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Supplemental Solutions for the Critical Numbers and Graphing from Formulas Lab

Exercise 9.1
2 2
. e +e”’ e —e”
E9.1.1  cosh’(7) —sinh®(¢) = —
2 2
_eZ’ +24e M -2+
4 4
e +2+eH -t 42—

E9.1.2 For f(¢)=cosh(t) and g(¢)=sinh(¢):

r=4(3e+e)] ¢4 Lo -e)

1 ¢ —t 1 ¢ —t
:5(6 +e ‘—1) =5(e—e -—1)
:%(e’ —e”) =%(e’ +e")
=sinh(¢) = cosh(¢)

It follows that f”(t)=cosh(¢) and g”(¢)=sinh(¢)

E9.1.3 The domains of both [ and g are (—eo,e0). f” and g’ are both always defined, so the
only issue is when f’(¢)=0 and when g’(¢)=0.

f(1)=0 = =F=0 g()=0 = £X¢ —¢
= et = eit = et — _e—t
|
= ¢ :? Since real number powers of e are always
2 positive, €' never equals —e¢”'. Therefore,
= (e ) =1 g(¢)=sinh(¢) has no critical numbers.

= e ==*1

¢'is never negative and ¢ =1 when t=0.
Therefore, the only critical number for
f(#)=cosh(z) is 0.
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E9.1.4

E9.1.5

E9.1.6

Table 9.1.1K: Sign analysis for sinh (7) Table 9.1.2K: Sign analysis for cosh ()
Interval sinh () Interval cosh ()
(—e0,0) negative (—o0,00) positive
(0,00) positive

f(¢)=sinh(z), f’(t)=cosh(z) and f”(¢)=sinh(¢). So based upon the signs shown in
tables 9.1.1K and 9.1.2K we can conclude that f(¢)=sinh(¢) is always increasing, concave
down on (—=,0) and concave up on (0,e°). We should note that the point (0,0) is an
inflection point on f* and that the slope of f* at that point is cosh(0) which is 1.

g(t)=cosh(t), g’(¢t)=sinh(¢),and g”(z)=cosh(z). So based upon the signs shown in
tables 9.1.1K and 9.1.2K we can conclude that g(¢) = cosh(¢) is decreasing on (—e=,0),

increasing on (0,e), and always concave up. We should note that the point (0,1) is a local

minimum point on the graph of g and that g has a horizontal tangent line at that point.

Each of the hyperbolic limits are based upon these four basic limits: lime' =0,

t—oo
lime =0, lime'=0,and lim e =oo
{—>—oo t—>oo {—>—oo
e +e’ o — e
lim cosh(z) = lim lim sinh() = lim
t——oo t——co
=0 = — o0
e +e’ t_ ot
- 1 .. . e —e
}L%COSh(t)—}gl}Q limsinh(¢) = lim
[ —> o0 t—> o0
= o0 = o0

- 5 4 -3 2 1

Figure 9.1.1K: y =sinh ¢) Figure 9.1.2K: y = cosh (¢)
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sinh (¢ !
E9.17  tanh(¢)= cosh((t)) sech(r) = cosh (1) esch(?) = sinh(¢)

e —e’ __ 2 -2

_ e +e’ e —e’
e+e’

2
e
e te

E9.1.8 A good guess for %(tanh(t)) would be sech(7). Checking it out ..

i(tanh(t))zi ¢ —e:
dt dt\ e +e”’

coth(r) = tanlll(t)

e +e”’

e —e”’

_ (e’ —e_’-—l)(e’ + e_’) - (e’ - e_’)(e’ + e_t-—l)

(e’ - e_’)2
~ (et + e_’)(e_t + e_’) - (e’ - e_t)(e’ - e_’)
(e’ + e_’)2

_eZt +14+14e™ —(eZ’ —1—1+e_2’)
- (e’ +e_t)2
4

(e’ +e_t)2

2

B 2
_[et +e"}
=sech’ ()

2
_t} is always positive so f is always increasing.

