons, after how
long will the pool overflow?

Assume m minutes later, the pool would over-
flow. Write an equation to model this scenario.
There is no need to solve it.

Use the commutative prop-
erty of addition to write an
equivalent expression to 5b + 31.

Use the associative property  47.
of multiplication to write an

equivalent expression to 4(7m).

Use the distributive property  50.
to simplify 4 + 9(2 + 4y) com-

38.

40.

42,

44. Use the commutative prop-
erty of addition to write an
equivalent expression to 64 + 79.

Use the distributive property  48.
to write an equivalent expres-

sion to 10(p + 2) that has no
grouping symbols.

Use the distributive property  51.
to simplify 9 + 4(9 + 3r) com-

Abicycle for sale costs $283.77, which includes
5.1% sales tax. What was the cost before sales
tax?

Assume the bicycle’s price before sales tax is
p dollars. Write an equation to model this sce-
nario. There is no need to solve it.

The property taxes on a 1600-square-foot house
are $1,600.00 per year. Assuming these taxes
are proportional, what are the property taxes
on a 2000-square-foot house?

Assume property taxes on a 2000-square-foot
house is t dollars. Write an equation to model
this scenario. There is no need to solve it.

A swimming pool is being filled with water
from a garden hose at a rate of 8 gallons per
minute. If the pool already contains 40 gallons
of water and can hold 280 gallons, after how
long will the pool overflow?

Assume m minutes later, the pool would over-
flow. Write an equation to model this scenario.
There is no need to solve it.

45. Use the associative property
of multiplication to write an
equivalent expression to 3(4r).

Use the distributive property
to write an equivalent expres-
sion to 7(q + 6) that has no
grouping symbols.

Use the distributive property
to simplify 6 — 4(1 — 6a) com-

pletely. pletely. pletely.
Use the distributive property  53. Use the properties of expo-  54. Use the properties of expo-
tosimplify 3 — 9(-5 — 6b) com- nents to simplify the expres- nents to simplify the expres-
pletely. sion. sion.

F12.417 14 411



55.

58.

61.

64.

67.

Use the properties of expo-
nents to simplify the expres-
sion.

(')’

Use the properties of expo-
nents to simplify the expres-
sion.

(2r)?

Use the properties of expo-
nents to simplify the expres-
sion.

Simplify the following ex-
pression.

(52)%()°-|

Multiply the polynomials.

56.

59.

62.

65.

2.11 Variables, Expressions, and Equations Chapter Review

Use the properties of expo-
nents to simplify the expres-
sion.

(tll)m

Use the properties of expo-
nents to simplify the expres-
sion.

(-2%) - (41)

Use the properties of expo-
nents to simplify the expres-
sion.

Simplify the following ex-
pressions if possible.

57.

60.

63.

66.

Use the properties of expo-
nents to simplify the expres-
sion.

(3x)*

Use the properties of expo-
nents to simplify the expres-
sion.

(-5y7) - (3y?)

Simplify the following ex-
pression.

Simplify the following ex-
pressions if possible.

1022 (342 + 57) =|

| 68. 732 (922 +10%) =| |
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CHAPTER 3 -

Linear Equations and Inequalities

3.1 Solving Multistep Linear Equations

We have learned how to solve one-step equations in . In this section, we will learn how to solve

multistep equations.

3.1.1 Solving Two-Step Equations

Minutes since Tap ~ Amount of Water in

Was Turned on the Tank (in Gallons)
0 5
1 15-1+5=20
2 15-2+5=35
3 15-3+5=50
4 15-4+5=65
m 15m +5

Table 3.1.3: Amount of Water in the Tank

Example 3.1.2 A water tank can hold 140 gallons of water, but it has only 5 gallons of water. A tap was
turned on, pouring 15 gallons of water into the tank every minute. After how many minutes will the
tank be full? Let’s find a pattern first.

We can see that after m minutes, the tank has
15m + 5 gallons of water. This makes sense since
the tap pours 15m gallons of water into the tank
in m minutes and ithad 5 gallons to start with. To
find when the tank will be full (with 140 gallons
of water), we can write the equation

15m +5 =140

First, we need to isolate the variable term, 15m, in the equation. In other words, we need to remove 5
from the left side of the equals sign. We can do this by subtracting 5 from both sides of the equation.
Once the variable term is isolated, we can eliminate the coefficient and solve for m. The full process is:

15m +5 =140

15m +5-5=140-5

15

15m =135

15m 135

" 15
m=9
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Next, we need to substitute m with 9 in the equation 15m + 5 = 140 to check the solution:

15m + 5 = 140
15(9) + 5 = 140
135 + 5 Z 140

The solution 9 is checked. In summary, the tank will be full after 9 minutes.

