s antderivehive O i Fr = fx).
so £ is on oantiduriyesive of !

® Likewse £ 1s 6n anbiderivahve of ‘P"_

7 (%

f’ (X

f (%)

F (%

Positive Increasing Concave Up
Negative Decreasing | Concave Down
Positive Increasing Concave Up
Negative Decr'eqsing Concave Down
Positive Increasing
Negative Decreasing
>

Left to right these relationships are true 100% of

the time.

@® <

Right to left there are minor exceptions to the rules.

1. At isolated points over intervals where a function is
continually decreasing or continually increasing, the
function’s first derivative could be zero or undefined.

2. Over an interval where a function is continually concave
up or continually concave down, its first derivative could
have discontinuity. Pretty much the only time this would
happen is when a math instructor wanted to illustrate
the reality of this possibility.

O




Week 4 and week 5 lecture notes

Answer each question on this page in reference
to the function y = f (x) shown in Figure 10.
You may simply indicate the poinf(s) or
intervals(s) in your response to questions 1-5,

1. At what value(s) of x does f’(x)=0?

-2 énd D

2. Over what interval(s) is f'(x) positive? —2.0

(3_) &Q)

3. Over what interval(s) is f '(x) negative? v

-3.0-
-40+

e Do)

4. Over what interval(s) is f"(x) increasing? 5. Over what interval(s) is f’(x) decreasing?

(=ea,-2) U (1,00)

&2

6. Write a complete senfence that explains how you visually established the answer ta question 1.

{lf\[) -0 ab M

snooth 1o ce . WG Mmuuns

of Wead W imwms  cund WM it

W Hoskng
(szﬁiﬁwﬂﬂw*b“

7. Write a complete sentence that explT

(x)ét) LAVNL

JCN gLQ\(LQ OE ‘HML W\\' l,\i.\i.

16 Mt’g&k\\lﬁ, -

C)\AJF}(‘D N\ Ou

for\i‘ U\f\& -
ow you visually established the answer to question 3.
LS s s ounal

o

8. Write a complete sentence that explains how you visually established the answer to question 4.

£ 1 NV XIS

(ONCONE U

o £ (¢

Page B of 16



Week 4 and week 5 lecture notes

O Figure 11 shows the tangent line to y = f( x) o -Z_xI
x+

at (-2,4).

e Use the graph determine [ '(— 2).
» Except at x =1, what must always be true about
the function f'(x)? How do you know?

* Find the formula for f'(x).
Verify your first two answers, &— S€2. PO‘VB’L {71

! . ISE
'F (-2)= van
2

= :;:g::r:t‘:ine 0 e at (~2,4).
-z 2 x+1
Exceup o8 w=-1) £69>0 becoune the slogey of
tw\y Wnes o + aue posk’n\re et ok x=-|.
@ D)= L Soctin)- 109
)=

=0 o
- 2ber) — EE— (xtn+0)xtt)

: (R Xt |
:%\*_;ﬁu S (x+t/\+l)©(+l)

_ o
M.(ﬁfﬁHXxﬂ) — 32:’%— : (,X-Hq—ﬂ)ﬁ?&

) Xt tal
> m (et H)OE)
2ixanY ) — Dolxtt)
e T O KD

,DJLW\ 2-E/XQ—/+/X -+ +n '-'.'/)?(L——-Xh ‘—7(]
= Geom h (et D x+)) 2

i _ 2\ > = X404 D)(x+0
- ¥ V\\g:‘J (Hhﬂ\(xf‘y _, P

_&L\N\ 2 Page 7 of 16 i C')('t\.)z




Week 4 and week 5 lecture notes

Interpreting First Derivative Values

What needs to be communicated when interpreting an instantaneous rate of change for a non-linear
function?

s  When?
You must convey the value of the input variable at the instant you are describing the rate of
change.
What?
You must communicate whether the output variable is increasing or decreasing at that instant.
Also, unless the input varicble is "passage of time", you almost always must specify the e.nﬁ‘ry‘)

with respect to which the output is changing.
e How quickly?
This part of the description almost always begins with the words "..at a rate of.." Since you
have already specified whether the function is increasing or decreasing, the value you state
here is always positive. The units on the rate are always “output units per input units."