E9.1.9 f'(t){ , 2

e t+e

7(0)=0 and £7(0)=1
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t —t

t —t
) . e —e ) . e —e
E9.1.10 lim tanh(7) = lim —— lim tanh (7) = lim ——
t — —o0 t—)—ooe +e t— o t—)we +e
i e—e' ¢ .11
= lim — e—— =
i--| ¢ +e ¢ — lim e e
5 S T |
et =1 e +— —
== lim = e e
to—e ™t 4] 1
L 0-1 e
=—" = lim
0+1 oo 1
: 1+7
=— e
1-0
1+0
E9.1.11
y=1< o
o fEEEEE T
Figure 9.1.3K: y = tanh ()
Exercise 9.2

k'(t):§t5/3 _312 s The domain of k is (—eo,00). k’(£)=0 at 8 and —8. Over the

3 3 domain of k, k” is undefined at 0. So the critical numbers of k are
87 512 8,—8,and 0.
= 3 - 3413 A v
Table 9.2.1K: Behavior of £ based upon sign analysis for
53 173
— 81 ,t_/_ 51/2 Interval kK k
173 173
3¢ 3t (—oo,— 8) negative decreasing
2
= w (—8, O) positive increasing
3t
(0,8) negative decreasing
8(1* —64)
=7 (8,00) positive increasing
3773
_8(r-8)(t+8) The local minimum points on k are (—8,—768) and (8,768). The
317 only local maximum point on & is (0,0).
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Exercise 9.3
f(x)=2cos(x)-—sin(x) + cos(x)
= cos(x)(l - 2sin(x))

3
The domain of f has been restricted to [0,27]. Over [0,27], cos(x)=0 at Z and 2 and

. 1 V4 5w , T 3r 7 Sx
s1n(x):5 at " and r So over the restricted domain f’(x)=0 ot —, —, —, and —.

2 6
, T 5w R¥/1
/" is never undefined. So the critical numbers of f are 5 2 6" and —.
Table 9.3.1K: Behavior of f based upon sign analysis for f’
Interval f f
jn Over [0,27] the local minimum points
0 —j positive increasing
’ V4 3z
( 6 on f are (—,1] and (—,—lj and the
T 2 2
—_—,— negative decreasing T 5
6 2 local maximum points are (—,—) and
(7[ 57rj " . , 64
—,— positive increasing
2’ 6 (5_”§j
(57: 37[) . , 64
—_—— negative decreasing
6 2
3r " . .
7 2T positive increasing

()= (1)(2*) - (: er 9)(37) ) (=2)(¢*) - (—422 - 27)(47)
() ()

P =3P =277 —2¢* + 81" +108¢°
- © B £
=28 =277 61 +108¢°
t* (-2t -27) 217 (31 +54)
_2t-27 2:3(t +18)
- t4 =t—5
_6(r+18)

tS
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g"(t)=0 at —18 and g"(¢) is undefined at 0.

Table 9.4.1K: Behavior of g based upon sign analysis for g"

Interval g” 8
(—00, -1 8) positive concave up
(—1 8, 0) negative concave down
(0,00) positive concave up

The only inflection point on g is | —18,
Y P g ( 648

Exercise 9.5
E9.5.2

(1)(x+2)" = (x=3)(2(x+2))

1
—j: g has a vertical asymptote at 0.

(~1)(x+2)" = (~x+8)(3(x+2)’)

XxX)= ” =
) [(x+2)2}2 /00 [(x+2)3}2
_(x+2)[(x+2) = (x-3) 2] (x4 2) [~1:(x+2) - (~x +8)-3]
(x+2)’ ) (x+2)
_[x+2-2x+6] [—x =2 +3x - 24]
(x+2) T (x+2)
_ x+8 2(x—13)
(x+2)° = (x+2)
Table 9.5.1K: Table 9.5.2K:
Behavior of f* based upon sign analysis for [~ Behavior of f* based upon sign analysis for [~
Interval f f Interval f f
(—e0,—2) negative decreasing (—e0,—2) negative concave down
(-2,8) positive increasing (-2,13) negative concave down
(8, <><>) negative decreasing (1 3,00) positive concave up

We should begin by noting that x =—2 is a vertical asymptote for the graph of f. Based upon
Table 9.5.1K we can conclude that f has no local minimum points and that the only local maximum

1
point on f is (8,%} we should note that the tangent line to f at 8 is horizontal. Based upon
, , , , 2 .
Table 9.5.2K we can conclude that the only inflection point on f is (13,4—5j . Finally, we can

determine the horizontal asymptote(s) for f by looking at lim f(x) and lim f/(x).