In solving the two-step equation in , we first isolated the variable expression 15m and then
eliminated the coefficient of 15 by dividing each side of the equation by 15. These two steps will be at the
heart of our approach to solving linear equations. For more complicated equations, we may need to simplify
some of the expressions first. Below is a general approach to solving linear equations that we will use as we

solve more and more complicated equations.

like terms.

bers) so that they are on different sides of the equation.

Eliminate Use multiplication or division to eliminate the variable term’s coefficient.

Simplify Simplify the expressions on each side of the equation by distributing and combining

Isolate Use addition or subtraction to separate the variable terms and constant terms (num-

Check Check the solution. Substitute values into the original equation and use the order of
operations to simplify both sides. It’s important to use the order of operations alone
rather than properties like the distributive law. Otherwise you might repeat the same
arithmetic errors made while solving and fail to catch an incorrect solution.

Summarize State the solution set or (in the case of an application problem) summarize the
result in a complete sentence using appropriate units.

List 3.1.4: Steps to Solve Linear Equations

Let’s look at some more examples.

Example 3.1.5 Solve for y in the equation 7 — 3y = -8.

of the equation. Then we will eliminate the variable term’s coefficient.

Explanation. To solve, we will first separate the variable terms and constant terms into different sides

7-3y=-8
7-3y-7=-8-7
-3y =-15
-3y -15
33



3.1 Solving Multistep Linear Equations

Checking the solution y = 5:
7-3y=-8
7-3(5) = -8
7-15% -8

Therefore the solution to the equation 7 — 3y = —8 is 5 and the solution set is {5}.

3.1.2 Solving Multistep Linear Equations

Example 3.1.6 Ahmed has saved $2,500.00 in his savings account and is going to start saving $550.00 per
month. Julia has saved $4,600.00 in her savings account and is going to start saving $250.00 per month.
If this situation continues, how many months later would Ahmed catch up with Julia in savings?

Ahmed saves $550.00 per month, so he can save 550m dollars in m months. With the $2,500.00 he started
with, after m months he has 5501 +2500 dollars. Similarly, after m months, Julia has 2501 +4600 dollars.
To find when those two accounts will have the same amount of money, we write the equation

550m + 2500 = 250m + 4600.

Checking the solution 7:
550m + 2500 = 250m + 4600
550m + 2500 — 2500 = 250m + 4600 — 2500

550m + 2500 = 250m + 4600

5501 = 250m + 2100 550(7) + 2500 = 250(7) + 4600
5501 — 250m = 250m + 2100 — 250m 3850 + 2500 = 1750 + 4600
300m = 2100 6350 Z 6350
300m _ 2100
300 300
m=7

In summary, Ahmed will catch up with Julia’s savings in 7 months.

Example 3.1.7 Solve for x in 5 — 2x = 5x — 9.

Explanation.
5-2x=5x-9
5-2x-5=5m—-9-5
—2x =5x-14
—2x —5x =5x —14 - 5x
-7x = -14
-7x -14
7 T 7
x=2
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Checking the solution 2:
5-2x=5x-9
5-2(2) £5@2) -9
5-4£10-9
1%41

Therefore the solution is 2 and the solution set is {2}.

In , we could have moved variable

terms to the right side of the equals sign, and num- 5_2%=5x—9
ber terms to the left silde. We chose not.to. There’s 50y +9=5r—949
no reason we couldn’t have moved variable terms

to the right side though. Let’s compare: 14 -2x =5x
14 — 2x +2x = 5x + 2x
14 =7x
u_7x
7 7
2=x
Lastly, we could save a step by moving variable
terms and number terms in one step: 5_2x=5x—9
5-2x+2x+9 5x—-9+2x +9
14 =7x
u_7x
7 7
2=x

Remark 3.1.8. This textbook will move variable terms and number terms separately throughout this chap-
ter. Check with your instructor for their expectations.

Checkpoint 3.1.9. Solve the equation.
70+3=a+45

Explanation. The first step is to subtract terms in order to separate the variable and non-variable terms.

7a+3=a+45
7a+3—-a—-3=a+45-a-3
6a =42
6a 42
66
a=7

The solution to this equation is 7. To stress that this is a value assigned to a, some report a = 7. We can
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also say that the solution set is {7}, or that a € {7}. If we substitute 7 in for a in the original equation
7a + 3 = a + 45, the equation will be true. Please check this on your own; it is an important habit.

The next example requires combining like terms.