o T . T=St

The temperature, T, in degrees Fahrenheit, of a cold yam placed in a hot oven is given by =),
where ¢ is the time in minutes since the yam was put in the oven.

a. What is the sign of ['(1)? Why?

gtt) o d e \0050-““\’9' ‘QQ—CM.U}L/'Q (S
U\U\JLO\SW\QGr

b. What are the units of f'(20)? What is the practical meaning of the statement

1(20y=2? I 2 0
= e O i @S e A IO S

; Mg W oI oS
(15)= 2. thak Z0 MinuxS ekt Y
iw: (h Tt OV AL domparahwt ol AU e
U0S \‘J\MS\V\S oKX (- VXL O 2 %“‘

¢. What is the practical meaning of [ —‘(200?= 5 E g !
“he Londnon o £7(200)=2 MEGNS

Hha o pavohw® of g youn PRV
5 nunuks O&Wf thoX ‘f&m WoS Q(Clu.d LA Yo L
ONEN,

“\-...-r“.‘
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Week 4 and week 5 lecture notes Ry -ea\ :

g o

/&) paspyrovic
Example 2 SS CAEAL

)

O M=f (D) is the monthly payment ($) on a specific car loan if a down payment D ($) is made.
' What is the meaning of f(2500)=—0.06? ‘At

' WS (NG
Tha fmdnon Vel £(2S50) = =000 Meauns ok |
dovony pomgerrank 05 2900 W Mot (S decnesging,
i reShedr fo T dousn posgwank, ok O g

OQ O‘DKD % L -
W ORI TRV TSYT: B a2 e
Side note'. T tire dow PoA ‘ Laoudoh
47500 kp R2SO\ e ronka g Rogean

mqk ‘1")\5 IV o 7 TV\LW"‘W¢D‘Q I8

Leibniz Notation CoVA \r'eSV-Lq' D
df S ok L=QA .
Another way to write f'(a) is —| . !
.. ofen read ' dt
O If y = f(x),another way to write f'(x) is % cL}Q SMS*JI\ JCVW&? X=R.
Example 3 oS
When making his aerobics tapes, Richard Simmons heart rate increases as the speed of the disco ‘{\Lfl}d{

tune increases. H = f(M) models this relationship where H is Rick's heart rate (bpm()__aid Mis 2
the speed of the tune (bpm). What is the practical meaning of the value f (110)=0.152 o M"

The Hnhion £'019) =015 maons oy b\"“"a; >
Loham the gp<ed of He 4w ¢ \\0pm o

Oyils \awde e 1S 10UeRsIng (ot 5
reSPect A0 e gpead OF tha tiune

ke of 0.9 bem
ok O~ o o
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Week 4 and week 5 lecture notes

Example: I the tangent line to y = &(x) at (2,5) passes through the point (1,—3), find £(2) and k'(2).

kD=5 K@D=7=%
~ =

Example: Sketch the graph of a function f for whzhij))-";?t-, f1(0)==2, f'(2)=0,and /' (4) =1

Figure 12: y = f(x)

Example: Sketch the graph of a function g for which g( 'i:is, g'(4)=3,2g'(2)=0, g'(0)=3, and
£'(3) is undefined.
A Y

EENEEb s ANE
NS SIS S sl

o -_a-'l_s-h-'le.-"z-"; iizf:?.-';:éﬁ:
dgc,o(\’(\ﬂb@ﬂj [ HIEIE | |
Qv o ';i

Figure 13: y = g(x)

Page 10 of 16
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Week 4 and week 5 lecture notes
Drawing Functions based upon Derivative Sign Information

Table 1: 4 Basic Curve Shapes and the attendant Derivative Signs

f'(x)>0 f'{x)<0

f(x)>0

fr(x)<0

Example

Sketch onto Figure 1 a continuous curve, y = f(x), that has the fallowing properties.
. f(0)=1 AN I A
e f'(x)>0 over (—,—2) and (3,)
e f'(x)<0 over (-2,1) and (1,3) _/ —\

» f"(x)>0 over (—0,—2) and (1,0)

e f"(x)<0 over (—2,1) y

I

e WALST \oo
O o oX X=-2.