X o0
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. x-3
= lim —
e X" +4x+4
1
— 2
lim| X x
e X +d4x+4 1
x2
1 3
fim | _x x*
= R
I+—+—
X X
. 0-0
1+0+0
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Figure 9.5.1K: y =

x-3
(x+2)2

Similarly, lim f(x)=0, so the only horizontal asymptote for the graph of f is y=0.

E9.5.2
g(x)= X7 +5x°" _ éxz/s n 10 3
5 10 3 3
’ _ 223 Y s
g(x)—3x X g”(x)—lo 4/3_& —4/3
B 5x2/3 10 9 9
=73 307 10 10
9xl/3 9x4/3
5x2/3 1/3 10
= 3 -1/3+31/3 10 x 10
X X B
9x1/3 X 9x4/3
_5x+10
353 _IO(x—l)
9x4/3
5(x+2)
- 3x1/3
Table 9.5.3K: Table 9.5.4K:
Behavior of g based upon sign analysis for g' Behavior of f based upon sign analysis for g”
Interval g g Interval g’ g
(—00,— 2) positive increasing (—00,0) negative concave down
(—2, 0) negative decreasing (0,1) negative concave down
(0,00) positive increasing (1,00) positive concave up
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We should begin by noting g is everywhere continuous. Based BERRRRED
upon Table 9.5.3K we can conclude that the only local minimum | |
point on g is (0,0) and that the only local maximum point on g

is (—2,33/2). We should also note that g is nondifferentiable

at (0,0) and that g has a horizontal tangent line at (—2,33/2).

Based upon Table 9.5.4K we can conclude that the only inflection
point on g f is (1,6). We should note that the slope of g at

, 5
(1,6) is given by g’(1) which is —= (about 3 and a half).

Vg

Finally we need to note that the graph of g has no asymptotes. Figure 9.5.1K: y = x”" (x +5)
E9.5.3

, 2x—4)(x+3)=(x—4)(1 2x+6)(x+3) = (x* +6x—40)(2(x+3

2O ey )2(:+3)

(x+3)2 |:(x+3)2:|2
_ (x—4)[2(x+3) —(x—4)}

(x+3)[ (2 +6)(x+3) ~ (x* +6x - 40)-2

(x+ 3)2 = -
(x—4)(x+10) (x+3)
T (x+3) [207+6x+6x+18-227 123480
(x+ 3)3
Note that k’(x)= Lx_f'o __ 98
(x+3) (x+ 3)3
Table 9.5.5K: Table 9.5.6K:
Behavior of k& based upon sign analysis for &k~ Behavior of f* based upon sign analysis for k”
Interval kK k Interval ik’ k
(—ee,—10) positive increasing (—e0,—3) negative concave down
(-10,-3) negative decreasing (=3,0) positive concave up
(—3,4) negative decreasing
(4, °°) positive increasing

We should begin by noting that x =—3 is a vertical asymptote for the graph of k. Based upon
Based upon Table 9.5.5K we can conclude that the only local minimum point on & is (4,0) and that
the only local maximum point on & is (—10,—28): we should note that k has horizontal tangent

lines at both of its relative extreme points. Based upon Table 9.5.6K we can conclude that & has
no inflection points (because there is a vertical tangent line at the only value of x where k changes
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concavity). Finally, we can determine the horizontal asymptote(s) for & by looking at lim &(x)

x——o0

and lim k(x).

X o0

Because the degree of the numerator is one more than the degree of the denominator in the
formula for &, neither lim k(x) nor lim k(x) exists. Hence the graph of k has no horizontal

asymptotes.

%
x—3

Figure 9.5.1K: y=( +2)2
X
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