Example 3.1.10 Solve forninn -9+ 3n =n —3n.
Explanation.
To start solving this equation, we’ll need to com- Checking the solution %;
bine like terms. After this, we can put all terms
containing n on one side of the equation and fin- n—-9+3n=n-3n
ish solving for n.
3wl 3503
n—-9+3n=n-3n 3 9.3 9
,
4n -9 =-2 94+ == -2
n n > 9+ 5573
4n -9 —4n =-2n—4n 12 . 6
9= —6n 279773
o 6-92-3
-6 -6 ,
3 -3=-3
"2
The solution to the equation n —9 + 3n = n — 3n is 3 and the solution set is {%}
Checkpoint 3.1.11. Solve the equation.
-1+7=-8-b-3
Explanation. The first step is simply to combine like terms.
-1+7=-8-b-3
6=-9-3
6+3=-90-3+3
9=-9b
5 _ %
-9 -9
-1=0
b=-1
The solution to this equation is —1. To stress that this is a value assigned to b, some report b = —1. We can

also say that the solution set is {—1}, or that b € {—1}. If we substitute —1 in for b in the original equation
—1+7=-8b—b - 3, the equation will be true. Please check this on your own; it is an important habit.

Example 3.1.12 Azul is designing a rectangular garden and they have 40 meters of wood for the border.
Their garden’s length must be 4 meters less than three times the width, and its perimeter must be 40
meters. Find the garden’s length and width.

Explanation. Reminder: A rectangle’s perimeter formulais P = 2(L+W), where P stands for perimeter,
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L stands for length and W stands for width.

Let Azul’s garden width be W meters. We can then represent the length as 3W — 4 meters since we
are told that it is 4 meters less than three times the width. It’s given that the perimeter is 40 meters.
Substituting those values into the formula, we have:

P=2(L+W)

40 =2BW -4+ W)

40 = 2(4W - 4) Like terms were combined.
The next step to solve this equation is to remove Checking the solution W = 6:

the parentheses by distribution.

40 = 2(4W — 4)
40 =2(4W —4) 40 2 2(4(6) - 4)
40 =8W -8 )

40+8=8W-8+8 40 Z 2(20).

48 = 8W
48 8W
s 8
6=W.

To determine the length, recall that this was represented by 3W — 4, which is:

3W —4=3(6)-4
=14.

Thus, the width of Azul’s garden is 6 meters and the length is 14 meters.

Checkpoint 3.1.13. A rectangle’s perimeter is 52 m. Its width is 10 m. Use an equation to solve for the
rectangle’s length.

Its length is ‘

Explanation. When we deal with a geometric figure, it’s always a good idea to sketch it to help us think.
Let the length be x meters.

2 MM

u L

S £

s =

— —

m| [
®om
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The perimeter is given as 52 m. Adding up the rectangle’s 4 sides gives the perimeter. The equation is:

x+x+10+10=52

2x +20 =52

2x +20-20=52-20
2x =32
2x 32
)
x=16

So the rectangle’s length is 16 m. Don't forget the unit m.

We should be careful when we distribute a negative sign into the parentheses, like in the next example.

Example 3.1.14 Solve forain4 - (3—a) =-2-2(2a +1).

Explanation. To solve this equation, we will simplify each side of the equation, manipulate it so that
all variable terms are on one side and all constant terms are on the other, and then solve for a:

Checking the solution —1:
4-B8-a)=-2-2(2a+1)

4-83-a)=-2-22a+1
4-3+a=-2—-4a-2 ( ) ( )

?
14g=—d—4g 4-(3-(-1) = —2-2@2(-1)+1)
l+a+4a=-4—4q+4a 4-(4)2-2-2(-1)
1+50=—-4 0Zo
1+50—-1=-4-1
5a = -5
5a _ -5
5 5
a=-1

Therefore the solution to the equation is —1 and the solution set is {—1}.

3.1.3 Differentiating between Simplifying Expressions, Evaluating Expressions and
Solving Equations

Let’s look at the following similar, yet different examples.

Example 3.1.15 Simplify the expression 10 — 3(x + 2).
Explanation.

10-3(x+2)=10-3x -6
=-3x+4
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An equivalent result is 4 — 3x. Note that our final result is an expression.

Example 3.1.16 Evaluate the expression 10 — 3(x +2) when x = 2 and when x = 3.
Explanation. We will substitute x = 2 into the expression:

10-3(x +2) =10 -3(2 +2)

=10 - 3(4)
=10-12
=2

When x =2,10 - 3(x +2) = -2.

Similarly, we will substitute x = 3 into the expression:

10 -3(x +2) = 10— 3(3 + 2)
=10-3(5)
=10-15=-5

When x = 3,10 — 3(x +2) = —5.

Note that the final results here are values of the original expression.

Example 3.1.17 Solve the equation 10 — 3(x +2) = x — 16.

Explanation.

Checking the solution x = 5:
10-3(x+2)=x~-16

10-3(x+2)=x-16
10-3x-6=x-16

Ay +d=r-16 10-3(5+2)<5-16
Bx+4-4=x-16-14 10 - 3(7) £ -11

“Sr=x-20 10-21%-11
-3x-x=x-20—-x

—4x = =20 We have checked that x = 5 is a solution of the

4y —20 equation 10 — 3(x +2) = x — 16.