 J

Figure 1: y = f(x)
Page 11 of 16
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Week 4 and week 5 lecture notes

Drawing Functions based upon Derivative Sign Information

Table 1: 4 Basic Curve Shapes and the attendant Derivative Signs

f(x)>0

f'(x)<0

f"(_x) >0

fr(x)<o0

Example

Sketch onto Figure 1 a continuous curve, y = f(x), that has the following properties.

. f(0)=1

e f(x)>0 over (—0,—2) and (3,)

o f'(x)<0 over (-2,1) and (1,3)

» f"(x)>0 over (—o,—2) and (1,)

. f"(x) <0 over (—2,1)

—Tgre WUk oe
O Ousy GX X=-2.

AN

A

Syl A

/

— ;
£ -5 -4 -3/2 -1
14
=24

Page 11 of 16
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Figure 1: y =

1(x)



Week 4 and week 5 lecture notes

2Joney 0w Gunidimiodive.

The graph of a first derivative, y = g'(x), is shown in Figure A. Sketch onto Figure B the
continuous function y = g(x) given that g(—4)=-4 and g(0)=4.

%"ﬁl C‘ﬁ) y U= 94

Figure A ﬂ Figure B

On the interval (—4,-2), g’ is dw@a&fg ,S0 g is (:Q]Q(Z'Agte A)!,\!!

On the interval (—4,-2), g’ is lF_)QS('hU?/ ,S0 g is 1\‘(\_(‘/\‘,‘1 P A

O
On the interval (-2,0), g’ is \WO\_S,N ,S0 g is H)V\g CIAM. 1%2

On the interval (-2,0), g’ is OO.D\'\—\\LQ ,S0 g is I, ACYROUSIUNG
On the interval (0,2), g' is H! \CGD \_/%,sogls [:;M;gkgﬁ AP
On the interval (0,2), g’ is ﬁ%@b pe ,S0 g is C.[\f CAGSLINg ~

On the interval (2,4), g’ is At?f;“i S V\%, ,S0 g is aAlae Va ;ﬁ, Ay
On the interval (2,4),¢" is _{(\0 C(A)( 4 k\\re, ,80 g is jPLﬁD GSt NG-

Page 12 of 16



Week 4 and week 5 lecture notes
lineaur :
Water flows at_a constant rate a large conical tank (pointy end down ©). Let V(t) (in ft° )

and H(t) (in ft) be, respectively, the volume of water in the tank and the height of the water in

the tank ¢ minutes after the water begins to flow. Suppose that five minutes after the water
begins to flow the tank is one quarter full. For each of the following expressions, state the unit
on the expression and state whether the value is positive, negative, or zero. Explain!

7'(5) v'(s) H(5) H"(5

9 -
S i
e R

§

N T (vn) N=\'k) Y=V
§=\e)

g

<

Sl

@ A= H ) 2

o

The wnit of V'(5) i5 v
The signwof 1'(5) is pbﬂh\m ‘%L&Mﬂt%\l Volung 1S \‘nwwv\é.
2 fnin

The unit of V'(5) & ey

The sign of V"(5) iy 2O (,V\o’ok?gv\\) BHACY Y wooker Hows
ok O Constink Vot so N ik \oneow,
The unit of H'(5) w%\

The sign of H'(5) i (0s\TVE s camse Hy. \(wj%\)r 'S | NORRISINY -

DAL, B

The sign of H"(5) iy ne%ok\\rb DACKRL TR WU?«Q\\' nov
(’\U\WG“‘ \& Concane dawn Snc o rode. ok
LW T mcgor NASES 1S dJLU\msmh.
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Week 4 and week 5 lecture notes

Each of the following sentences is : -
true if one of the words/phrases in [T able 1: Blank Options .