Ty

x=5

Note that the final results here are solutions to the equations.
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An expression like 10 — 3(x + 2) can be simplified to —3x + 4 (as in Example 3.1.15), but

we cannot solve for x in an expression.

As x takes different values, an expression has different values. In Example 3.1.16, when

x=2,10-3(x +2) = =2, but when x = 3,10 — 3(x + 2) = —5.

An equation connects two expressions with an equals sign. In [Example 3.1.17, 10 — 3(x +

2) = x—16has the expression 10—3(x+2) on the left side of equals sign, and the expression
x — 16 on the right side.

When we solve the equation 10 — 3(x + 2) = x — 16, we are looking for a number which
makes those two expressions have the same value. In , we found the so-
lution to be x = 5, which makes both 10 — 3(x +2) = =11 and x — 16 = —11, as shown in
the checking part.

List 3.1.18: A summary the differences among simplifying expressions, evaluating expressions and solving

equations:

Exercises

Warmup and Review Solve the equation.

1. r+3=-3 2. r+9=6 3.t-6=-2 4. t-2=6

5. 44 = —4x 6. 42 = -7x 7. %azZ 8. gb=9
Solving Two-Step Equations Solve the equation.

9. 6A+4=58 10. 2B+2=8 11. 8m—-6=18 12. 5n-5=-50

13. -9=29+3 14. -23=8y+1 15. -26 =5r -6 16. 6 =2a—-4

17. -5b +3 =48 18. -8A +1=49 19. -2B-8=-28 20. -5m—-5=5

21. 17=-n+9 22. 5=—q+3 23. 7y+35=0 24. 4r+40=0
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Application Problems for Solving Two-Step Equations

25.

26.

27.

28.

29.

30.

A gym charges members $25 for a registration fee, and then $38 per month. You became a member
some time ago, and now you have paid a total of $557 to the gym. How many months have passed
since you joined the gym?

months have passed since you joined the gym.

Your cell phone company charges a $18 monthly fee, plus $0.15 per minute of talk time. One month
your cell phone bill was $90. How many minutes did you spend talking on the phone that month?

You spent talking on the phone that month.

A school purchased a batch of T-shirts from a company. The company charged $7 per T-shirt, and
gave the school a $60 rebate. If the school had a net expense of $2,460 from the purchase, how many
T-shirts did the school buy?

The school purchased T-shirts.

Joshua hired a face-painter for a birthday party. The painter charged a flat fee of $80, and then
charged $5.50 per person. In the end, Joshua paid a total of $217.50. How many people used the
face-painter’s service?

people used the face-painter’s service.

A certain country has 676.8 million acres of forest. Every year, the country loses 7.52 million acres
of forest mainly due to deforestation for farming purposes. If this situation continues at this pace,
how many years later will the country have only 368.48 million acres of forest left? (Use an equation
to solve this problem.)

After ‘ years, this country would have 368.48 million acres of forest left.

Heather has $87 in her piggy bank. She plans to purchase some Pokemon cards, which costs $1.55
each. She plans to save $62.20 to purchase another toy. At most how many Pokemon cards can he
purchase?

Write an equation to solve this problem.

Heather can purchase at most Pokemon cards.

Solving Equations with Variable Terms on Both Sides Solve the equation.
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99 +10=4g+50 32. 8x+5=x+26 33. 6r+9=-r-1



34.

37.

40.

3.1 Solving Multistep Linear Equations

-8a+3=-a-39 35. 5-7b=6b+96 36. 2—-2A =6A+82

5B+7=9B+10 38. dm+4=2m+3 39. a. 7n+3=3n+39
b. 3x+3=7x-29

a. 99+10=39+34
b. 3C+10=9C - 44

Application Problems for Solving Equations with Variable Terms on Both Sides Use a linear equation
to solve the word problem.

41.

42,

43.

44.

Two trees are 6 feet and 11.5 feet tall. The shorter tree grows 2.5 feet per year; the taller tree grows
2 feet per year. How many years later would the shorter tree catch up with the taller tree?

It would take the shorter tree ‘ years to catch up with the taller tree.

Massage Heaven and Massage You are competitors. Massage Heaven has 3400 registered customers,
and it gets approximately 900 newly registered customers every month. Massage You has 10600
registered customers, and it gets approximately 450 newly registered customers every month. How
many months would it take Massage Heaven to catch up with Massage You in the number of regis-
tered customers?

These two companies would have approximately the same number of registered customers
months later.

Two truck rental companies have different rates. V-Haul has a base charge of $60.00, plus $0.60 per
mile. W-Haul has a base charge of $52.60, plus $0.65 per mile. For how many miles would these two
companies charge the same amount?

If a driver drives miles, those two companies would charge the same amount of money:.

Massage Heaven and Massage You are competitors. Massage Heaven has 9200 registered customers,

but it is losing approximately 400 registered customers every month. Massage You has 1200 regis-
tered customers, and it gets approximately 400 newly registered customers every month. How many
months would it take Massage Heaven to catch up with Massage You in the number of registered
customers?

These two companies would have approximately the same number of registered customers
months later.
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45. Tammy has $85.00 in her piggy bank, and she spends $4.00 every day.

46.

Laurie has $8.00 in her piggy bank, and she saves $1.50 every day.

If they continue to spend and save money this way, how many days later would they have the same
amount of money in their piggy banks?

days later, Tammy and Laurie will have the same amount of money in their piggy

banks.

Lindsay has $95.00 in her piggy bank, and she spends $4.00 every day.
Derick has $18.00 in his piggy bank, and he saves $3.00 every day.

If they continue to spend and save money this way, how many days later would they have the same
amount of money in their piggy banks?

‘ days later, Lindsay and Derick will have the same amount of money in their piggy

banks.

Solving Linear Equations with Like Terms Solve the equation.
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47.

50.

53.

56.

59.

62.

65.

68.

70.

dm+7m+2 =112 48.
3x+10+3 =22 51.
2y +3-7y =38 54.
-3r+5+r=5 57.
2-x—-x=-7+4+3 60.
2-90-10=-8 63.
—10m +2m =10 — 2m — 40 66.
10x +5=-3x+5-2x 69.
24+ (-1)=4t-6-7t+2+2t

Im+2n+2=90

—2+4=-3r—r-30

S5vr+7—-7r =27

45=-8n-9-n

8—r—r=-2+14

A-8-5A=-6-8A+26

-On+4n =8-2n-11

—-8+9=7r—-6-10r +4 +2r

49.

55.

58.

61.

64.

6q+6+4=40

-6+8=-5t—-t—-46

—6r+10+r =-20

58 =-5q-4-9q

3-2t-8=-5

B—-4-8B=-4-2B+25

49 +10=-59 +10-2g
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Application Problems for Solving Linear Equations with Like Terms
71. A 138-meter rope is cut into two segments. The longer segment is 28 meters longer than the shorter
segment. Write and solve a linear equation to find the length of each segment. Include units.

‘ and ‘ long.

The segments are

72. Inadoctor’s office, the receptionist’s annual salary is $142,000 less than that of the doctor. Together,
the doctor and the receptionist make $208,000 per year. Find each person’s annual income.

The receptionist’s annual income is . The doctor’s annual income is

73. Phil and Penelope went picking strawberries. Phil picked 116 fewer strawberries than Penelope did.
Together, they picked 214 strawberries. How many strawberries did Penelope pick?

Penelope picked strawberries.

74. Virginia and Ross collect stamps. Ross collected 27 fewer than five times the number of Virginia’s
stamps. Altogether, they collected 1005 stamps. How many stamps did Virginia and Ross collect?

stamps.

stamps. Ross collected

Virginia collected

75. Diane and Tracei sold girl scout cookies. Diane’s sales were $37 more than three times of Tracei’s.
Altogether, their sales were $437. How much did each girl sell?

Diane’s sales were ‘ Tracei’s sales were ‘

76. A hockey team played a total of 191 games last season. The number of games they won was 11 more

than five times of the number of games they lost.

Write and solve an equation to answer the following questions.

The team lost ‘ games. The team won _ games.

77. After a 55% increase, a town has 155 people. What was the population before the increase?

Before the increase, the town’s population was ‘ .

78. After a 35% increase, a town has 270 people. What was the population before the increase?

Before the increase, the town’s population was ‘ .
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Solving Linear Equations Involving Distribution Solve the equation.

79.

82.

85.

88.

91.

94.

97.

100.

103.

106.

2t +2) =24

2(B-3)=-18

12 =-2(q - 5)

—(t-8)=-2

10(10B - 8) = 520

110 = -5(3 — 59)

5-8(t+7) =13

97=9-8(B-7)

3=9-(5-9)

4-(t+7)=-6

Solve the equation.

109.

111.

113.

115.

117.

198

4(B+5)-10(B-7) =90

5+8(n—5)=-28—(7—-2n)

7(x =2) —x =67 —3(7 + 3x)

7(—10t + 10) = 14(-2 — 6¢)

23+ 6(6 —4c) = —4(c — 13) + 7

80

83.

86.

89.

92.

95.

98.

101

104.

107.