Table 1 is inserted into the blank. | ! Increasing i Decreasing
Find the proper word/phrase for
each of the blaonks. Read each Concave Up Concave Down
sentence carefullyll
Positive Negative
"Zero or UD"
Zero

_(This is one choice)
“Positive, Zero or UD" | "Negative, Zero or UD"
(This is one choice) (This is one choice)

Horizontal Vertical

Note: UD is short for undefined

« If f'(x) is negative at every point over (2,5), then f(x) is (Lﬁ (A0S WO~
over the entire interval(2,5). S

o If f"(x) is positive at every point over (2,5), then f'(x) is iNULGING
over the entire interval (2,5). v

e If g'(1) is increasing over the entire interval (2,5), then g(¢) is__ (N COAN U\@__
over the entire interval (2,5).

e If ‘Fhe. slope of g(t, is increasing over the entire interval (2,5), then g(t) is tone L. !W

over the enﬂ,re interval (2,5).

e If the Slope of g(?) is positive over the entire interval (2,5), then g(1) is | DVMA? AR AN -
over the entire interval (2,5).

-
o If g(t) is continuous and has a local minimum at the point where ¢ =11, v = K\/
o

then g'(z) is Q B J(\\IC".J immediately to the right of t =11, - il = 1
1S conCaune — o
o Ifthe slopgof g(r) is increasinttvper' the entire interval (2,5), then at any point along TI'E 3 ,}

interval (2,5),2"(¢) is%mmjﬂﬂw 4‘ ()(): tx':f N% Cmmxth-lp
—Cl( '}O:"‘h(jsz V ==
=12 £ 1920
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Week 4 and week 5 lecture notes

Table 1: Blank Options

Increasing Decreasing
Concave Up Concave Down
Positive | Negative

o "Zero or UD"

_____ (This is one choice)
"Positive, Zera or UD" | "Negative, Zero or UD"
(This is one choice) (This is one choice)

Horizontal Vertical

Note: UD is short for undefined

o If f(x) is differentiable and has a local maximum point at x = 7 then the tangent line,fo
———————

y=f(x)aHhepoinfx=7is hb!jgmg . k\

e If f(x) is decreasing over the entire interval (- 4,4) then f'(2) is Mg&“\'( UMY or up _

o If g'(z) is concave up over the entire interval (2 5) then g°(¢) is \(\m\m.
over the em“lre interval (2,5).

3 )

e If the slope of g'(f) is negative over the entire interval (— 4, 4),

then g"(2) is_ 1\ Q%&h\l‘{/

» If g(x) is concave up over the entire interval (— 4,4),

then g"(2) is Qﬂw\r oD

¢ If g(f) hasalocal maximum at the point where f =1, then the slope of the tangent line to

y=gnyis 2O OV UD  atr=1.
mO{Ao‘f (\
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Week 4 and week 5 lecture notes

The functions fand g in the following two examples are both differentiable on (—oo,oo) and concave up

)

Example 1: /(¢)=

—(t—l)3 —3fort<l
(z‘—l)2 -3 fort>1

Figure A: y = £(¢) Figure B: y = f"(¢)
-;.—.:-T-------.J“l---'---l-- aa
ll,'r. .l.
O Ilf.-'| (L HETLY
3
L f, ................
il

ey

I
k
t
I
t
k

Lk et
[ T,
"

Figure C: y = /(1)

This is an example of a concave up function whose second derivative at 1 is undefined.

Example 2: g(t)= i(r—3)4 +2t-5

Figure D: y = g(¢)

Figure E: y =g'(r)

- e

Figure F: y =g"(¢)

=
Tt

¥

T
EE T T T

b ke -
=St

This is an example of a concave up function whose second derivative at 3 is zero.

Note: In these examples, both /' and g’ increasing functions, making / and g, respectively, concave
up. Remember, evenif f” and g’ are increasing, it does not guarantee that f" and g” are positive.
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