. 8(b+9) =112

24 = —8(m +7)

128 = —8(x — 9)

~14=—(7-b)

7(5C — 8) = —56

3+9(x +8) =111

81. 5(c—6)=5

84. —30=-5(n +1)

87. —(r—4)=8

90. —2=—(3-¢)

93. 2= -2(9—2n)

96. 1+6(r+7)=31

3-10(b +7) = —137 99. 22=2—-4(c-7)

. 3-6(C-7)=105 102. 1-8(n—-7)=17
-1=8-(3-x) 105. 1—(r +10) = —18
a. 5+(b+4)=12 108. a. 2+ (c+1)=-6
b. 5—(b+4)=12 b.2—(c+1)=—-6

110.

112.

114.

116.

118.

3(C+10)—8(C —2) = 46

4+9(p-10) = -84 — (2 -2p)

10(r —6) —r = =90 — 3(2 + 3r)

3(=10b + 6) = 6(—9 — 6b)

12+4(3-3B) = —4(B—4)+8
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Application Problems for Solving Linear Equations Involving Distribution

119.

121.

123.

A rectangle’s perimeter is 78 cm. Its base is
27 cm.
Its height is

A rectangle’s perimeter is 116 in. Its length is

8 in longer than its width. Use an equation to
find the rectangle’s length and width.

Its width is ‘ ‘

Its length is ‘ ‘

A rectangle’s perimeter is 106 ft. Its length
is 2 ft shorter than four times its width. Use
an equation to find the rectangle’s length and
width.

Its width is ‘ ‘

Its length is ‘ ‘

Comparisons

125.

127.

Solve the equation.
a. -b+7=7
b. —y+7=-7
-r=7=7
-a—-7=-7

& n

a. Solve the following linear equation:
r—2=28

b. Evaluate the following expression when
r = 10:

r—2=

120.

122.

124.

126.

128.

A rectangle’s perimeter is 58 m. Its width is
12 m. Use an equation to solve for the rectan-
gle’s length.

Its length is

A rectangle’s perimeter is 120 cm. Its length
is 2 times as long as its width. Use an equation
to find the rectangle’s length and width.

It's width is ‘ ‘

Its length is ‘ ‘

A rectangle’s perimeter is 184 ft. Its length
is 4 ft longer than three times its width. Use
an equation to find the rectangle’s length and
width.

Its width is ‘ ‘
Its length is ‘ ‘
Solve the equation.
a. —c+4=4
b. -m+4=-4
c. -B-4=4
d -y-4=-4
a. Solve the following linear equation:
r—8=-3
b. Evaluate the following expression when
r=>5:
r—8=
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129. a. Solve the following linear equation: 130. a. Solve the following linear equation:
4(t+6)—4=236 3(t-5+9=6
b. Evaluate the following expression when b. Evaluate the following expression when
t =4 t =4
A(t+6)-4=| | 3(t-5)+9=| |
c. Simplify the following expression: c. Simplify the following expression:
At +6)—4=| | 3(t-5)+9 =| |

131. Choose True or False for the following ques- 132. Choose True or False for the following ques-
tions about the difference between expressions tions about the difference between expressions
and equations. and equations.

a. We can evaluate —10x —10 whenx =1 (OTrue a. —7x+41is an expression. (OTrue 0OFalse)

0 False) b. 4x—-7is an equation. (OTrue O False)

b. —10x-10 = =10x-10 is an equation. (O True

O False) c. =7x+4 =4x-7isanequation. (OTrue

O False)
c. We can evaluate —10x — 10 = —10x—10 when x =

d. We can check whether x = 1 is a solution of —7x + 4.
1 (O0True O False)

(O True O False)

d. We can check whether x = 1 is a solution of —10x — 10. . .
e. —7x+4 = 4x—7 is an expression.  (OTrue
(O True 0O False)

O False)

e. —10x—10is an expression. (OTrue 0OFalse) f We can evaluate —7x + 4 = 4x—7 when 1 =

f. We can check whether x = 1 is a solution of —10x — 10 = (0 True O False)

—10x —10. (O True O False) g. We can evaluate -7x + 4 whenx =1 (OTrue

g. —10x — 10 = —10x — 10 is an expression. O False)

(@ True O False) h. We can check whether x = 1 is a solution of -7x + 4 =

h. —10x-10is an equation. (OTrue 0OFalse) 4x —7. (OTrue 0O False)

Challenge

133. Think of anumber. Add four to your number. Now double that. Then add six. Then halve it. Finally,
subtract 7. What is the result? Do you always get the same result, regardless of what number you
start with? How does this work? Explain using algebra.

134. Write a linear equation whose solution is x = —9.
Note that you may not write an equation whose left side is just “x” or whose right side is just “x.”

There are infinitely many correct answers to this problem. Be creative. After finding an equation
that works, see if you can come up with a different one that also works.
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3.2 Solving Multistep Linear Inequalities

We have learned how to solve one-step inequalities in . In this section, we will learn how to solve
multistep inequalities.

3.2.1 Solving Multistep Inequalities
When solving a linear inequality, we follow the same steps in . The only difference in our steps to

solving is that when we multiply or divide by a negative number on both sides of an inequality, the direction
of the inequality symbol must switch. We will look at some examples.

Simplify Simplify the expressions on each side of the inequality by distributing and combining
like terms.

Isolate Use addition or subtraction to isolate the variable terms and constant terms (numbers)
so that they are on different sides of the inequality symbol.

Eliminate Use multiplication or division to eliminate the variable term’s coefficient. If each
side of the inequality is multiplied or divided by a negative number, switch the direction
of the inequality symbol.

Check When specified, verify the infinite solution set by checking multiple solutions.

Summarize State the solution set or (in the case of an application problem) summarize the
result in a complete sentence using appropriate units.

List 3.2.2: Steps to Solve Linear Inequalities

Example 3.2.3 Solve for t in the inequality -3¢t + 5 > 11. Write the solution set in both set-builder
notation and interval notation.

Explanation.

=3t+52>11
-3t+5-5>11-5

Note that when we divided both sides of the inequality by —3, we had to switch the direction of the
inequality symbol.

The solution set in set-builder notation is {t | f < —2}.

The solution set in interval notation is (—oo0, —2].

Remark 3.2.4. Since the inequality solved in has infinitely many solutions, it’s difficult to
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check. We found that all values of ¢ for which t < -2 are solutions, so one approach is to check if =2 is a
solution and additionally if one other number less than -2 is a solution.

Here, we'll check that -2 satisfies this inequality: Next, we can check another number smaller than

—2,such as —5:
-3t+5>11

? -3t+5>11

—3(=2)+5 > 11 ]
? —3(-5)+5>11
6+5>11 )
v 15+5>11
11211 ,
20 > 11

Thus both —2 and —5 are solutions. It’s important to note that this doesn’t directly verify that all solutions
to this inequality check. It’s valuable though in that it would likely help us catch an error if we had made
one. Consult your instructor to see if you're expected to check your answer in this manner.

202

Example 3.2.5 Solve for z in the inequality (6z + 5) — (2z — 3) < —12. Write the solution set in both
set-builder notation and interval notation.

Explanation.

(6z+5)—(2z-3) < -12
6z+5-2z+3<-12
4z +8 < 12

4z +8-8<-12-8
4z < =20
4z =20
I
z <=5

Note that we divided both sides of the inequality by 4 and since this is a positive number we did not need
to switch the direction of the inequality symbol.

The solution set in set-builder notation is {z | z < —5}.

The solution set in interval notation is (—co0, —5).

Example 3.2.6 Solve for x in —2—-2(2x+1) > 4—(3—x). Write the solution set in both set-builder notation
and interval notation.

Explanation.
-2-22x+1)>4-(3-x)
—2—-4x-2>4-3+x
—4x-4>x+1
—A4x —-4-x>x+1-x
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-5x—-4>1
-S5x—-4+4>1+4
-5x >5
x5
-5 -5
x < -1

Note that when we divided both sides of the inequality by —5, we had to switch the direction of the
inequality symbol.

The solution set in set-builder notation is {x | x < —1}.

The solution set in interval notation is (—o0, —1).

Example 3.2.7 When a stopwatch started, the pressure inside a gas container was 4.2 atm (standard
atmospheric pressure). As the container was heated, the pressure increased by 0.7 atm per minute. The
maximum pressure the container can handle was 21.7 atm. Heating must be stopped once the pressure
reaches 21.7 atm. In what time interval was the container safe?

Explanation. The pressure increases by 0.7 atm per minute, so it increases by 0.7m after m minutes.
Counting in the original pressure of 4.2 atm, pressure in the container can be modeled by 0.7m + 4.2,
where m is the number of minutes since the stop watch started.

The container is safe when the pressure is 21.7 atm or lower. We can write and solve this inequality:

0.7m+4.2 <217
0.7m+42-42<21.7-42
0.7m <17.5
0.7m _17.5
e
0.7 — 0.7
25

IA

7
m

In summary, the container was safe as long as m < 25. Assuming that m also must be greater than or
equal to zero, this means 0 < m < 25. We can write this as the time interval as [0, 25]. Thus the container
was safe between 0 minutes and 25 minutes.

Exercises

Review and Warmup
1. Solve this inequality.
x+3>9

In set-builder notation, the

solution set is

In interval notation, the so-

lution set is ‘

2. Solve this inequality.
x+3>7

In set-builder notation, the

solution set is ‘

In interval notation, the so-

lution set is ‘

3. Solve this inequality.
4>x-10

In set-builder notation, the

solution set is ‘

In interval notation, the so-

lution set is ‘
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Solving Multistep Linear Inequalities

204

4.

10.

Solve this inequality.
5>x-8

In set-builder notation, the

solution set is

In interval notation, the so-

lution set is ‘

. Solve this inequality.

6 > —2x

In set-builder notation, the

solution set is

In interval notation, the so-

lution set is ‘

Solve this inequality.

§x>5

In set-builder notation, the

solution set is ‘

In interval notation, the so-

lution set is ‘

13. 9x +6 > 42

In set-builder notation, the

solution set is ‘

In interval notation, the so-

lution set is ‘

5.

11.

Solve this inequality.
5x <10

In set-builder notation, the

solution set is

In interval notation, the so-

lution set is ‘

. Solve this inequality.

6 > —3x

In set-builder notation, the

solution set is

In interval notation, the so-

lution set is ‘

A swimming pool is being
filled with water from a gar-
den hose at a rate of 5 gal-
lons per minute. If the pool
already contains 60 gallons
of water and can hold 160 gal-
lons, after how long will the
pool overflow?

Assume m minutes later, the
pool would overflow. Write
an equation to model this sce-
nario. There is no need to
solve it.

Solve this inequality.
14. 10x +3 > 83

In set-builder notation, the

solution set is

In interval notation, the so-

lution set is ‘

6.

12.

15.

Solve this inequality.
2x <8
In set-builder notation, the

In interval notation, the so-

solution set is

lution set is ‘

. Solve this inequality.

4
—x>12
9x

In set-builder notation, the

In interval notation, the so-

solution set is

lution set is ‘

An engineer is designing a
cylindrical springform pan.
The pan needs to be able to
hold a volume of 305 cubic
inches and have a diameter
of 12 inches. What's the min-

imum height it can have? (Hint:

The formula for the volume
of a cylinder is V = nr2h).

Assume the pan’s minimum
height is /i inches. Write an
equation to model this sce-
nario. There is no need to
solve it.

4>3x-5

In set-builder notation, the

solution set is ‘

In interval notation, the so-

lution set is ‘



16.

19.

22,

25.

28.

31.

25 >4x -3

In set-builder notation, the

solution set is

In interval notation, the so-

lution set is ‘

—6x —4 < -58
In set-builder notation, the
solution set is

In interval notation, the so-

lution set is ‘

3>-9x+3

In set-builder notation, the

solution set is

In interval notation, the so-

lution set is ‘

3(x+4)>24
In set-builder notation, the

solution set is

In interval ne

lution set is ‘

8t+4 <3t+19

In set-builder notation, the

solution set is ’ l

In interval notation, the so-

lution set is ‘

a—-9-3a>-9-4a+12
In set-builder notation, the
solution set is

In interval notation, the so-

lution set is ‘

17.

20.

23.

26.

29.

32.

3.2 Solving Multistep Linear Inequalities

41 <1-4x

In set-builder notation, the

In interval notation, the so-

solution set is

lution set is ‘

-7x-1<-29
In set-builder notation, the
solution set is ‘

In interval notation, the so-

lution set is ‘

-5>5-x

In set-builder notation, the

In interval notation, the so-

solution set is

lution set is ‘

4(x+8) > 72
In set-builder notation, the

solution set is ‘

In interval no

lution set is ‘

-9z +6 <-z-58
In set-builder notation, the

solution set is l ‘

In interval notation, the so-

lution set is ‘

a—9-9a>-10-10a +7
In set-builder notation, the
solution set is ‘

In interval notation, the so-

lution set is ‘

18.

21.

24.

27.

30.

33.

33 <8-5x

In set-builder notation, the

In interval notation, the so-

solution set is

lution set is

4>-8x+4

In set-builder notation, the

solution set is ‘

In interval notation, the so-

lutonsetis|
-8>1-x
In set-builder notation, the

In interval notation, the so-

solution set is

lution set is

7t+7 <1t +37

In set-builder notation, the

solution set is ‘

In interval n

lution set is ‘

-8z+7<-2z-28
In set-builder notation, the

solution set is ’ ‘

In interval notation, the so-

lution set is ‘

8p+6-8p=>2p+6
In set-builder notation, the

solution set is ‘

In interval notation, the so-

lution set is ‘
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34.

37.

40.

43.

—2p+3-6p=23p+3
In set-builder notation, the

solution set is

In interval notation, the so-

lution set is ‘

-(x-2)>8
In set-builder notation, the

solution set is ‘

In interval notation, the so-

lutionsetis| |
20<8-2(z-8)

In set-builder notation, the
solution set is ‘

In interval notation, the so-

lution set is ‘

1+7(x—9) < -15— (7 - 3x)

In set-builder notation, the

solution set is

In in